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Abstract

For a family F of sets, let
ex(F) :={A: Ais an extremal intersecting sub-family of F}.

The Erdgs-Ko-Rado (EKR) Theorem states that {A € ([:]): 1 e A} € ex(([:f})) if
r < n/2. The Hilton-Milner (HM) Theorem states that if » < n/2 and A is a non-
trivial intersecting sub-family of ([Z]) then |A| < {4 € ([”]): le AJAN2,r+1] #

r

0} U{[2,7 + 1]}]; hence {{A € ("):j € A}:j € [n]} = ex(("™)) if r < n/2. Thus
we say that a family F is (strictly) EKR if ex(F) contains (only) trivial intersecting
families.

We obtain a partial solution to the following problem: for r < n/2, which sets
Z C [n] have the property that |[{A € A: ANZ £ 0} < [{A € ("): 1€ A, ANZ # 0}
for all compressed intersecting sub-families of ([’Z])? Using the idea of this problem, we

generalise the HM Theorem to a setting of compressed hereditary families.

For a set X := {x1,..., x|}, we define the family Sx  of signed sets by

SXJg = {{($1,a1), . (JZ‘X|,CL|X‘)}: ag, ..., qx| € [k‘]}

and the sub-family 8% by

Sxn = W@ a1), s (@ aix )} {an, - apx ) € (![Xk]l>}'

For a family F, let
Sri=J Srr Srii= | Spx-

FeF FeF



S

Z“f])’" describes r-partial permutations of [n].

We conjecture that for any F and k£ > 2, Sz, is EKR, and strictly so if £ > 2.
We prove this conjecture for families F that are compressed with respect to an element
J* € UperF (ie. feFeF fr¢éF = (F\{f})u{f}eF). We then prove
an analogue of the HM Theorem for S([ZL])J{:, and we show that the case r = n of the
result implies the truth of the conjecture for k > ko(F). We go on to prove much
more: for any r > t there exists ko(r,t) such that for any k > ko(r,t) and any F with
max{|F|: F € F} < r, the largest t-intersecting sub-families of Sz are trivial. We
also provide an analogue of this result for Sx .

The work on signed sets is followed by other EKR-type results for a setting that
strongly generalises that given by Sy .

For a monotonic non-decreasing sequence {d;};cn of non-negative integers, let

P({d;}ien) = {{a1,...,a,} CN:reNa; 41 >a;+d,, fori=1,...,r—1},

Pn({dl}’LEN) = P({dz}zeN) N 2[n]

Let P, = Po({d;}ien) and P := {A € P,: |A| = r}. We determine ex(P\”) for
dy > 0 and any r, and for d; = 0 and r < $ max{|A4]: A € P,}.

We finally provide a graph-theoretical re-formulation to a number of results in this
thesis and in the EKR literature in general, and, using the work for P({d;};cn), we
show that an interesting EKR-type conjecture of Holroyd and Talbot indeed holds for

a class of graphs studied by Holroyd, Spencer and Talbot, and much larger classes.
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Chapter 1

Introduction

1.1 The basic terminology and an outline of the thesis

Before giving a gentle description of the work in this thesis, we shall first set up some
basic notation and terminology that will be used throughout.

We shall use small letters such as x to denote elements of a set or integers, capital
letters such as X to denote sets, and ’calligraphic’ letters such as X to denote families
(i.e. sets whose members are sets themselves). Unless otherwise stated, it is to be
assumed that sets and families represented in this way are finite.

We refer to a set of size r as an r-set. A family whose members are all r-sets is said
to be r-uniform, or simply uniform if the size r needs not be specified.

N is the set of positive integers {1,2,...}. For m,n € N, m < n, we denote the set
{i e N: m <i <n} by [m,n], and if m = 1 then we also write [n]. [0] is taken to be
the empty set (.

The family of all subsets of a set X, called the power set of X, is denoted by 2¥.
We denote the r-uniform sub-family {Y € X: |Y| = r} of 2X by (¥). For a family 7
and an integer r, we set F) .= {A € F: |A| =r}.

A family F is said be centred if the sets in F have a common member ¢, i.e. c € A
for all A € F; cis called a centre of A, and the family of all sets in F that own c is
called a star of F. If F is not centred then F is said to be non-centred.

A family A is said to be intersecting if any two sets in A have a non-empty inter-



section. More generally, A is said to be t-intersecting if the size of the intersection of
any two sets in A is not smaller than ¢. A t-intersecting family A is said to be trivial
if the sets in A have a common ¢-subset; otherwise, A is said to be non-trivial. Note
that a non-trivial 1-intersecting family is a non-centred intersecting family.

We are now able to state two fundamental results in extremal set theory, known as
the Erdgs-Ko-Rado (EKR) Theorem [25] and the Hilton-Milner (HM) Theorem [38],
that inspired much of the work in this thesis and also many results in the literature. The
subsequent sections of this introductory chapter provide a review of some important or
well-known results in the literature that were primarily inspired by the EKR Theorem
and that are directly relevant to this thesis.

It is trivial that if n/2 < r < n then ([:f]) is a non-centred intersecting family.
The EKR Theorem states that if » < n/2 and A is an intersecting sub-family of ([:f}),
then the size of A is at most (Zj), thus, if r < n/2 then a star of ([ﬁ]) is a largest
intersecting sub-family of ([:]). The HM Theorem goes one step ahead of the EKR
Theorem and states that if » < n/2 and A is a non-centred intersecting sub-family of
([:,‘]), then the size of A is at most (:fj) — (";:1) + 1; so the union of the one-member
family {[2,r + 1]} and the family of sets in the star of ([Z]) with centre 1 that intersect
2,7+1] (ie. {Ae ("): 1€ A, AN[2,7+1] # 0}U{[2,7+1]}) is a largest non-centred
intersecting sub-family of ([Z]). Consequently, the stars of ([Z}) constitute the set of
largest intersecting sub-families of ([:f]) if r < n/2. In view of these facts, we say that
a family F is EKR if the set of largest intersecting sub-families of F contains a star,
and strictly FKR if the set of largest intersecting sub-families of F contains only stars.

Suppose we want to investigate the EKR and strict EKR properties of a certain
family. Normally, as is often the case in this thesis, the important step, or rather
the step involving the important ideas, is that of proving that the family is EKR,
and proving that the family is strictly EKR would require a refinement of the main
ideas employed for proving that it is EKR. However, this is not always the case in
general. For example, when the families in concern are families of permutations, which
we describe later, extending the EKR part to the strict EKR part normally turns out

to be a significant jump with new ideas and an even harder step than proving the EKR



part.

One of the most powerful techniques - and probably the most commonly used -
in extremal set theory is that of compression, also known as shifting. This technique
surfaced in the original proof [25] of the EKR Theorem. Chapter 2 mainly gives a
description of this technique and provides generalisations of certain established fun-
damental properties of compressions; these generalisations have crucial applications in
various parts of the thesis. Chapter 2 also sets up some notation, mainly for certain
sets and families that are defined on any given family, that is employed in the majority
of main proofs in this thesis.

A family A C 2 is said to be compressed if for any set A in A, replacing any
element in A by a smaller element in [n]\ A (the complement of A relative to [n]) gives
another set in A, i.e. A5 A>j>1i¢ Aimplies A\{j} U{i} € A. A family F is
said to be compressed with respect to an element u* (of the union of all sets in F) if
replacing by u* an element of a set in F not owning u* gives another set in F, i.e.
u€ A€ F and u* ¢ Aimplies (A\{u}) U{u*} € F.

Let S, be the star of ([’;]) with centre 1; so S, is compressed. In Chapter 3, we
deal with the problem of establishing which subsets Z of [2,n] have the property that
{Ae A: ANZ 40} <|{A € S,,: ANZ # 0}] for all compressed intersecting sub-
families of ([’;]), where r < n/2. Note that if we instead have 1 € Z then the answer
is simply given by the EKR Theorem. We solve all the cases |Z| > r and obtain a
partial solution to the problem with |Z] < r. This work was motivated mainly by
two observations. The first is that the solution for the extreme case where Z is an
initial segment [2,1] (r +1 <1 <mn) of [2,n] leads to a proof of the HM Theorem, and
the second is that the solution for the other extreme case where Z is a final segment
[m,n| (m > 2) of [2,n] leads to a short proof of an extension of the EKR Theorem
due to Holroyd and Talbot; the former assertion is proved in a more general setting in
Chapter 4, whereas the latter assertion is proved in Chapter 3 itself.

A set M in a family F is said to be mazimal in F if M is not a subset of any other
set in F. The size of a smallest maximal set in F will be denoted by u(F), and the

size of a largest (maximal) set in F will be denoted by «(F).



A family is said to be a hereditary family (or an ideal or a downset) if any subset
of any set in the family is also in the family.

The main result of Chapter 4 is a generalisation of the HM Theorem to a setting
of compressed hereditary families. It says that if H is a compressed hereditary family
with u(H) > 2r and A is a non-centred intersecting sub-family of H™) (the family
of r-sets in H), then A is at most as large as the ‘HM-type’ family {4 € H): 1 €
A AN[2,74+1] # 0} U{[2,7 +1]}. Note that the HM Theorem is the case H = 2[".
A question that arises immediately is whether we can do without the condition that
‘H is compressed. The answer is ‘no’. As we show in the same chapter, we cannot even
relax the condition of having H compressed to having H compressed with respect to
an element.

Families Aj, ..., Ay of sets are said to be cross-intersecting if the intersection of any
set in any of the k£ families with that of any other set in any other family is non-empty,
ie. AiNA; #0 forany A; € A; and A; € Aj, i # .

Sometimes a result for a pair of cross-intersecting families is needed as a stepping
stone to a result for intersecting families. For example, in order to obtain the HM
Theorem, Hilton and Milner [38] proved that if < n/2 and A, B are non-empty cross-
intersecting sub-families of ([Z]), then |A|+|B| < 1+ (") — (".") = |Ao|+|Bo| where Ay
is the one-member family {[r]} and By is the family of all sets in ([’Z]) that intersect [r].
Frankl and Tokushige [32] extended this result by showing that if r < s <n—r and B
is taken to be a sub-family of (")), then [A| +|B] < 1+ (7) — (".7) = |Ao| + |Bj| where
B}, is the family of all sets in ([Z}) that intersect [r]. In Chapter 4, we also generalise
this result by showing that if A and B are taken to be a sub-family of H) and a
sub-family of H®) respectively, where H is a compressed hereditary sub-family of 20"
with p(H) > r + s, then |A| + |B| < |Ao| + |Bj| where B is the family of all sets in
H®) that intersect [r]. The case r = s in this generalisation is used a stepping stone
to the main result of Chapter 4 that we mentioned above.

Chapter 4 is followed by three chapters dedicated to intersecting families of signed
sets. The ’signed sets’ terminology was introduced in [6], where a signed set on [n] is

defined as a pair (A, f) with A being a subset of [n] and f being a function mapping A



to {1, —1}; informally, each element of A is given a sign, + or —. Also in [6], a k-signed
r-set on [n] is then defined to be a pair (A, f) where A is an r-subset of [n] and f maps
A to [k], k > 2; thus, instead of having just two signs, we have k points to choose from
for labeling any element in A. Here we represent a k-signed r-set differently, and the
formulation that we are about to present is intended for a very general purpose, as can
be seen from the definition of a family Sz below.

Let X be an r-set {z1,...,x,}, and let yy,...,y, € N. We call the set {(z1,21),...,
(r,yr) } & k-signed r-set if [{yy,...,y.}| < k. For k > 2, we define Sx x to be the family

of k-signed r-sets given by

SX,k L= {{(xl,al),.

(@ an)}: aqy .y ar € [K]}
—{Ae (X 8 [k]) AN ({2} x [K])] =1 for all z € X}

r

(recall that the Cartesian product A x B of sets A and B is the set {(a,b): a € A,b €
B}). Thus a set in Sx, is obtained by giving each point in X a label from [k]. We
shall set Sy, := 0.

For a family F of sets, we define
S}'Jg = U SF,k:'

In Chapter 5, it is conjectured that for any F and £ > 2, Sz, is EKR, and
strictly so unless k = 2 and F has a particular structure. The main result is that if F
is compressed with respect to an element then the conjecture is true. This generalises
a well-known result supporting the conjecture for 7 = ([’;‘]) that was first stated by
Meyer [52] and then proved in different ways by Deza and Frankl [22], Bollobas and
Leader [6], Engel [23] and Erdés et al. [24]. By strengthening a result of Holroyd and
Talbot, we also verify the conjecture for families F that are uniform and EKR.

The main result of Chapter 6 characterises the extremal non-centred intersecting
sub-families of S([j}]),w hence providing an analogue of the HM Theorem for signed sets.
In order to achieve this, we prove a cross-intersection result for sub-families of S([n]) L

r )

At the end of this chapter, we first prove directly that there exists an integer ko(F)



such that the conjecture in the preceding chapter is true if & > ko(F), and then we
show that by applying the main result (of this chapter) with » = n we obtain a much
better value of ko(F).

For an r-set X := {zy,...,7,}, we define 8%, to be the special sub-family of Sy

given by

;‘(’k =z, @), .., (T, a,) }: aq, .. a0 € K], Hag,...ya.} =71}

— (e ar), o (e a)}: an, o ar} € (@)}.

Thus a set in S, is obtained by giving points in X distinct labels from [k]. So 8% ; # 0
f r < k.

An r-partial permutation of a set N is a pair (A, f) where A € (];7) and f: A— N
is an injection. An |N|-partial permutation of N is simply called a permutation of N.
Clearly, the family of permutations of [n] can be re-formulated as S[tz],n» and the family
of r-partial permutations of [n| can be re-formulated as Sé["])m'

r

Let X be as above. Sk can be interpreted as the family of permutations of sets

in ([’j]): consider the bijection 3: 8%, — {(4,f): A € ([’:]), f: A — Ais a bijection}
defined by S({(z1,a1),..., (zr,a,)}) == ({a1,...,a,}, f) where, for by < ... < b, such
that {b1,...,b.} = {a1,...,a,}, f(b;) == a; for i = 1,...,r. 8%, can also be interpreted
as the sub-family X := {(A, f): A € (Uj}), f: A — [r] is an injection} of the family of
r-partial permutations of [k]: consider an obvious bijection from S to SE‘[,;]),T and
another one from SZ““]),T to X.

r

For a family F, we define S% ), to be the special sub-family of Sz given by

Sy = U Srg-

FeF

Chapter 7 features two t-intersection theorems of a very general nature; one for
signed sets and another one for partial permutations. The first one is that for any
r > t there exists ko(r,t) such that for any k > ko(r,t) and any family F such that
the maximum size of a set in F is not smaller than ¢ and not larger than r, the largest

t-intersecting sub-families of Sz, are trivial. The second one is an analogous version



for {-intersecting sub-families of S% ;.

Before describing the content of Chapter 8, we explain the meaning of the term
isomorphic. Let 11,7, be two families. For j = 1,2, let U; be the union of all sets in
Z;. Then Z, is said to be isomorphic to I, or a copy of I, if there exists a bijection
(3: Uy — Uj such that for any subset I of Uy, I5 is a member of Z, iff the set {3(i): i €
I} is a member of Z;; we write Zo = 7;. Note that Z, = Z; iff Zy = Z,. Loosely
speaking, 7, = 7, if 7, is simply the result of fixing 7; and "labeling" U; differently.

In Chapter 8, we generalise the notion of a family Sym , of signed sets. We define
a double partition P of a set V' to be a partition of V into large sets V; (0 < ¢ < n)
that are in turn partitioned into k; small sets V;y, ..., Viy,. Given such a partition, the
family V(P) induced by P is the family of subsets of V' whose intersection with each
large set is a subset of just one small set or empty. Sy, is isomorphic to V(P) with
P given by the double partition of [kn] with large sets [(i — 1)k + 1,ik], i = 1,...,n,
and small sets {j}, 7 = 1,...,kn. Our main result is that if 2r is no larger than
p(V(P)) = > ¢  min{|V;;|: j € [k;]} and at least one of the large sets is partitioned
into just one small set, then V(P)") is EKR, and strictly so if 2r < u(V(P)). As
explained in Chapter 11, this result can be interpreted as saying that if Z5 denotes
the family of independent sets of a graph G given by a disjoint union of complete
multipartite graphs and singletons, then Ig) (the family of r-sets in Zg) is EKR if
2r < u(Zg), and strictly EKR if 2r < p(Z). This extension of the EKR Theorem will
be used as a foundation for a much more general result in Chapter 11.

Chapter 9 concerns a discovery of a significant and important extension of the
EKR Theorem. For a sub-family A of ([:f]), let A* be the family of sets in A that
intersect every set in A, and let A" be the family of sets in A that are not in A* (so a
set in A is in A’ iff it is disjoint from some set in A). We prove that if » < n/2 then

A+ D) < (”_ 1).
n r—1

We also prove that if 7 < n/2 then the bound is attained iff either |4*| = ("_]) and

A =0 or A* =0 and A = ([:f]). Note that the EKR Theorem is the special case



A = A*. Using the above result, we provide a very short proof of a beautiful theorem
of Hilton |37] that gives a sharp upper bound for the sum of the sizes of an arbitrary
number of cross-intersecting sub-families of ([:,‘]), r < n/2. A slight extension of this
cross-intersection result, which we also prove in Chapter 9, will have an application in
the subsequent chapter.

For a monotonic non-decreasing sequence {d; }ien (i-e. di < dy < ...) of non-negative
integers, let P, := P,,({d; }icn) be the family of all subsets {a1,...,an}, a1 < ... < ap,
of [n] such that for all ¢ € [m — 1], the difference between a,,1 and a; is greater than d;.
For example, suppose n =8 and d; =1, dy, =1, d3 = 3, dy = 5. If a set A in Pg has an
element a € [4, 8] then, since d; > dy for all i > 4, a is the unique element of A that is
in [4,8]; thus, if 2€ B € Ps and 2 < b € B then, since 1 ¢ B (as 1 +d; > 2 € B) and
b>2+4d =3 (ie. b€ [4,8]), we have B ={2,b}. f 3 € C € Pg and 3 < ¢ € C then
¢ >3+ d; =6 and hence cis 7 or 8. So Pé3) consists of the sets {1,3,7} and {1, 3,8}.

In Chapter 10, we obtain another generalisation of the EKR Theorem by char-
acterising the extremal intersecting sub-families of P for d; > 0 and any r, and for
d; = 0 and r no larger than half the size of a largest set in P, (i.e. 7 < a(P,)/2). The
definition of the family P, and the study of its uniform intersecting sub-families are
crucial for the proof of the main result in the subsequent chapter.

Finally, in Chapter 11, we start by providing a graph-theoretical re-formulation
to a number of results in preceding chapters (namely Chapters 5, 8 and 10) and also in
the literature in general, and then we prove that an interesting EKR-type conjecture
of Holroyd and Talbot indeed holds for a class of graphs studied by Holroyd, Spencer
and Talbot, and much larger classes. Most of the arguments in this chapter are of a

graph-theoretical nature.

The work in Chapter 5 has been published in [9]. Chapters 3, 4, 7, 8, 9 and 10
have been submitted for publication, and they correspond to [12], [13], [14], [15], [8]

and [9] respectively.



1.2 Intersecting families: the Erd&s-Ko-Rado Theo-
rem and beyond

Perhaps the simplest result in extremal set combinatorics is that 20" is EKR, i.e. if A
is an extremal (i.e. largest) intersecting sub-family of 2" then the size of A is 27!,
the size of a star of 2. The lower bound on |A| follows from the fact that A must
be at least as large as a star of 2™, and the upper bound follows from the fact that,
since A is intersecting, the complement (relative to [n]) of any set in A is not in A.
For n > 3, the set of extremal intersecting sub-families of 2"l does not consist solely of
stars of 2" for example, the non-centred intersecting family {A € 2. |AN[3]| > 2}
has size 2"~ and is therefore extremal.

Let us next consider the uniform sub-families ([:f]) of 20", As we mentioned in
Section 1.1, it is trivial that if n/2 < r < n and A is an extremal intersecting sub-
family of ([Z]), then A is ([Z}) itself. It is also straightforward that if » = n/2 then A
is an extremal intersecting sub-family of ([Z])) iff for any set A in ([Z]), exactly one of
A and its complement is in A. However, for r < n/2, the problem of determining the
set of extremal intersecting sub-families of ([Z]), or even just the size of a family in this
set, proved to be far from trivial, and this brings us to the classical EKR Theorem that

we mentioned in Section 1.1 and that we now state formally.

Theorem 1.2.1 (Erdds-Ko-Rado Theorem [25]) Let r < n/2. Let A be an inter-

secting sub-family of ([Z]), and let C be a maximal centred sub-family of ([:f]) (i.e. a

n—1
A== (")),

There are various proofs of this theorem, two of which are particularly short and beauti-

star of ([Z])) Then

ful: Katona’s [42| using the cycle method and Daykin’s [19] using another fundamental
result known as the Kruskal-Katona Theorem [43, 46].

Getting back to our original discussion, we see that Theorem 1.2.1 does not give
a complete characterisation of the set of extremal intersecting sub-families of (['f]) for

r < n/2. Erdés, Ko and Rado [25] conjectured that if » < n/2 and A is a non-centred



intersecting sub-family of ([:f]) then |A| < |{A € ([Z]): |A N [3]] > 2}, which would
imply that ([:L]) is strictly EKR for r < n/2. Hilton and Milner disproved the conjecture

and solved the whole problem with the following fundamental theorem.

Theorem 1.2.2 (Hilton-Milner Theorem [38]) Let r < n/2. Let A be a non-
centred intersecting sub-family of ([’Z]), and let N be the non-centred sub-family {A €
("):1e A An(2,r +1] £ 0} U{[2,7 + 1]} of (")), Then

n—1 n—r-—1
T ) e G R

Actually, this theorem is part of a much more general result in [38], the proof of which
is long and complicated. Consequently, shorter and simpler proofs were obtained by
other authors; see, for example, [30, 32].

By Theorem 1.2.2, if r < n/2 and A is a non-centred sub-family of ([’Z]) or a proper
sub-family of a star of ([’Z]), then A is smaller than the stars of ([Tﬂ). This confirms
that ([Z}) is strictly EKR for r < n/2.

Also in [25], Erdés, Ko and Rado initiated the study of extremal t-intersecting
families for ¢ > 2. They posed the following question: What is the size of an extremal

t-intersecting sub-family of 217 The answer in a complete form was given by Katona.

Theorem 1.2.3 (Katona [44]) Let t > 2, and let A be an extremal t-intersecting
sub-family of 2.
(i) If n +t =21 then A= {A C [n]: |A] > 1}.

(it) If n+t =21+ 1 then A is isomorphic to {A C [n]: |[AN([n—1])| > 1}
For the uniform case, Erdds, Ko and Rado [25] proved the following.

Theorem 1.2.4 (Erdds, Ko and Rado [25]) For t < r there exists no(r,t) € N

such that for all n > no(r,t), the extremal t-intersecting sub-families of ([:f}) are trivial.

For ¢ > 15, Frankl 28] showed that the smallest ng(r,t) for which their result holds
is (r—t+1)(t+ 1)+ 1, and that if n = (r — ¢t + 1)(¢ + 1) then the maximal trivial

t-intersecting sub-families of ([Z]) are also extremal but not uniquely so. Subsequently,

10



Wilson [59] proved the sharp upper bound (:f:f) for the size of any t-intersecting sub-
family of ([Z]) forn > (r—t+1)(t+1) and any ¢. Frankl |28] conjectured that if A is an
extremal ¢-intersecting sub-family of ([’;‘]) then |A] = max{|{A € ([:f]) AN+ 24| >
t+i}|: 7€ {0} U[r—t]}. A proof of this long-standing conjecture together with a
complete characterisation of the extremal structures was finally obtained by Ahlswede
and Khachatrian, and this may be regarded as one of the major and most remarkable

breakthroughs in combinatorics.

Theorem 1.2.5 (Ahlswede and Khachatrian [1]) Let 1 <t < r < n, and let A
be an extremal t-intersecting sub-family of ([:f]).

(i) If r—t+1)2+ %) <n < (r—t+1)2+ %) for some m € {0} UN -
where, by convention, (t — 1)/m = oo if m = 0 - then A is isomorphic to {A €
("N AN [t +2m]| > t +m}.

(i) If t > 2 and (r —t +1)(2+ %) = n for some m € {0} UN then A is isomorphic

to{Ae (") 1Anft+2m]| >t+m} or {Ae (M) |ANt+2m+2]| >t +m+1}.

We conclude this section by mentioning that a vast amount of research stemmed
out of the seminal Erdds-Ko-Rado paper [25|, and this field is now rich in beautiful
results and still very active; we have only outlined the central results. The survey
papers [22] and [29] are recommended.

In the rest of this chapter, we discuss some of the EKR-type problems that have

attracted most attention and that will be treated in this thesis.

1.3 Intersecting sub-families of hereditary families

One of the central problems in extremal combinatorics is the following well-known old

conjecture.
Conjecture 1.3.1 (Chvatal [17]) If H is a hereditary family then H is EKR.

Note that this is true if H = 2["l (see the beginning of Section 1.2). Chvatal [18] made

the first significant step towards his conjecture.

Theorem 1.3.2 (Chvatal [18]) Conjecture 1.5.1 is true if H is compressed.

11



Snevily [56] took the above result a big step forward.

Theorem 1.3.3 (Snevily [56]) Conjecture 1.5.1 is true if H is compressed with re-

spect to an element.

Many other results have been inspired by Conjecture 1.3.1; for example, the Ph.D.
dissertation [53] is dedicated to it. The above two results are perhaps the most well-
known in this area, and the only two that we need to refer to later on.

Before turning our attention to uniform sub-families of hereditary families, we recall
the following. A graph G is a pair (V, F) with £ C (‘2/), and a set I C V is said to be
an independent set of G if {i,j} ¢ E for any i,j € I.

Let Zg denote the family of all independent sets of a graph G. Holroyd and Talbot

|41] made the following interesting but also very difficult conjecture.

Conjecture 1.3.4 (Holroyd and Talbot [41]) If G is a graph with w(Zg) > 2r,

then Ig) is EKR, and strictly so if u(Zg) > 2r.

Clearly, the family Zs is a hereditary family. The author suggested the following

generalisation of Conjecture 1.3.4.

Conjecture 1.3.5 (Borg [9]) If H is a hereditary family with u(H) > 2r, then H™)

is EKR, and strictly so if u(H) > 2r.

Note that Theorems 1.2.1 and 1.2.2 solve the special case H = 2[".

Theorem 1.2.3 tells us that if ¢ > 2 then for all n > ¢, the extremal t-intersecting
sub-families of the hereditary family 2" are non-trivial. Thus Conjecture 1.3.1 does
not have an obvious extension for t-intersecting sub-families of hereditary families. It
is therefore natural to question whether a t-intersection version of Conjecture 1.3.5
may hold, or more precisely, whether there exists an integer ng(r,t) such that for any
hereditary family H with pu(H) > no(r,t), the extremal t-intersecting sub-families of
H) are trivial. Only very recently, the author [10] proved that such an integer ng(r, t)
exists indeed; the proof is based on the fundamental fact established in this thesis as

Lemma 4.3.1. So Conjecture 1.3.5 is true if pu(H) > no(r, 1).

12



1.4 Intersecting families of signed sets

For a signed set A and integers ¢ and k, let 6{(A) be the translation operation defined
by

01 (A) :={(a,b+ g modulo k): (a,b) € A}.

For ¢ = 1, we also write 0;(A).
Trivially, if & = 2 then 65(A) is the unique set in Sx o that does not intersect A.
Thus, for A C Sx .,

A is an extremal intersecting sub-family of Sx o iff

for all A € Sx o, exactly one of A and 65(A) is in A. (1.1)

Note that stars of Sx o are extremal intersecting sub-families of Sx 2, and not uniquely
so unless | X| < 2. In other words, Sx s is EKR, and strictly so iff | X| < 2.

Berge [3] showed that Sy, is EKR; the proof of this result is simply that if A C
Spnyk s intersecting and A € A then 0](A) ¢ A for ¢ = 1,...,k — 1, and hence
|A|l < |Spkl/k = {A € Spyie: (1,1) € A}|. Livingston [51] made a significant step

forward by establishing the strict EKR property of Sy, for k > 2.

Theorem 1.4.1 (Berge [3], Livingston [51]) (i) Spx is EKR, and

(1) strictly so unless n >3 and k = 2.

Other proofs of this result were given by Gronau [34] and Moon [54].
Holroyd and Talbot [41] recently showed that if F is an EKR family of independent
r-sets of a graph then Sz is EKR; however, their proof carries forward to the following

generalisation of Theorem 1.4.1(i).

Theorem 1.4.2 (Holroyd and Talbot [41]) If F is r-uniform and EKR then Sr
s EKR.

This result follows by a slight extension of the proof given above for Berge’s result; see

Proof of Theorem 1.4.2 in Section 5.5.
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The next generalisation of Theorem 1.4.1 is a well-known result that was first stated
by Meyer [52| and proved in different ways by Deza and Frankl [22] and Bollobas and
Leader [6].

Theorem 1.4.3 (Meyer [52], Deza, Frankl [22], Bollobas, Leader [6]) Forr <
n and k > 2,
(i) S([n]) . 15 EKR, and

(ii) strictly so unless r =n >3 and k = 2.

The proof of Deza and Frankl is based on the well-known compression technique (see
Section 2.2), whereas the proof of Bollobas and Leader is based on the idea of the cycle
method used by Katona [42] in his alternative proof of the EKR Theorem. Engel [23]
and Erdds et al. [24] gave other proofs that are also based on variants of the cycle
method.

Note that Theorem 1.4.3(i) with r < n/2 follows from Theorem 1.4.2 and the EKR
Theorem. Also note that the case r > n/2 in Theorem 1.4.3 provides an example of a
family F such that Sz is EKR but F is not.

Frankl and Fiiredi [31] conjectured that if A is an extremal ¢-intersecting sub-family
of Sy then |A| = max{[{A € Spe: [AN ([t +2m] x [1])] > t +m}|: m € {0} UN}.
If k > ¢+ 1 then the conjecture claims that |A| = k", the size of a maximal trivial
t-intersecting sub-family of Sy, . They showed that this is true if £ > 15. A result of
Kleitman [45], which was shown to be equivalent to Theorem 1.2.3 via the compression
technique (described in Section 2.2), had long established the truth of the conjecture for
the special case k = 2. After Theorem 1.2.5 was established, Ahlswede and Khachatrian
[2] and Frankl and Tokushige [33| were able to solve this conjecture independently and
by different methods; Ahlswede and Khachatrian also determined the set of extremal

structures.

Theorem 1.4.4 (Ahlswede, Khachatrian [2]; Frankl, Tokushige [33]) Let t <
n and k > 2. Let m be the largest integer such that t +2m < min{n + 1,¢ + 22;_12}

where, by convention, ]i;_; = o0 if k = 2. Let A be an extremal t-intersecting sub-family
Of S[n],k

14



(i) If (k,t) # (2,1) and &= is not integral then A is isomorphic to {A € Syt [AN
(it +2m) x (1] = ¢+ m}.

(it) If (k,t) # (2,1) and = is integral then A is isomorphic to {A € Sy [AN ([t +
2m] x [1))| > t+m} or {A € Spp: [AN(t+2m +2] x [1])| > t+m + 1}.

(111) If (k,t) = (2,1) then the result is given by (1.1).

To the best of the author’s knowledge, no analogous results for ¢-intersecting sub-
families of Sz with |F| > 2 have been established (excluding the one we present in
Chapter 7). However, some very important results have been obtained for a modifica-

tion of the problem, which we describe next.

1.5 Intersecting families of permutations and partial
permutations

In |20, 21|, the study of intersecting permutations was initiated. Deza and Frankl
[21] showed that S, is EKR (so (n —1)!is a sharp upper bound for the size of an
intersecting sub-family of S[Z]m); the proof follows by the same translation argument
given in the preceding section for Berge’s result. However, Deza and Frankl did not
proceed further to determine the extremal structures; this was accomplished only a few

years ago by Cameron and Ku [16].
Theorem 1.5.1 (Cameron and Ku [16]) S, is strictly EKR.

This result was also deduced from a more general result on certain vertex transitive
graphs in [49].

Ku and Leader [48] established the EKR property of SE‘[,:])m for all r € [n], and they
proved that 82[7])7” is strictly EKR for all r € [8,n — 3]. Naturally, they conjectured
that SE[:«L])’” is also strictly EKR for the few remaining values of r. This was settled by

Li and Wang using tools forged by Ku and Leader.

Theorem 1.5.2 (Ku, Leader [48]; Li, Wang [50]) SZ["]),n is strictly EKR for all

r € [n].

15



When it comes to t-intersecting families of permutations, things are of course much

harder, and the most interesting challenge comes from the following conjecture.

Conjecture 1.5.3 (Deza and Frankl [21]) For any t there exists ng(t) such that
for any n > ny(t), the size of a t-intersecting sub-family of S[?],n s at most that of a

magzimal trivial t-intersecting sub-family of S, . i.e. (n—1t).

This conjecture suggests an obvious extension for the extremal case. It is worth pointing
out that the condition n > ny(t) is necessary; [47, Example 3.1.1] is a simple illustration
of this fact. An analogue of the statement of the conjecture for partial permutations

has been proved by Ku.

Theorem 1.5.4 (Ku [47, Theorem 6.6.6]) For any r,t € N there exists ny(r,t)

such that for any n > ng(r,t), the size of a t-intersecting sub-family of SZ[H]> . 15 at

*

most that of a maximal trivial t-intersecting sub-family of S([n]) o i.€. ("*t) (n=t)!

r—t) (n—r)!”

For further reading on problems and results of this kind, Ku’s Ph.D. thesis [47]
(dedicated precisely to intersecting families of permutations and partial permutations)

is recommended.

1.6 Cross-intersecting families

As we mentioned in Section 1.1, in order to obtain Theorem 1.2.2, Hilton and Milner

proved the following result.

Theorem 1.6.1 (Hilton and Milner [38]) Letr < n/2. If A and B are non-empty

cross-intersecting sub-families of ([?}) then

Al < (1) = (M7 = Al + 1

where Ao := {[r|} and By :={B € ([’;]): BN [r] #0}.

Similarly to the case of Theorem 1.2.2, the proof was long and complicated due to

the result being part of a more general one. A streamlined proof was later obtained
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by Simpson [55] by means of the compression technique (see Section 2.2). Frankl and
Tokushige instead used the Kruskal-Katona Theorem [46, 43| to establish the following

extension.

Theorem 1.6.2 (Frankl and Tokushige [32]) Letr <s<n—r. If AC ([Z]) and

B C ([Z}) are non-empty and cross-intersecting then

A <1 (T) < () =1l + 18

where Ay :={[r|} and By :={B € ([Z]): BNr] #0}.

The obvious EKR-type problem for multiple cross-intersecting families was ad-
dressed by Hilton [37|. Suppose we want to construct k cross-intersecting sub-families
Ay, Ay of ([’Z]), r < n/2, such that the sum of sizes of these families is a maximum.
The simplest configuration one can think of is where one family is the whole of ([Z])
and hence, by the cross-intersection condition and the r < n/2 condition, all the other
families are empty. The second simplest configuration is where the k families are the
same and hence intersecting; an obvious example is where each of the k families is
the star of ([’Z]) with centre 1. Using the Kruskal-Katona Theorem [46, 43|, Hilton
|37] showed that at least one of the two configurations we mentioned is optimal. More

precisely, he proved the following beautiful generalisation of the EKR Theorem.
Theorem 1.6.3 (Hilton [37]) Ifr <n/2, k> 2, and Ay, ..., Ay are cross-intersecting

sub-families of ([Z}) then

() k<
K(GD) k>

33

k
Z |A;| <
=1

23

Suppose equality holds and Ay # ():

(i) if k <n/r then A; = ([7;}) and A; =0 fori=2, .., k;
(i1) if k > n/r then |A;| = (:fj) fori=1,..k;

(iit) if k =n/r > 2 then Ay, ..., Ay are as in (i) or (ii).

17



Note that if the A;’s are intersecting and equal to each other then Ay, ..., A; are cross-
intersecting. Thus setting k > n/r and A; = ... = Ay, clarifies why the EKR Theorem
follows from the above theorem.

There are many other cross-intersection results in the literature, some of which are
mentioned in Frankl’s survey paper [29]; however, those mentioned above are the ones

that are relevant to this thesis.
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Chapter 2

Notation and compression tools for

proofs

2.1 Some notation for sets and families

The scope of this section is to develop some notation for certain sets and families
defined on an arbitrary family F. This notation will be used mainly in the proofs.

Let U(F) :== Uyer A. Foraset V, let

FIV]:={AecF:V C A},
FIV[:={AeF: ANV =0}.
FV)={A\V:AeF[V]} ={B: BNV =0, BUV € T},

FV)y={AeF: ANV £}

For u € U(F), we abbreviate F[{u}|, Fl{u}[, F({u}) and F({u}) to Flu], Flu[, F{u)
and F(u) respectively. Note that Flu] = F(u).

To illustrate an example of a family that can be defined on F with the above
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notation, we have

FEUX)Y[={Aec F(z)(X): AnY =0}
={A: ANX=0,AUX € F(2), ANY = 0}

={A:2€e AUX eF, AnX =0, AnY = 0}.

We point out that the family F(z)(X)]Y[ has only been considered for the purpose of
making the reader familiar with the use of this notation and that no such somewhat
complicated family will arise in any other part of the thesis.

Note that a star of a family F is F(u) for some u € U(F), and u is a centre of F
iff F(u) = F (which implies v € (45 A).

We set
ex(F) :={A: Ais an extremal intersecting sub-family of F},
and we define the subset L(F) of U(F) by
L(F):={u € U(F): F(u) is a largest star of F}.

So F is EKR iff {F(u): u € L(F)} C ex(F), and F is strictly EKR iff {F(u): u €
L(F)} = ex(F).

2.2 The compression operation and compressed fam-
ilies

As we mentioned in Section 1.1, the compression (or shifting) technique is one of the

most powerful tools in extremal set theory. The survey paper [29] gives an excellent

account, of many applications of this technique. The idea surfaced in the original proof

[25] of the EKR Theorem, and Theorems 1.2.3, 1.2.5, 1.4.3, 1.4.4 are also among the

many results that were proved by means of this technique. It must be mentioned,

though, that it fails to work for certain interesting EKR-type problems, particularly
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the one for intersecting sub-families of S[*;Lk.

A compression operation, or simply a compression, is a function that maps a family
to another family while retaining some important properties of the original family, such
as its size or t-intersection of its set members. The idea is that a family resulting from
a compression or a sequence of compressions has key structural properties that the
original family might not have.

Various forms of compression have been invented for specific problems. For example,
the recent publications [40] and [41], which motivated a number of results in this thesis,
feature compressions defined in a graph-theoretical setting that are, however, widely
applicable. We now present a form of compression that is general enough for the
purposes of this thesis and that particularly generalises the compression defined in
[40].

For a family F and u,v € U(F), u # v, let A, ,: 2 — 27 be defined by

Auo(A) = {0,0(A): A€ AYU{A € A: 6,,(A) € A},

where 9, : F — F is defined by

Suo(F) = (F\{v}) U{u} ifug F,veF, (F\{v})U{u} € F;

F otherwise.

The function A, , is a compression operation; it is also commonly referred to as a shift

operation. The very first thing to be noted is that

| Aup(A)] = | Al

We now prove a number of properties, given by Proposition 2.2.1, of the compression
operation defined above. These properties have a fundamental role in the work of
this thesis. Parts (i) and (ii) are well known. Parts (iii) and (iv), which will have
applications in Chapters 10 and 11, may be regarded as new although they arise as a

generalisation of properties - mostly discovered in [40] - of compressions on intersecting
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families of independent sets of graphs (see Chapter 11).
In the following, we make use of the notation introduced in the preceding section.

We say that F is (u,v)-compressed if for any F' € Flu[(v), (F\{v})U{u} € F.

Proposition 2.2.1 Let F be a family, and let u,v € U(F), u # v. Let A* be a t-
intersecting sub-family of F, and let A = A, ,(A*).

(1) Alv| is t-intersecting.

(11) If F is (u,v)-compressed then A is t-intersecting.

(iii) If t = 1, F[{u,v}] = 0 and F is (u,v)-compressed then A{v)UAJv| is intersecting.
(iv) If t =1, F[{u,v}| = 0 and there exists w € U(F)\{u,v} such that Flw]| is (u,v)-

compressed then A(v) is intersecting.

Proof. Let By, By € A. Then, for each p € [2], B, = A, or B, = 0,,,(A4,) for some
A, € A"

Suppose By, By € AJv[(u). It is straightforward that |B; N By| > tif B, = A,
p =12 or B, =,,(A,) # Ay, p=1,2. So suppose without loss of generality that
By = Ay and By = 0,,(As) # Ay (hence u ¢ As). Then |B; N By| = [(A1 N Ay) U
{u}| = A1 N Al +1>t+1. So AJv[(u) is t-intersecting. Now, it clearly holds that
Alv[Ju[ = A*|v[Jul, and hence |[AN A’'| >t for any A € AJv[Ju] and A" € A. Hence (i).

Suppose F is (u,v)-compressed. As mentioned above, |By N By| > t it B, = A,,
p=1,2,0r B, =0,.,(4,), p=1,2. So suppose By = Ay, By = §,,(As) # Ay (hence
u ¢ Ay) and |By N By| < t. Then |(A4; N Ay)\{v}| =t — 1 (since A* is t-intersecting),
u ¢ Ay (otherwise |By N By| = |A1 N Ay > t) and Ay # 0,,(A41) € A (since F is
(u, v)-compressed). But then |d,,(A;) N As| = ¢t — 1, contradicting A* t-intersecting.
Hence (ii).

Suppose t = 1, F[{u,v}] = 0 and F is (u,v)-compressed. By (i) and (ii), AJv[ is
intersecting and AN B # 0 for any A € AJv[ and B € A(v). So (iii) follows if we
show that A(v) is intersecting. So suppose By, By € A(v). Then, for each p € [2],
B, € A*(v) C F(v), and u ¢ B, since F[{u,v}] = 0. Since F is (u,v)-compressed,
we must have B, # 0,.,(B,) € ‘A, which implies d,,(B,) € A* (since B, € A).
So (B N B)\{v} = By N 6y(B2) # 0 since v ¢ By, By, 0,,(B2) € A* and A* is

intersecting. Hence (iii).
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Suppose t = 1, F[{u,v}] = 0 and there exists w € U(F)\{u,v} such that Flw[ is
(u, v)-compressed. Suppose By, By € A(v). Then, for each p € [2], B, € A*(v) C F(v),
and u ¢ B, since F[{u,v}] = 0. Thus, if w ¢ B, for some p € [2] then, since Flw|
is (u,v)-compressed, we must have B, # 0,.,(B,) € A, which implies ¢, ,(B,) € A*
(since B, € A) and hence (By N B2)\{v} = Bs_, N 0yn(By) # 0 (since u ¢ Bs_,,
B3, 0u0(A,) € A* and A* is intersecting). If on the contrary w ¢ B, for each p € [2]

then trivially w € (By N B2)\{v}. Hence (iv). O

Note that F is compressed with respect to u (see definition in Section 1.1) if F is
(u, v)-compressed for all v € U(F)\{u}, and that F C 2[" is compressed if A, ;(F) = F
for any i, j € [n] such that ¢ < j.

fa < ..<a,b <..<bya <by, ...,a <b, A:={a,..,a}and B =
{b1,...,b,} then we write A < B, and if also a; < b; for some j € [r] then we write

A < B. Tt is easy to see that

A is compressed < forany A€ Aand A’ < A, A’ € A.

If i,7 € [n] and ¢ < j then A,;; is said to be a left-compression. It only takes a
finite number of left-compressions to obtain a compressed family from a sub-family of
271 This is because the positive quantity > A |A| decreases with a left-compression
that changes A. In fact, there are compositions of all the (72‘) left-compressions, and
in which each left-compression appears exactly once, that always yield a compressed
family when applied to a sub-family of 2. A set of such compositions is determined

in [29], and the following demonstrates another composition.

Proposition 2.2.2 For A C 2 [et

./4/ = An—l,n 9 An—2,n c...0 Al,n 0...0 A273 o A173 o ALQ(A).

Then A’ is compressed.
Proof. Let N := {(a,b) € [n] X [n]: a < b}. We define the partial order relation <
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on members of N by (ay,b;) < (ag,bs) iff by < by or a; < ag < by = by. Suppose that
for some (s,t) € N, A,,(A) = A for all (p,q) < (s,t). Let B := A;;(A). Clearly,
As+(B) = B. We claim that, moreover, A, ,(B) = B for all (p,q) < (s,t). The claim
clearly implies that A, ;(A") = A’ for all (i,5) < (n — 1,n), which in turn implies the
required result.

We now prove the claim. Let B € B, and fix p and ¢ such that (p,q) < (s,1).
We first consider the case B € A, ie. B € ANB ={A € A: (A € A}. So
E :=0,,(B) e AnBand C,F € A, where C := 0,,(B) and F := 6,,(FE). Suppose
B#Ce AB={A¢ecA: (A ¢ A}. Therefore C # D := 0,,(C) € B\A =
{0s¢(A) : A e AAB}. If {p,q} N{s,t} = 0 then F' = 0,, 0 054(B) = 051 0 p4(B) =
D € B\ A, a contradiction. Now suppose |{p,q} N{s,t}| = 1. There are three possible
cases:

(i) p=s<qg<t: D=20ds4004B) =0s4(B) =C, a contradiction.

) p<g=s<t: D=20d5;00,4(B)=05100,s(B) =0,:(B) € A, a contradiction.
(lii) p<s<qg=t: D=05400,:(B) =0,+(B) =C, a contradiction.

Therefore, if B € AN B then 0,,(B) € B.

We must now consider the case B ¢ A, in which there exists A € A such that
B = §,,(A) # A. Again, suppose C' := 6, ,(B) # B. Since s € B and t ¢ B, we have
p # s and ¢ < t. So we are left with the following two cases:

(1) {p,a} N{s,t} =0: C =0,4005:(A) =854 00,,(A) € Ag,(A) =B as 6,,(A) € A
i) p<g=s<t: C=0p5005¢(A) = 0,1(A) = 5:(0,1(A)) € As1(A) = B as
dpi(A) € A 0

We now illustrate the fact that if all left-compressions are applied on a family of
sets exactly once (as above) but in an arbitrary order then the resulting family is not
necessarily compressed. Consider A := {{2,3},{2,4},{3,4}} C 21 (note that A is in-
tersecting). If the left-compressions Ag 4, Ao s, Asy, Ara, Ars, Ay are applied in the

given order then the resulting family is {{1,3},{1,4}, {3,4}}, which is not compressed.
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Chapter 3

Maximum hitting of a segment by sets

in compressed intersecting families

3.1 Problem specification and results

For the purpose of this chapter, let us denote the compressed star {A € ([’:]): 1€ A}
and the compressed non-centred intersecting family {A € ([f]) le AJAN2,r+1] #
0yU{[2,7+1]} by S,.r and N,,, respectively. We use the abbreviations S and N when
n and r are clear from the context.

We shall make frequent use of the notation in Section 2.1. We stick to the definition
of the relations < and < for sets in 2N given in Section 2.2. Recall (from Section 2.2)
that A is compressed iff for any A€ Aand A’ < A, A’ € A.

In this chapter, we are concerned with the following problem: Given r < n/2,
which segments (i.e. non-empty sets) Z C [2,n] obey the condition - call it (*) - that
A(Z)] < |S(Z)| for any compressed intersecting family A C ([’ﬂ)? Note that if we
allow 1 € Z then §(Z) = S, and hence (*) follows immediately from Theorem 1.2.1.

As the following examples show, not all segments Z obey (*):

1. ZC2,r+1],n>2r
If A= N then |A(Z)| = |S(2)] + 1.

2. ZC22r=1), |Z| <r,n=2r
Let A := ([2’";1]) = Sn[UB. So B = ([2’2;_1]), and therefore |A(Z)| — |S(2)| =
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B2)|=ISe)(2) = (%) = C27) = () = (237)) = (.27 -
(2r—2—\Z\) < 0.

r

3.2re Z,0+# 2Z\{2r} C[2,r], n = 2r:
For each i € [r], let A; = [2,r] U {r + i} and A, = [2r]\A4;. Let A :=
(S\{A}, ..., AL }) U{Ay, ..., A.}. Note that A/ is the unique set in {Ay,..., A, } U
{A],..., AL} that does not intersect Z. So |A(Z)| = |S(Z)| + 1.

Note that in each of the three examples above, A is non-centred, compressed and
intersecting.

By Theorem 1.2.2, if Z C ([2;]) then |A(Z)] < |A] < |N| < |S8(Z)] for any non-
centred intersecting family A C ([Z]). So this settles the case |Z| > r; however, we will
also prove this directly. We will also settle the special case |Z| = r. The case |Z] < r is
far more challenging, and we will not determine fully which of these segments obey or
disobey (*); however, many such segments obeying (*) are captured by the following

result.

Theorem 3.1.1 Let A C ([’:]) be a compressed intersecting family, 2 < r < mn/2. Let
0#7Z C[2,n] and Y := Z N [2r]. Suppose
(a) Y =0, or
(b)) |Z]| <randY > W = [2r]\([2r = 2]Y|]UY), or
(c) 2] >r.
Then |A(Z)] < |S(Z)|.
Moreover, if A is non-centred then |A(Z)| = |S(Z)| if and only if
(i)r=2,and Z =Y # {4} or {2,3} C Z € ([2:’3”]), or
(ii) r > 2, n=2r, ZN[2,r+1] # 0, |A| = |S| and A|Z[ = S|Z[ (such a family A

erists).

We shall make two remarks that should make the statement of Theorem 3.1.1 easier
to grasp:
- Consider (b). Let U := [2r]\[2r — 2|Y|]. Clearly, W C U. By definition of < on
members of ([’ﬂ), we must have Y C U, otherwise |W|=2r — (2r —2|Y|) - |Y NU| =

2|Y|—|YNU| > |Y], i.e. Y and W are incomparable. So [W| = |Y| = |U|/2, WNY = 0,
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and hence
YUuW =U. (3.1)

- Clearly, if a compressed family is centred then it must be a sub-family of S. Therefore,
Ais non-centred iff A ¢ S. We now show that in some cases, |A(Z)| = |S(Z)] holds for
proper sub-families A of S, and we determine these cases exactly. Let m := max{z €
Z} and §* := S\{A € S: A\{1} C [n]\[m]}. §* # Sif m <n—r+1; also, S* is
compressed and S*(Z) = S(Z). It is easy to check that for any A € S*\S(Z) there
exists B € §(Z) such that A < B. This implies that if A C S and A(Z) = S(Z) then
S*CA

For z; < ... < xp, X :={z;: 1 € [n]}, m <n, we call the set {x;: i € [m,n]} a final

(n—m+1)-segment of X. The following is an immediate consequence of Theorem 3.1.1.

Corollary 3.1.2 Let A C ([Z}) be as in Theorem 8.1.1, and let Z be a final segment
of [n]. Then |A(Z)| < |S(2)|, and if A# S then |A(Z)| = |S(Z)| only if n = 2r and

\Z] > r.
The next theorem settles our problem for the special case |Z] = 1.

Theorem 3.1.3 Let Z € ([Q;n}), 2 <r < nf2. Let A be a compressed intersecting
sub-family of ([Z]) such that A(Z) is of largest size. If

(a) {2,3} C Z and r < 3, or

(b) n=2r and [n]\Z £ Z, or

(c) Z =[2,r+1]

then |A(Z)| = |S(Z)| + 1, otherwise |A(Z)| = |S(Z)|.

We now present an application. In Section 3, we show that the following extension

of the EKR Theorem follows from Corollary 3.1.2 .

Theorem 3.1.4 (Holroyd, Talbot [41]) Let X1, ..., X, be distinct sets such that
V_, Xi #0 and X; N X = (Y, X; for any j,k € [p]. Let H := Jr_, 2**. Suppose

!Theorems 3.1.4 and 3.1.5 are proved in [7] by a method that ’extends’ the original proof of the
EKR Theorem and that is yet different from both the method used in this chapter and the one used
in [41]; however, the material in [7] is not included in this thesis.
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4 <2r < u(H). Then:
(i) H") is EKR, and

(1) strictly so if 2r < p.

We remark that, in the literature, a family consisting of sets X; as in Theorem 3.1.4
is called a sunflower or delta-system. The Erdés-Rado Theorem [26] is an example of
a well-known result about sunflowers. Sunflowers are used in the kernel method intro-
duced by Hajnal and Rothschild [35]; a brief review together with another application
of this method is given in [27]. The mazimal independent sets of a union of a complete
multipartite graph and an empty graph form a sunflower; Holroyd and Talbot expressed
Theorem 3.1.4 in these graph-theoretical terms (see Chapter 11).

In Section 3.3, we also apply Corollary 3.1.2 to sharpen Theorem 3.1.4 with 2r = p.

Theorem 3.1.5 (Extension of Theorem 3.1.4) Suppose that in Theorem 3.1.4 we
have 2r = u(H) and p > 1. Then H") is not strictly EKR if and only if u(H) = a(H)
and 3 < |(V_, Xi| <.

We conclude this section by mentioning that in the next chapter we obtain a gener-
alisation of the Hilton-Milner Theorem by employing the idea of the problem we have

presented here; see, for example, Proposition 4.7.2.

3.2 Proof of main results

We begin with the key lemma concerning ordered pairs of subsets of ([’Z]).

Lemma 3.2.1 Let A,B € ([Z]), A#B, and let C C AN B. Then
A\C < B\C < A< B.

Proof. Let D := A\C, E := B\C. We have D < E and must prove DUC < EUC.
Suppose C' = {c}. Let D := {dy,...,ds}, E := {ey,...,es}, each set listed in in-
creasing order. If ¢ < dy or ¢ > e, then the result is immediate; so we may as-

sume ¢ € [dy + 1,es — 1]. Let j := max{i: d; < ¢}, k := min{i: ¢ < ¢;}. Then
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DU {c} = {d;,....d; 1} and EU {c} = {e],...,el .}, where d] :=d; fori =1,..., 7,
a*

Jj+1

=c, df

fi=difori=3+2,..,s+1, e i=efori=1,...k—=1,¢e; :=c, e :=e,1

fori=k+1,....,s+ 1. Note that k£ < j + 1 since D < E. It is straightforward that if
k=j+1thend; <ef,i=1,..,5s+ 1, with at least one strict inequality. If £ < j+1
then df =d;, < e =e€fori=1,..,k—-1,d; =d, <c=¢ <e¢ fori==k,..j7,
di,z=c<ejpanddf =di g <eg=¢fori=j+2,..,5s+1. S0 DUC<EUC
as required.

The result for general C' follows by a simple inductive argument.

Conversely, we have A < B and must prove A\C < B\C.

Suppose C' = {c}. Let A :={ay,...,a,}, B :={by,...,b.}, each set listed in increas-
ing order. Since A < B, we have ¢ = a, = b, for some p > q. If p = ¢ then the result
is immediate. Suppose p > q. Then A\{c} = {a],...,a’_;} and B\{c} = {07, ...,05_,},
whereaf :==a; <b;=:0ffori=1,....q—1,a} :=a;, <b; <byyg =0 fori=gq,...,p—1,
and a} := a;41 < by =:0f for i =p,...,r —1. So A\C < B\C as required.

The result for general C' again follows by a simple inductive argument. a

Lemma 3.2.2 If A C 2" is compressed and Z,{a,b} C [n], a < b, then |A(Z)| <
|A(5a,b(z))‘

Proof. Suppose Z' := 0,4(Z) # Z. Letting Z" := ZNZ', we then have Z = Z"U{b} #

Z"and Z' = Z" U{a} # Z". Since A is compressed, A,,(A]Z"[(b)]a]) C A]Z"[(a)]b].
So |A]Z"[(a)]b]| > |A]Z"[(b)]a[|. We therefore have

JA(Z)] = |A(2)] = (JA(Z")] + [A]Z"[(a)]) — (JA(Z")] + [A]Z"[(D)])
= (IA]Z"[(@)(®)| + [A]Z"[(a)]b]]) = (|A]Z"[(b) ()] + |A]Z"[(b)]al]) = O,

and hence result. O

Proof of Theorem 3.1.1. By induction on n. It is easy to check the result for
r = 2 because ([g]) is the only non-centred compressed intersecting sub-family of ([g]).
We shall now assume that » > 2. Thus, for the remainder of the proof, we are

concerned with condition (ii) in the statement of the theorem. If this condition holds
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then |A(Z)| = |S(Z)| trivially, so we now prove the converse. We may assume A to be
such that |A(Z)| is maximised; that is

|A'(Z)| < |A(Z)| for any compressed intersecting A" C (M). (3.2)

T

Case 1: n=2r. SoY =7 # ().

Let Ay := [2,r+ 1] and Ay := {1} U [r +2,...,2r]. Then NV := (S\{A42}) U{A;}
is non-centred, compressed, intersecting, and has size equal to |S|. If |Z] > r then
N(Z)| = IN| = |S| = |S(Z)| trivially. Suppose |Z] < r and ZN[2,7 + 1] # (. So
ZNA; #0. By (b), we have 2r € Z, and hence Ay,NZ # (). So [N (Z)| = |S(Z)|. This

proves the existence of a family for which (ii) holds.

Sub-case 1.1: |Z| > r. Since A is intersecting, if A € A then [2r]\A ¢ A; hence

Al < L(*) = (*7)) =S| So the result is straightforward since here A(Z) = A.

Sub-case 1.2: |Z| = r. Clearly, ZN[2,r+ 1] # (0. If Z € A then, since [2r]\Z =
W < Z (by (b)) and A is compressed, we have [2r]\Z € A, which contradicts A
intersecting. So Z ¢ A. Since Z,[2r]\Z ¢ A(Z), it clearly follows that [A(Z)| <
1) =1 =18(2)| (note that Z > [2r]\Z = 1 € [2r]\Z = {[2r]\Z} = S]Z[). Thus,
by (3.2), |A(Z)] = 1S(2)!.

Since W = [2r)\Z, A]Z|[C {W}. Suppose W ¢ A. Let w; < .. < w, and
21 < ... < zp such that W = {wy,...,w,} and Z = {2y, ..., 2, }. Since 2r)\Z =W < Z,
we have w; =1, 2z, = 2r and w; < 2z, ¢ = 1,...,r. Let W' := (W\{w,}) U {z}.
Since W' > W ¢ A and A is compressed, W’ ¢ A. Similarly, [2r]\WW' ¢ A since
R2r\W' = (Z\{z-}) U{w,} > W. Thus, since W, [2r]\W, W' [2r\W’' ¢ A (recall that
[2r\W = Z ¢ A), it clearly follows that |A(Z)| < 2(*) —2 < |S(Z)|, a contradiction.
So {W} = A]Z| = §]Z|. Thus, since |A(Z)| = [S(Z2)|, |A| = |S].

Sub-case 1.3: |Z| < r. Let A; U Ay be the partition of A(Z) defined by A, :=
{Ae A(Z): Z\A # 0} and Ay .= {A € A(Z): Z C A}. Let §; and Sy be defined
similarly. Let f: A; — S; be defined by f(A) = Aif1 € Aand f(A) =[2r]\Aif1 ¢ A
(A€ Ay). So f isinjective becauseif 1 € C € Ay, 1 ¢ D € Ay, and f(D) = f(C) then

n\D = C € A, contradicting A intersecting. Hence |A;| < |S].
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Now consider Ay, and suppose there exist C, D € Ay such that (C'N D)\Z = 0.
Thus, taking £ := [2r]\D and F := E\C, we have C\E = Z and F' C [2r]\Z. Note
that |F| = |([2r]\D)\C| = |[2r]\(C U D)| = 2r — (|C| + |D| — |C N D|) = |Z|. Since
Y = Z, we have W\F C W C [2r — 2|Z| 4+ 1,2r] by (b), and F\W C 2r]\(ZUW) =
[2r — 2|Z|] by (3.1). So F\W < W\F. If F\W = W\F then F = W, and if
F\W < W\F then FF < W by Lemma 3.2.1; hence ' < W. So E\C <W < Z = C\FE,
and hence Lemma 3.2.1 gives us £ < C. Thus, since A 5 C is compressed, we get

E € A, which contradicts A intersecting as D € A and END = (). So
(CNDN\Z #(for all C, D € As. (3.3)

Next, define X := {A\Z: A € Ay} C ([Z,/]), where n' = 2r — |Z| and " = r — |Z|.
Since |Z| < r <n/2,1 <7 <n'/2. By (3.3), X is intersecting. X is also compressed
because A < Be X = (AUZN\Z < (BUZ)\Z € X = AUZ < BUZ € A, (by
Lemma 3.2.1) = AU Z € A, (since A is compressed) = A € X. Let Y :={A\Z: A €
Sp}. If ' =1 then X C Y trivially. If 7 > 1 then we take Z’ := [2,2r]\Z and, since
X =X(Z") and Y = Y(Z'), we apply the inductive hypothesis to get |X'| < || with
equality only if X = ). So |As] < |S2| with equality only if Ay = Ss. Thus, since
A < [Si], [A(Z)] < [S(Z)]- By (3.2), [A(Z)] = [S(2)]- So |Ai] = |Sul, |As| = |8l
and hence Ay = Ss.

Suppose Z N [2,r + 1] # 0. Take any K € S]Z[. Let ky < ... < k, such that
K = {ki,....,k}, and let L := {k,_z41,...., Kk}, K' := (K\L)U Z. Similarly to F
above, L < W. Given that W < Z, it follows that L < Z, and hence K < K'. So
K € A]Z] because K' € S; = Ay, A is compressed, and K NZ = (). We have therefore
shown that S]Z[C A]Z[. So |A| > |S]| as |A(Z)| = |S(Z)|. But |A] < 1(*") = |S| (see
Sub-case 1.1). So |A| = |S| and A]Z[ = S]Z].

Now suppose ZN[2,7+1] = 0. So Z C [r+2,2r], and hence A* := {1}U[r+2,2r] €
Ay as A* € Sy = Ay. Thus, since A is compressed and A < A* for all A € S\{A*}, we
have S C A. Together with |A| < |S]| (see Sub-case 1.1), this gives us A = S.

Case 2: n > 2r. Let n’ := n — 1. We have A]n[,S|n[C ([7;,]) and A(n),S(n) C (M),

/r./
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r" =r—1. Note that r <n'/2 and " < n'/2 (as we now have r < n/2). Also note that
A(n) and An| are compressed. We now show that A(n) U AJn] is intersecting.
Suppose ANBN[n'] =0 for some A, B € A. So ANB = {n} (as A is intersecting).
Since [AUB| < 2r—1<n/, [n]\(AUB) # 0. Let a € [n]\(AU B). Since A’ :=
(A\{n})U{a} < A and A is compressed, A’ € A. But A'N B = (), a contradiction. So

ANBN[n]#0for any A, B € A, and hence A(n) U AJn| is intersecting as required.

Sub-case 2.1: n ¢ Z. It is immediate from the inductive hypothesis that |A]n[(Z)| <
[SIn[(2)] and |A{n)(Z)| < |S(n)(Z)]. Since [A(Z)| = [An[(Z)] + |A{n)(Z)], it fol-
lows that |A(Z)] < |S(Z)|. By (3.2), we actually have |A(Z)| = |S(2)|, |An[(Z)| =
|Sn[(Z)| and |A(n)(Z)| = |S(n)(Z)|. It remains to show that A is centred.

Consider the equality |A(n)(Z)| = |S{n)(Z)|. Since " < n’/2, it follows by the in-
ductive hypothesis that A(n) is centred, and hence A(n) C S(n) as A(n) is compressed.
This gives us the stronger equality A(n)(Z) = S(n)(2).

Let m := max{z € Z}. If r > 3 then we take F to be a final (r — 3)-segment for
[n]\{1,m,n}; otherwise, we take F; to be (). Let Sy := {1,m,n} U F; (recall that we
are dealing with » > 3). Since Z C [2,n], if |Z] > r 4+ 1 then m > r + 2. Suppose
|Z| <r. IfY =0 then m > 2r, and if Y # () then, by (b) and (3.1), we have 2r € Y,
and hence m > 2r. So we have m > r + 2. Suppose that A is non-centred. Given
that A is compressed, we then have [2,7 + 1] € A, which is a contradiction because

2,r+1]NS; =0,5 € S(n)(Z) = A(n)(Z) and A is intersecting. So A is centred.

Sub-case 2.2: n € Z. Suppose Z # [2,n]. Let m' := max{a € [n]\Z} and
Z" = Swn(Z). Son ¢ Z'. It is easy to check that Z’' also satisfies one of (a),
(b), (c). Therefore, as in Sub-case 2.1, |A(Z")| < |S(Z')| with equality only if A is
centred. Now |S(Z)| = |S(Z')| and, by Lemma 3.2.2, |A(Z)| < |A(Z')|. Thus, by
(3.2), A(Z)| = |A(Z")| = |S(Z")|, and hence A is centred.

Now suppose Z = [2,n|. Then, taking Z” := Z\{n} and applying the induc-
tive hypothesis, we have |An[| = |An[(Z")] < |S]n[(Z")| = |S]n[| and |A(n)| =
|A(n)(Z")| < |Sn)(Z")] = |S(n)|, and (since ' < n’/2) the latter inequality is an
equality only if A(n)(Z") is centred and hence A(n) = S(n) (as A is compressed and
A(n) = A(n)(Z")). Tt follows by (3.2) that |A]n[| = |S]n[| and |A(n)| = |S(n}|, and
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hence A(n) = S(n). Now, since r’ < n//2, for any A € ([2’;‘/]) there exists B € S(n)
such that AN B = (. Since A(n) U An[ is intersecting and A(n) = S(n), it follows
that AJn[C S and hence A C S. O

We now come to the proof of Theorem 3.1.3, for which we need the following second

lemma concerning ordered pairs of subsets of ([Z]).

Lemma 3.2.3 Let A,B € ([:f]), 1<r<n-—1. Then
A < B« [n)]\B < [n]\A.

Proof. By induction on n. The case n = 2 is trivial. Consider n > 2.

Suppose C := AN B # . Let X := [n]\C. Let D := A\C,FE := B\C € (rjl(c‘).
By Lemma 3.2.1, D < E. By the inductive hypothesis, F' := X\FE < G := X\D. The
result follows since F' = [n]\A and G = [n]\B.

Now suppose AN B = (. If n = 2r then [n]\B = A < B = [n]\A. Suppose
n > 2r. Let ¢ € [n]\(AU B) and Y := [n]\{c}. By the inductive hypothesis,

H:=Y\B < I:=Y\A. By Lemma 3.2.1, [n]\B = HU {c} < I U{c} = [n]\A. O

Proof of Theorem 3.1.3. For the same reason specified in the proof of Theorem 3.1.1,
the case r = 2 is straightforward. So we consider r > 3.

We start by demonstrating the lower bound |S(Z)| + 1 < |A(Z)]| for each of the
cases (a), (b), (c). For case (a) (with r = 3), take A := {4 € (7): |[AN[3]| > 2}. For
case (b), take A() to be the union of A, = {4 € ([2:]) t A< Z}and Aj :=S\{A €
S:[2r\A € A, }. For case (), take A(,) 1= N. It is easy to check that Aw), Ag
and A attain the required lower bound and that Ay and A, are compressed and
intersecting. We now show the less straightforward fact that A) is compressed and
intersecting.

By definition of Aj,), if A < B € A, then A < B < Z, and hence A € Aj;
SO A’(b) is compressed. Now suppose A < B € .A’(’b). Then, by Lemma 3.2.3 and the

definition of Af,), we have [2r\A > [2r]\B ¢ Aj;), and hence, since A{, is compressed,
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[2r\A ¢ Aj;). Also, A € S since A < B € Aj) CS. So A € Afj,), which proves that
’(’b) is compressed. Thus, as required, A is compressed because clearly, in general,
the union of two compressed families is compressed.

Suppose A, B € Ay). It is straightforward that if A ¢ A’(b) or B ¢ Azb) then
AN B # (). Now suppose A, B € Al and AN B = (). Since therefore A < Z and
B = [2r]\A, we have [2r]\Z < B by Lemma 3.2.3. Since B < Z (by definition of Aj;, ),
we then have [2r]\Z < Z, a contradiction. So Aj;, is intersecting, and hence A, is
intersecting.

The result now follows if we prove the upper bound |A(Z)| < |S(Z)| + 1 and that

equality holds only if one of (a), (b), (¢) holds.

Case 1: n = 2r. It is immediate that therefore |A(Z)| < [S| = |S(Z)] + 1 be-
cause |A| < 1(*) = |S| (see proof of Theorem 3.1.1). Suppose (b) does not hold, i.e.
[n]\Z < Z. Then, by Theorem 3.1.1, |A(Z)| < |S(Z)]. So |A(Z)| = |S(Z)| + 1 only if
(b) holds.

Case 2: n > 2r. As in the proof of Theorem 3.1.1, AJn[C ([ZI]) (n" =n—1) and
A(n) C ([’Z,/]) (r' = r — 1) are compressed and intersecting; moreover, A(n) U A|n] is
intersecting. Also recall that r < n//2 and " < n'/2.

Sub-case 2.1: n ¢ Z. By the inductive hypothesis, we have |AJn[(Z)| < |S]n[(Z)|+
1. By Theorem 3.1.1, |A(n)(Z)| < |S{n)(Z)| with equality only if A(n) is centred or
' =2and {2,3} € Z. So |A(Z)| < |S(Z)| + 1 with equality only if A(n) C S(n)
(as A(n) is compressed) or (a) holds. Suppose |A(Z)| = |S(Z)|+ 1 and (a) is not the
case. So |AJn[(2)] = |S]n[(Z2)| + 1, |A(n)(Z)| = |S(n)(Z)| and A(n) C S(n). The
last two relations yield A(n)(Z) = S(n)(Z), and the first relation yields AJn[Z S]n],
implying that A* := [2,r 4+ 1] € A]n[ as A]n] is compressed. Suppose Z # A*. Then,
since A(n)(Z) = S(n)(Z), we clearly have A’ := A(n)(Z)]A*[ # 0. Let A’ € A". So
A'NA* = (), but this is a contradiction because A(n)UAn[ is intersecting. So Z = A*,

i.e. (¢) holds. Hence we are done.
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Sub-case 2.2: n € Z. Let m := max{a: a € [n]\Z} and Z' := 0,,,(Z). Son ¢ Z'
and clearly Z' does not satisfy (¢). Thus, according to what we have shown in Sub-case
2.1, we have |A(Z")| < |S(Z")| + 1, and equality holds only if Z’ satisfies (a), in which

case Z satisfies (a) too. The result follows since |A(Z)| < |A(Z')| by Lemma 3.2.2. O

3.3 An application: the EKR properties of the sun-
flower

We now start working towards the proofs of Theorems 3.1.4 and 3.1.5. We shall first
develop some further notation.

Let W := (_; X;. Let a := |W|, and let wy, ..., w, be the elements of W. For
i € [pl, let V; := X;\W and b; := |V;|, and let v;1, ..., v, be the elements of V;; for
the purpose of the left-compression operation, we put the elements of X; in the order
Wy < oo < W < Vi < e < V-

Let p:= p(H) and o :== a(H). Fix r < p, and let Y = H" = [J'_ (*7). For
AcU,let Ay ={Aec A: AC X;} and A; .= Ay)(V),i=1,...,p.

We will use the following lemma when dealing with the extremal cases of Theo-

rems 3.1.4 and 3.1.5; we will prove this lemma later.

Lemma 3.3.1 Let A be an intersecting sub-family of U. Suppose p > 1 or 2r < pu,
and A, (A) =U(x) for some x,y € X;, x <y, i € [p|. Then A=U(x) or A=U(y)
or A= Ag.

We will often also use the following fact.

Lemma 3.3.2 Let A be an intersecting sub-family of U. Suppose U (x) C Ay for
some & € J;c,y Xi and j € [p|. Then A CU(x).

Proof. We have U;)(z) C Ay and | X;| > > 2r. Thus, for all B € U\U(x), we can

find A € A(;) such that AN B = (). Since A is intersecting, the result follows. O

Proof of Theorem 3.1.4. We apply compressions A, ,, z,y € X;, z < y, to A

until A is compressed (see Section 2.2). We then repeat this procedure for A, ...,
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A(p) in the given order, and we observe that after the i’th procedure we get A(;) com-
pressed for all j € [¢] (¢ = 1,...,p). Clearly, A remains intersecting, and A(;) becomes
compressed, 1 =1, ..., p.

Clearly, Aqy U A U...U A, is a partition of A. Let J := U(w,). Since 2r < p, by
taking X; and X| := X;\{w;} to represent [n] and Z respectively in Corollary 3.1.2,
we get |[Am| = A0 (X])] < | T (XD)| = [Tyl Similarly, for ¢ = 2, ..., p, by taking X
and V; to represent [n] and Z respectively in Corollary 3.1.2, we get |A;| < |J;]. So
|A| < |J|. Therefore J € ex(U) and hence (i).

Suppose 2r < p and Agy # J;) for some j € [p|. Taking Z’ to be X{ or V; de-
pending on whether j = 1 or j > 1 respectively, Corollary 3.1.2 gives us |A¢;(Z")] <
|J;)(Z")|, and hence |A| < |J|. Lemma 3.3.1 ensures that if A is initially non-centred

then the compressions mentioned above do not change A to J. Hence (ii). O

Proof of Theorem 3.1.5. We now have 2r = p and p > 1. We base this proof
on the proof of Theorem 3.1.4.

Suppose p = o and 3 < |W| < r. Note that | X;| = ... = |X,| = 2r. It is easy to
check that therefore (J\{AelU: ANW ={wu}}Uu{Aecld: AnNW =W\{w,}}isa
non-centred intersecting family that is as large as J. Since J € ex(U), the sufficiency
condition follows.

We now prove the necessary condition. So suppose A is a non-centred intersecting
family in ex(U). Then |A| = |J|. Let A" be the resulting family after applying
compressions as in the proof of Theorem 3.1.4. So |A'| = |A| = |J|. Suppose A’ is
centred. Then, by Lemma 3.3.1, either A’ is a proper sub-family of a star of U or A’ is
a star of Y and A’ = A{; for some i € [p]. Since J is a star of largest size, the former
case immediately gives us the contradiction that |A’| < |7|, and the latter case clearly
gives us A" = U(v;;) for some j € [b;], which again results in the contradiction that
|A'l < |J|. So A’ is non-centred, and we may therefore assume that 4 = A’. Since
|A| = |J|, we have |A;| = |J;| for all i € [2,p] (see the proof of Theorem 3.1.4). An
argument similar to that for A (in the proof of Theorem 3.1.4) yields |Ag)| < [T

for all ¢ € [p].
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Suppose 2r = p < . So there exists j € [p] such that |X;| = o > 2r. The proof
of Theorem 3.1.4(ii) for 2r < p shows us that we must then have Ay = J(;). By
Lemma 3.3.2, A C 7, which contradicts A non-centred. So 2r = u = a.

Next, suppose r < |W|. Let ¢ € [2,p]. Since 2r = u = o = |W| + |V;|, it follows
that |V;| < r. Since |A;| = |Ji|, it follows by Corollary 3.1.2 (with 2r = n = |X|]
and |Z| = |V;| < r) that Ay = J;). By Lemma 3.3.2, A C J, which contradicts A
non-centred. So r > |W].

Finally, suppose 1 < |[W| < 2. If ANW = () for some A € A then, since A
is intersecting, A C (%9) for some j € [p], and hence |A| = |Ay)| < [Ty < |T].
Suppose instead A = A(W). If W = {w;} then A C J, which contradicts A non-
centred. So W = {wy,ws}, and hence A(wy)]ws[UAJw;[(ws) U A(wy)(ws) is a par-
tition of A. Since A is non-centred, we have A(w;)ws[ # 0 and AJw;[(wq) # 0.
Thus, since A is intersecting, A(wi)wa[UAlwi[(ws) C (¥7) for some j € [p]. So
A(wr)]wo[UA]w: [(wa) U A(wr)(w2)(V;) = Ay, and we know that |A;)| < [T Tt
remains to consider A; = A(wy)(wq)(V;) for each i € [p]\{j}, for which we clearly have
|A;l < |Ji|. Thus, since Ag) U ey, Ai is a partition for A, we get A < |TJ], a

contradiction. So |W| > 3. Hence result. 0

We now come to the proof of Lemma 3.3.1, for which we need the lemma below

that is often useful for determining the structure of extremal intersecting families.

Lemma 3.3.3 Suppose ) # A C ()f), 2r < n = |X|, such that if A € A and
B e (X\A) then B€ A. Then A = ()f)

T

Proof. Let Ay € A and B € (¥) such that 1 < gy := [AgN B| <7 — 1, i.e. B # A
and B ¢ (X>A). It is required to show that B € A. We claim that the following
procedure takes a finite number of steps k, and we first assume the claim is true. For
1 =1,2,...,k, choose A; € (X\fi‘l) such that |A; N B| is a minimum if 7 is odd, and
|A; N Bl is a maximum if ¢ is even, where k& is the first even integer that gives A, = B.
So A; € A for all i € [k], and hence we are done.

We now prove the claim. Let ¢; ;== |A; N B if i is even, and ¢; :=r — |A; N B| if ¢ is

odd. If 7 is even then ¢; = r — |A;_1 N B| = ¢;_1. If i is odd then ¢; = r — max{0,r —
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((n—]A;1 UB|)} =min{r,n — (2r — |[A;_1 N B|)} = min{r,(n — 2r) + ¢;_1} > qi_1.

So the claim holds. O

Proof of Lemma 3.3.1. Clearly, if z € V; then A = A;.

Now consider z € W. Suppose y ¢ X;, i € [p]. Then, since A, ,(A) = T, we
clearly have A, = J), and hence, by Lemma 3.3.2 and |A| = |A,,(A)] = |T],
A = J. Therefore, we now assume that y € X; for all i € [p]. Sop=1ory e W. We

also assume that A4 # J. Let K :=U(y). Our main observation is that
Al,AQGK\j7 A1€A7 AlﬂAQZ{y} = AQEA (34)

because otherwise, since A, ,(A) = J, we get d,,(As) € A and Ay N, ,(As) = 0,
contradicting A intersecting.

Suppose 2r < a. Let j € [p] such that | X;| =a. If A € JNK then A =9,,(A). So
JNK C A. Since A # J and A, ,(A) = J, there exists B € A such that d,,(B) # B.
So B e K\J. Let Y := X\{z} and Y := {A € (V):y € A}. Let Z = Y\{y}
and B == {A\{y}: A€ AnY} C (,%)). Since B\{y} € Band ANY C K\J, it
follows by (3.4) and Lemma 3.3.3 that B = (fl). So Y C A, and hence Ky C A as
JNK C A. By Lemma 3.3.2, A C K. Since |[K| < |T|=|A], A=K.

Finally, suppose 2r = 4 = . So p > 1 and y € W. In this case, 2r = |X|]
and b := b = ... = b, = 2r —a. Let C € K. We show that C' € A. As above,
JNK C A So suppose C € K\J. We have C C X; for some j € [p|. Since
Ayy(A) = T # A, there exists By € K\J such that By € A. Let Y, = X;\{z},
i =1,...,p. We can assume that B, C Y, because otherwise we can choose B C Y;
such that B) N By = {y}, and B} € A by (3.4). Let j' € [p|\{j}. Take B, € (*7') such
that ByN By = {y} and |B; N V)| = min{r —1,b}. By (3.4), B; € A. If b > r — 1 then
By NC = {y}, and hence C € A by (3.4). Suppose b <r —2. Let U := W\{z,y} and
D= {(ANW)\{y}: A € ANK\T.JAN(V;UV;)| = b} € (9). where s =7 —b—1 =
a—r—1<(a—-1)/2-1=(U+1)/2—-1<|U|/2. D#0as (BiNW)\{y} € D.

Moreover, D € D = D UV;- U{y} € A for some j* € {j,j'} = D' UV;~U{y} € A

38



for any D' € (V\P), 5~ € {4,/ 1\{5*} (by (3.4)) = D' € D for any D' € (V). Thus,
by Lemma 3.3.3, D = (g) Since |U| — |CNU| > (a —2) — (r — 1) = s, there exists
D € D such that DNC = 0. Let By := DUV; U{y}, B3 :=DUV;U{y}. So B, € A
or By € A. Since BoNC = {y}, if By € A then C € A by (3.4). Suppose B; € A. We
can take D' € (UED) such that D' C C. Let B, := D' UV U{y}, Bs := (Y;\C) U {y}.
Clearly, BsN By = ByN Bs = BsNC = {y}. So By, B5,C € A by (3.4). O
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Chapter 4

Non-centred intersecting sub-families

of compressed hereditary families

4.1 Introduction

For any pair of families A and B, let
8;5).,4 ={B € B): there exists A € A such that A C B or B C A}
The following is a well-known result due to Sperner [57]:
05D Al > | A] for any A C (") and 7 < |n/2). (4.1)

A proof of this inequality is also found in [25, 38|.

A family A is said to be an antichain or a Sperner family if all sets in A are maximal
in A, i.e. BC A€ Aimplies B ¢ A.

Let ~ be any of the relations <, <,>,> for numbers. We denote the sub-family
{Y C X:[Y| ~r}of 2¥ by (¥). For a family F, we denote the sub-family {4 €
F:|Al ~ 7} of F by FO),

Erdés, Ko and Rado actually proved the following stronger version of Theorem 1.2.1.

Theorem 4.1.1 (Erdds, Ko, Rado [25]) If r < n/2 and A C (L"i) be an intersect-

ing antichain, then |A| < |{A € ([:f]): 1 € A} = (7)), and strict inequality holds if
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An (i) #£0.

<r

Similarly, Hilton and Milner actually proved the following stronger version of Theo-

rem 1.2.2.

Theorem 4.1.2 (Hilton and Milner [38]) If r < n/2 and A C (["A) is a non-

<

centred intersecting antichain, then |A] < {A € ("): 1 € A/ An[2,r +1] £ 0} U

T

{[2,7 + 1]}|, and strict inequality holds if AN ([27],) # 0.

These two versions were easily obtained from the respective weaker versions by applying
(4.1).

In this chapter, we obtain generalisations of Theorems 1.6.2 and 4.1.2 to sub-families
of compressed hereditary families using the compression method, exploiting the fact
that if 7 C 2" is a compressed family and A C F then A; ;(A) C F for any i, j € [n],
1 < j. We also determine extremal structures. More precisely, we prove the following

two results, which are stated with some light notation from Section 2.1.

Theorem 4.1.3 Let H C 2" be hereditary and compressed, H(n) # 0. Let 1 < r <
s<u(H)—r, and let ) # A C H™ and ) # B C H'® such that A and B are cross-
intersecting, and |A| < |B| if r = s. Then:

(i) |Al+ |B| < |Ao| + [Bo| where Ag := {[r]} C H") and By := H([r]);

(i1) if s < n —r then equality in (i) holds only if either A = {A} and B = H(A) for

some A€ H" orr=s=2and A= B =H%(a) for some a € [n].

Theorem 4.1.4 Let H C 2" be hereditary and compressed, H(n) # 0. Suppose
2<r<u(H)/2 and A C HED s a non-centred intersecting antichain. Then:

(i) |A| < |N| where N is a non-centred intersecting sub-family of H'") given by {A €
HY:1e AL AN, r+1] £ 0 U{[2,7+1]};

(ii) if r < n/2 then equality in (i) holds only if either A={A € H":a€ A, ANB #
0} U{B} for some B € H™ and a € [n]\B or A={A € H®:|ANC| > 2} for some
CeHY.

Theorem 4.1.4 is proved using Theorem 4.1.3 with r = s. The two theorems make

distinct use of a generalisation of (4.1) that is given in Section 4.3.
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We alert the reader to the fact that, in the subsequent sections of this chapter,
heavy use is made of the notation in Section 2.1, especially in the proofs of the main

results.

4.2 A consequence of Theorem 4.1.4 and a counterex-
ample

An immediate consequence of Theorem 4.1.4 is the following analogue of Theorem 1.3.2.

Theorem 4.2.1 Conjecture 1.5.5 is true if H is compressed.

Proof. Since H is compressed, [u(H)] € H. Therefore,
H compressed and hereditary = 2+ C H. (4.2)

Let A C H™ be non-centred and intersecting, and let A/ be as in Theorem 4.1.4. By
Theorem 4.1.4, |A| < [N]. Let B:= {B € (WWN\2+1). 1 ¢ BY. Clearly, BN N = 0.
By (4.2), B H™(1). So

HOW] = [WM{[2,r + 1) UB| = V] - 1+ (M(Hzir 1)'

Thus, since r < u(H)/2, |A| < [H")(1)| with strict inequality if r < u(H)/2. O

Of course, this result can be proved directly; the 'non-strict’ part can be obtained by
employing Lemmas 4.4.1 and 4.4.2 in an inductive argument (based on the compression
technique) similar to that in the original proof of the EKR Theorem. An improvement
of Theorem 4.2.1 similar to that given by Theorem 1.3.3 over Theorem 1.3.2 may be

regarded as a step worth attempting next towards Conjecture 1.3.5.

A counterexample. In view of the above, it is natural to ask the following ques-
tion: If H is taken to be any hereditary sub-family of 2" or to be at least compressed

with respect to 1, does Theorem 4.1.4 still hold in the sense that for any r < u(H)/2
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there exist B € H™ and a € [n]\B such that H")(a)(B) U {B} is an extremal non-
centred intersecting sub-family of H(? We now use a sunflower setting to provide a
counterexample; note that this contrasts Conjecture 1.3.5.

Let m,l,p,r € N such that 3 <[ < m, | < r < (m +1)/2 and p( >

ey
(= () + 1 Let Hy:=[JU[( — )m+1+1im+1,i=1,..,p SoHynN
H;, = [l] for any iy, € [p] (and hence {H;: i € [p]} is a sunflower). Let H be the
hereditary family (J}_, 2"i. Note that H is compressed with respect to 1. We have
pi=p(H) =|Hi| =..=|H)|=m+1>2r. Fix B€ H" and a € [pm + []\B, and
let A, := H"(a)(B) U {B}. Let \ be as in Theorem 4.1.4.

We first show that |4;| < |[N|. This is straightforward if a ¢ [I] because then
H"(a) C (") for some i’ € [p]. Suppose a € [I] instead, and let j € [p] such that

B C Hj. Then

’Al, - (|h7tjf|zl) - (‘Hyr‘:z_l) +1+ Zze[p]\{j} <(‘H‘ 1) (|HL|_|Br:‘(7[l]1\{a})‘_1))

< p(o) - () F 1= - D) = VI

Now let Ay := HO(1)(I\{1}) U{(I\{1H U C: C € (1) for some i € [p]} C
H®. So |4 = p((*2]) — (*) + (T“lil)). Our aim is to show that |As| > |A4].
Indeed, |As| — |A1] > | Az — |N| = p(r“i )= (“=H) + (*77") — 1> 0 (by choice of p).

4.3 A Sperner-type lemma for hereditary families and
some corollaries

The first important tool that we forge is the generalisation of (4.1) given by Lemma 4.3.1
below. This lemma is a discovery of a very fundamental property of hereditary families.

We prove it using the double-counting method.

Lemma 4.3.1 If H is hereditary, r < s < u(H) —r and A C H") then

(u(H)—T)

)

05 Al > A
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Proof. For A € A, let M4 be some maximal set of H such that A C M,4. Then

(" s (M) = S e rana (M)

AcA AcA
S T S
<Sepi= X 1w ¥ ()
AeA Beagj)A Beag_f)A
s
= o) Al
([, )k
Hence result. O

Corollary 4.3.2 If H is hereditary and r < s < u(H) —r then |H™| < |H®)|, and

strict inequality holds if s < pu(H) —r.

Proof. Since s < u(H) — r, we have (sfr) < (“(?J;T) with strict inequality if s <

p(H) —r. This result now follows immediately from Lemma 4.3.1 as 87(5)7'((") CHE). O

Corollary 4.3.3 Let H be hereditary. Let A C H'S") be an antichain such that AN
HE) £ (), where r < u(H)/2. Then |37(;)A| > | Al

Proof. Set m := min{|A|: A € A}. So J._,, A® is a partition for A. Since AN
H<D £ 0, m < r. Take 1A = (A\AM) U o™ A Since A is an antichain,
we have (87(1m+1)¢4(m)) NA = 0, and hence |;.A| > |A| since |87(1m+1)A(m)] > |AM)| by
Lemma 4.3.1. Also note that ;.4 is an antichain. Repeating the same procedure r —m
times, we obtain a family ,A4 € H™, ¢ = r — m + 1, such that |, A| > |A|. Clearly,
JA=00A 0

Corollary 4.3.4 Let H be hereditary. If r < u(H)/2 and A is a largest intersecting

antichain sub-family of H'<") then A C H)

Proof. Suppose ANH<") £ (). Trivially, 87(;)./4 is an intersecting antichain sub-family

of H". By Corollary 4.3.3, \8g)A| > |A|, a contradiction. O

By the above corollary, if Conjecture 1.3.5 is true then for any intersecting antichain
A C HE" such that H is hereditary and r» < u(H)/2, |A] < [H"(h)| for some
heU(H).
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Corollary 4.3.5 Let H be hereditary. If r < u(H)/2 and A is a largest non-centred

intersecting antichain sub-family of H'<") then A C H").

Proof. Suppose AN HE" £ (). Since A* := (9;7{').,4 is an intersecting antichain sub-
family of H(") and |.A*| > |A| by Corollary 4.3.3, A* must be centred. Let a € (4. 4- 4.
Since A is non-centred, a ¢ A’ for some A" € A. Suppose |A'| = r. Then A" € A,
but this contradicts A* = A*(a). So |A'| < r. Let M be some maximal set in H such
that A" C M. Since |A'| < r < u(H)/2 < |M|/2 < |M\{a}| and H is hereditary,
there exists A” € H such that A" C A” C M\{a} and |A"| =r. Soa ¢ A" € A*,

contradicting A* = A*(a). Therefore AN H<") = (), and hence result. 0

We point out that the following corollary of Lemma 4.3.1 is much stronger than
Corollary 4.3.2; however, unlike all the preceding corollaries, we will not need to refer

to it.

Corollary 4.3.6 IfH is hereditary and r < s < u(H)—r then there exists an injection
f:H — HS such that A C f(A) for all A€ H". If s < u(H) —r then f is not a

bijection.

Proof. The result follows immediately from Lemma 4.3.1 and Hall’s Marriage Theorem

|36]. 0

4.4 Further tools for proofs

The following is the key lemma for the main results in this chapter.

Lemma 4.4.1 Let 0 # F C 2" and a € [n].

(i) If F(a) # O then p(F(a)) = p(F) — 1.

(ii) If F is hereditary then p(Fla[) > u(F) — 1.

(iii) If F is compressed and [n] & F then p(Fn]) > u(F).

Proof. Suppose F(a) # 0. Let M € F(a) be maximal in F(a). Then M' := M U {a}
is maximal in F. So |[M| = |M'| —1 > p(F) — 1. Hence (i).
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Suppose F is hereditary. Then, since F # 0, § € F. So Fla[ # 0. Suppose
M € Fla[ is maximal in Fla[. Suppose also that [M| < p(F). So M is not maximal
in F, and hence there exists M’ € F(a) such that M C M’ and M’ is maximal in
F. Since F is hereditary, M" = M'\{a} € F. Since M is maximal in Fla[ and
M CM" e Flal, M =M". So M' = M U{a}. Therefore |[M|=|M'| —1> u(F)—1.
Hence (ii).

Suppose F is compressed and [n] ¢ F. Let M € F|n| be maximal in F|n[. Suppose
|M| < wu(F). Then there exists M’ € F(n) such that M C M’. Since [n] ¢ F,
X = [n\M" #0. Let x € X and M" := 0, ,(M') = (M'\{n}) U {z}. Since F is
compressed, M" € F. But M C M" € F|n|, which is a contradiction to the maximality
of M in F|n[. So |M| > u(F). Hence (iii). O

We remark that the inequalities above cannot be replaced by equalities. An example
for (iii) is that if n > 3 and F is the compressed (hereditary) family 2["~1 y 2[—3lVin}
then pu(Fln]) =n—1>n—2 = pu(F).

We shall say that a family F C 2 is quasi-compressed if 6; j(F) € F for any
i,j € U(F)such that i < j. Therefore a quasi-compressed family F C 2" is isomorphic

efeall

to a compressed sub-family of 2! , and the isomorphism is induced by the bijection

B:U(F) — [|[U(F)|] defined by B(u;) := 1, i = 1,...,|U(F)|, where {u1,...,upr)} =
U(F) and u; < ... < Wy (F)|-

The next lemma is straightforward, so we omit its proof.

Lemma 4.4.2 If H C 2" is hereditary/quasi-compressed and a € [n] then H]a| and

H(a) are hereditary/quasi-compressed.
We shall frequently use the following generalisation of Lemma 3.2.2.

Lemma 4.4.3 Let F C 2" be a quasi-compressed family such that [U(F)| > 2. Let
Z CIn] and {a,b} C U(F), a <b. Then:

(i) |F[Z]] < |F[0ap(2)]];

(ii) |F(Z)| < |F(0ap(2))]-

Proof. Let Z' := §,4(Z). Suppose Z' # Z. Setting Z" := Z N Z', we therefore
have Z = Z" U{b} # Z" and Z' = Z" U {a} # Z". Since F is quasi-compressed and
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{a,b} C U(F), we have Ay(F[Z]Ja]) € F[Z]]b] and A,y (F]Z"[(b)]a]) € F1Z"[(a)]b],
and hence |F[Z']Jb][) > |F[Z]]al| and [F]Z"[(a)]b]] = |F]2"[(b)la]|. So

IFIZ| = 1F[2]| = (1F12" U {a, b}| + [F[Z]0])

—(1F12" U{a, b}| + [F[Z]]all) = 0,
which proves (i), and

IF(Z0] = 1F(2)] = (F (2] + | F1Z"[(@)]) = (IF (2" + |F]2"[(b)1)

= (IF12"[(@)(®)| + [F12"[(a)]ol]) = (IF]12"[(b)(a)| + [F1Z"[(b)])all) > O,

which proves (ii). O

For aset X :={xy,...,2,} CN, 27 < .. <z, and r <n, call {zy,...,2,} an initial

r-segment of X.

Corollary 4.4.4 Let F C 2" be quasi-compressed. Let ) # Z C [n], and let Y € (@')
such that if ZNU(F) # 0 then'Y contains an initial |Z NU(F)|-segment Y' of U(F).
Then:

(i) |F1Z]| < |F[Y]I;

(ii) |[F(Z)| < [F(Y)].

Proof. Let Z' := ZNU(F). Cleatly, |F(Z)| = |F(Z')|, and F[Z] = 0 if Z # Z'.
So the result is trivial if Z/ = (0. Suppose Z' # (). Since F is quasi-compressed and
Z' CU(F), we can construct a composition of compressions 6,4, a < b, a,b € U(F),

that yields Y/ when applied on Z’. By repeated application of Lemma 4.4.3, we there-
fore get | F[Z']| < |F[Y']| and |F(Z")| < |F(Y")|. Hence result. O

The following is a well-known result that surfaced in the proof of the original EKR
Theorem [25].

Lemma 4.4.5 (Erdés, Ko, Rado [25]) If A C 2" is intersecting and p,q € [n]

then A, 4(A) is intersecting.
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Proof. Since 2" is (p, ¢)-compressed, the result follows by Proposition 2.2.1(ii).

4.5 Proof of Theorem 4.1.3

In order to prove Theorem 4.1.3, we need the lemma below. The first two parts of the
lemma are the important ones, and parts (iii) and (iv) are only needed for obtaining
Theorem 4.1.3(ii). Surprisingly, we need to do much more work than expected to prove

part (iv), hence the length of the whole proof.

Lemma 4.5.1 Let A and B be as in Theorem 4.1.8. Let 1 <i < j <n.

(i) Di;(A) and A ;(B) are cross-intersecting.

(ii) If Apn(A) = A and A, n(B) = B for all m € [n — 1] then (AN B)\{n} # 0 for
any A€ A and B € B.

(iii) If A;;(A) = {A} and A, ;(B) = H®(A) for some A € H") then A = {A'} and
B=HE (A" for some A" € H™),

(iv) If Aij(A) = A ;(B) = H®(a) for some a € [n] then A = B = H®(a') for some

a € [n].

Proof. Let A" := {AUu{n+1}: A e A}, A" = {A"U{n+1}: A" € A, ;(A)},
B :={BuU{n+2}: B € B}, B" :={B*U{n+2}: B* € A, ;(B)}. Clearly, C := A'UB'is
intersecting, and hence A, ;(C) is intersecting by Lemma 4.4.5. Since A, ;(C) = A"UB",
(i) clearly follows.

Suppose A, ,(A) = A and A, ,(B) = B for all m € [n —1]. Suppose AN B = {n}
for some A € A and B € B. Then, since [[AUB)\{n} =r+s—2 < n—1,
X =[n-1\(AUB) # 0. Let z € X. Since A,,(A) = A, 6,,(A) € A But
dzn(A) N B =0, a contradiction. Hence (ii).

Suppose A; ;(A) = {A} and A;;(B) = H®(A) for some A € H"). Then A = {A}
or A= {5;;(A)}. If A= {A} then B = H)(A) since A and B are cross-intersecting
and A, ;(B) = H®(A). Suppose A = {3;;(A)}. Then B C C := H®(5;,(A)). By
Lemma 4.4.3(ii), |C| < |H®(A)|. So B = C since |C] < [H®(A)| = |Ai;(B)| = |B|] <
|C|. Hence (iii).
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We now prove (iv). Suppose r = 2 and A, ;(A) = A;;(B) = H®(a) for some
a € [n]. Without loss of generality, suppose A # A, ;(A). Let A, € A\A;;(A). So
a=iand A; = §;,(A}) = {j,a1} for some A} = {i,a,} € HO\A, a; € [n]\{4,5}. From
A and B cross-intersecting and A, ;(B) = H? (i), we get B C HP(A) NHP ({4,5}) =
HP(5) U {A]}. Let us first assume that A} ¢ B, ie. B C H®(j). Since |B| =
|A;;(B)] = |H®(i)| and Lemma 4.4.3 gives us |H®(j)| < [H®(i)|, we then have
B =H(j). So A, € B\A,;(B), and hence, by a similar argument, A = H®(j). We
now verify (iv) by showing that A} ¢ B indeed.

We first show that [H®(7)]j]| > 3. Let M; be a maximal set in H such that i € M;;
moreover, if {i,j} € H® then take M; D {i,j}. Let M, := (); so M; C H? as
H is hereditary. Since 2 = r < p(H)/2 < [M;]/2, |M;| > 4. Thus, if {i,j} ¢ H
then H® (i)]j[> 3 is immediate, and if {i,j} € H then |H®(i)]j[| > 2. Suppose
"H® (@)]5]] = 2. So {i,j} € My, |M;| = 4 = u(H) and HP (i) = M,(i). Suppose
M; # [4]. Let  := min{l: | € [4\M;} and y := max{m: m € M;}. So x < y. Since
i<j € M,i#y. So{i,x} € H?(i) because d,,({i,y}) = {i,z}, {i,y} C M; and H is
compressed and hereditary. But {i,z} ¢ M,(i), which contradicts H® (i) = M,(i). So
M; = [4]. Thus, since 2 =r < n/2, we have 5 < n ¢ M,;. Given that H(n) # (), we have
pu(H(n)) > p(H) by Lemma 4.4.1(1). So u(H(n)) > 4. Thus, taking M, to be defined
similarly to M;, we have |M,| > 4. Since H is compressed, M := [|M,| —1]u{n} € H.
We have i <3 asi < j € M; = [4]. So {i,n} C M*, and hence {i,n} € H® (i)\M;(3),
another contradiction. So |H® (7)]5]| > 3 indeed.

Therefore [H® (i)]j[Jai[| > 2. Let Hy := {i,h1} and Hy := {i, hy} be two distinct
sets in H® (i)]7[Jai[. We have Hy, Hy € A;;(A) N A;;(B) since A;;(A) = A;;(B) =
HP(i). So Hj = 6;,(Hy) = {j,h1} € Bsince HHN Ay = ) and A (3> A4;) and B are
cross-intersecting. Similarly, H) := 6;;(Hy) = {j, ha} € A since Hy N H] = (). Thus,

since A| N H) =, we obtain A} ¢ B as desired. O

Proof of Theorem 4.1.3. Consider first r = 1. Let Z := {2z € [n]: {z} € A};
so |Z| = |A|. Clearly, B C H®)[Z]. By Corollary 4.4.4(i), |B| < [H®[[|Z]]|. Thus, if

|Z] = 1 then |A| + |B| < 14+ H® (1) = |Ao| + |Bo| and the result is straightforward.
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Suppose instead |Z] > 1. We are given that s < u(H) — 1. By (4.2), (["(H)]) C H.

s

Since () # B C H®) [Z], |Z| < s. Therefore

|Ao| + |Bo| = 14+ |[H® (1))
> 1+ [H([|2])]

+{A e (WSH}): leA|ANZ|=1|Z| -1} UH®(1)(n)]

> 1 ezpl+ () (U0 ) e

> | Z)+ [HO(|ZI)] + 2 > |A| + Bl + 2 > |A] + 8], (4.3)
where

(HO@)(n)] if u(H) <
0 if u(H) =n.

Suppose equality holds throughout (4.3). Then s = u(H) — 1 and x = 0. We are given
that H(n) # (0. By Lemma 4.4.1(i), u(H(n)) > wu(H). Thus, since H is hereditary
and s < p(H), H®(n) # 0. Let A € H®(n). Since s > |Z] > 1, A\{n} # 0. Let
a € A\{n} and A" := §; ,(A). So A’ € H¥(1)(n) as H is compressed. Since z = 0, it
follows by definition of x that p(H) = n. Thus, since s = u(H) — 1, we have s = n —1,
which settles the case r = 1.

Next, suppose s = n —r. So u(H) = n, and hence [n] € H. So H®P = ([z}),
p =1,...,n, as ‘H is hereditary. The result now follows easily from the fact that for
every A € ([:f]) there is only one set B € ([Z}) such that AN B = (.

We now need to consider » > 2 and s < n’ —r, n’ := n — 1, and we proceed by
induction on n.

In view of Lemma 4.5.1 (parts (i), (iii), (iv)) and the assumption that H is com-
pressed, if A, ,,(A) # A or A,,,,(B) # B for some m € [n — 1] then we can replace
A and B by A = A,,.(A) and B’ := A,,,(B) respectively, and repeat the proce-
dure until we obtain families A* C H™ and B* C H® such that A,,,(A*) = A*

and A, ,(B*) = B* for all m € [n — 1] (it is well-known and easy to see that such a
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procedure indeed takes a finite number of steps). We can therefore assume that
Apmn(A) = Aand A, ,(B) = B for all m € [n —1]. (4.4)
Thus, by Lemma 4.5.1(ii),
(AN B)\{n} # 0 for any A € Aand B € B. (4.5)

Note that AJn[ # 0 and B]n[# 0 by (4.4). Since H is hereditary, if [n] € H then
pu(Hn[) = n — 1. Thus, if [n] € H then p(H]n]) —r =n"—r > s, and if [n] ¢ H then,
since s < pu(H) —r, it follows by Lemma 4.4.1(iii) that s < u(H]n[) — r. Clearly, H]n|

is hereditary and compressed. Therefore, by the inductive hypothesis,
|Aln[l + [Bn[| < |Ao| + [Bo]nll. (4.6)

Let J := H(n). Clearly, J is hereditary and compressed, and p(7) > p(H) —1 by
Lemma 4.4.1(i). Setting r’ :=r—1and s’ := s—1, we have A(n) c J"), B(n) c ¢,

and
PSS < (uH) — 1) =1 < () — 1 < ul(T) — 7. (4.7)

By (4.5), A(n) and B(n) are cross-intersecting.

Suppose A(n) # 0, B{n) # (. By the inductive hypothesis, |A(n)| + [B{n)| <
{[r'1}| + |7 (['])| with equality only if |.A(n)| = 1. Since 27 C J (by (4.2)) and
Bo(n) = T ([r]), we have

Ba)] = 170D =17 Y 2 B & (PN ey
_(MT) =" =1
(Vi)

and hence, by (4.7), |Bo(n)| > | TV (['])] + 1 > |A(n)| + |B{n)| with equality only if
s =1 (thus ' = 1) and A(n) = B(n) = {{a}} for some a € [n/]. By (4.5) and (4.6),
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it follows that |A| + |B| < |Ao| + |Bo| with equality only if A = B = H®(a).

Suppose A(n) = (. Let A € Aln[. By (4.5), |[B(n)| < |J¢)(A)| with equality only
it Ajn[ = {A}. Since J is compressed, we clearly have U(J) = [I] for some [ € [n/],
and hence |7 (A4)| < |F)([r])| by Corollary 4.4.4(ii). Since By(n) = J)([r]), it
follows by (4.5) and (4.6) that |A| + |B| < |Ag| + |Bo| with equality only if A = {A}
and B =H"(A).

We finally consider B(n) = (). Suppose ' = s, i.e. r = s. Then, by an argument
similar to the one for the previous case A(n) = 0, |A| + |B| < |Ao| + |Bo| with equality
only if |B] = 1. Suppose equality holds. Since for r = s we require |A| < |B|, then
|A| = |B| = 1. So | Ao|+|Bo| = 2, but this is not true for r > 1. So |A|+|B| < |Ao|+|Bo-

Now suppose 1’ < s'. By Lemma 4.4.2, J]1] and J(1) are hereditary and quasi-
compressed. By (i) and (ii) of Lemma 4.4.1, p(JJ1]) > p(J) — 1 and p(J(1)) >
w(J) — 1. Thus, by (4.7), v < ¢ < w(J) —r' —1 < p(JJ1[) — . By the inductive

hypothesis,

(TIL((2. 8D+ {12, s < 1T (2, 7D + {12, 71},

Thus, since J; == J"([s])]1] = TIL[([2, 8]) and Bo(n)]1[ = TN ([2,7]), |A] <
|Bo(n)]1[|. Similarly to (4.7), " ="' —1 < ¢ = —1 < uw(J(1)) —r". By

Corollary 4.3.2, | J(1)0)| < |7(1)¢")|. Thus, since J5 := J")([s])(1) = J(1)") and
By(n)(1) = J(1)E) | T| < |Bo(n)(1)|. We therefore have
(TN = 1] + [Tl < 1Botm)]1[] + | Bofn)(1)] = |Bo(n)- (4.8)

Now let B € Bln[. By (4.5), |A(n)| < |J")(B)|. Since U(J) = [I] for some [ € [n'] (see
above), | 7)(B)| < |7 ([s])| by Corollary 4.4.4(ii). Thus, by (4.8), |A(n)| < [By(n)|.
Together with (4.6) and B(n) = (), this gives us |A| + |B| < |Ao| + |Bol- 0
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4.6 Consequences of Theorem 4.1.3 with r = s

The scope of the main results in this section (i.e. Propositions 4.6.2, 4.6.5 and 4.6.6) is
to ensure that in the proof of Theorem 4.1.4 we can work with a non-centred intersecting

family A that is compressed. This will become clear in the proof itself.

Lemma 4.6.1 Let H C 2" be hereditary and compressed, H(n) # 0, u(H) > 2. Let
21 < 29 < oo < Zp_g such that Z := {z1, ..., 2zn—2} = [n]\{p,q}. Let 1 <p < q<n and
Z = Hplql.

(i) If p > p(H) — 1 then Z(zup0-1) # 0.

(ii) If p < p(H) — 1 then Z(z,—2) # 0.

Proof. By Lemma 4.4.2, H(n) is hereditary and compressed. Thus, by (4.2) and
Lemma 4.4.1(i), [u(H) — 1] € H(n). So M := [u(H) — 1] U {n} € H(n).

Suppose p > p(H) — 1. Then 2,391 = pu(H) — 1. Also, since p < ¢ < n and H is
compressed, 0,,(M) € H(p)|q[((H) —1). Hence (i).

Now consider (ii). If [n] € H then H = 2 (as H is hereditary), and hence
Z € Z(zp_2). Suppose [n] ¢ H instead. So M # [n]|, and hence n — 1 ¢ M and
u(H) —1 <n—1. Also, p € M as p < u(H) — 1. Suppose ¢ = n. Since p < n — 1,
we then have z,_» = n — 1, and hence 6,1 ,(M) = 9., , (M) € H(p)]q[(zn—2) as H is
compressed and {n — 1,n} N M = {n}. Now suppose ¢ < n. So z, o = n, and hence
Zn_o € M':= M\{q}. Since H is hereditary, M' € H. So M’ € H(p)|q[(z,_2). Hence

(ii). O

Proposition 4.6.2 Let H C 2" be hereditary and compressed, H(n) # 0. Suppose
1<p<qg<mn, 2<r<uH)/2 r<n/2. Let A be a non-centred intersecting
sub-family of H"™) such that A, ,(A) is centred. Then |A| < |H" (p)(I U {q})|, where

I is an initial (r — 1)-segment of [n]\{p, q}.

Proof. We are given that A, ,(A) C H)(a) for some a € [n]. If a # p then A C

H")(a), contradicting A non-centred. So

Apy(A) S H (p), (4.9)
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and hence A = A({p, q}). So

[ Al = |A(p)(@)] + |Ap)gll + [Alp[{a)]- (4.10)

A(p)lq| and A|p[{q) are cross-intersecting. A(p)]q| and A]p[(¢) are also non-empty
because otherwise A C H™(p) or A C H™(q) (contradicting A non-centred). Since
H is compressed and p < ¢, H]p[{g) € H(p)lg[ =: Z. So A(p)lql, Alpl{¢) C
r’:=r—1. Zis hereditary and quasi-compressed by Lemma 4.4.2, and u(2) > u(H)—2

by (i) and (ii) of Lemma 4.4.1. Thus, since r < pu(H)/2, we have ' < (u(H) —2)/2 <
w(Z2)/2. Let Z := {21,..., 2,2} as in Lemma 4.6.1. So Z C 27, Let n” :=n — 2
and p' := u(H) — 1. By Lemma 4.6.1, if p > u/ then Z(z,») # 0, and if p < p/ then
Z(z,) # 0. Note that ' < (n”)/2 (as r < n/2) and " < (///2 (as r < u(H)/2). Thus,
by Theorem 4.1.3,

AP)all + [Aplg)] < [279(1)] + 1 (4.11)

with equality only if

(a) A(p)lq[ = {A'} and A']p[{q) = Z)(A) for some A’ € Z), or

(b) A{p)g[ = Z)(B’) and Alp[{q) = {B'} for some B’ € Z"), or

(c) Ap)]q[ = Alp[{q) = Z7)(z) for some z € Z if ' = 2.

Suppose (a) holds. Then A" € A(p)|q[NAlp[(q), and hence A" U {p}, A" U {q¢} € A.
But this gives us A’ U {q} € A, ,(A)\H")(p), which contradicts (4.9). So (a) does not
hold. (b) and (c) do not hold for a similar reason. We therefore have strict inequality

n (4.11). Thus, by (4.10),

Al < [HD (p)(a)] + 127(1)] = [HD (p)(@)] + K" (9))al(1)]

= [H" (p)(I U {a})l. (4.12)

O

Lemma 4.6.3 Let F C 2 be compressed. If A C F, 1 < p < q¢ < n, and

Agp(Dpg(A) NF C Ay (A) then Ay (A) = A.
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Proof. Suppose instead A\A,,(A) # 0. Let A € A\A,,(A). Sod,,(A) € A, ,(AN\A
and A = 6,,(0,4(A)) € Ayp(Ap(A)\A,4(A). Also, A e Fas AC F. So A€
(Agp(A,4(A) NFN\A,L(A), a contradiction. O

Lemma 4.6.4 Let F C 2" be compressed. Suppose B € F") £ 0, 2 < r < n, and

a € [n]\B. Then |F")(a)(B)| < |F"(1)([2,r + 1])].

Proof. Let B := F™(a)(B). Since F is compressed, we clearly have A;,(B) C
F(1)(C) where

(B\{1}) U{a} ifa+#1e€ B;
B ifa=1lorl¢ B,

It is easy to see that having F compressed and F") #£ ) for 2 < r < n implies that
F(1) is quasi-compressed and U(F"(1)) = [2,m], m = min{k € [2,n]: F") C 2]},
So |FO(1)(C)| < [FT(1)([2, 7+1])| by Corollary 4.4.4(ii). Since 1 ¢ C, | F"(1)(C)| =
[FI(1)(C)] So we have |B| = [A1o(B)| < [FO(1)(C)] < |FO1)([2,r +1])]. =

Proposition 4.6.5 Let H,n,p,q,r be as in Proposition 4.6.2. Let A be an intersecting
sub-family of H") such that

(i) |Al = [HU(@)([2,7 + 1) U{[2.7 + 1]}] and

(i) A# Ay (A) = H (a)(B) U{B} for some B € H") and a € [n]\B.

Then A =H"(c)(D)U{D} for some D € H") and c € [n]\D.

Proof. Let E := {a} UB. Let B := H"(a)(B) U {B}. Let A, € B\A. Since
B=A,,(A), we have

peAva¢Al7 (413)
Al 7£ AQ = 5q,p(Al) € A\B (414)

Since B € A, ,(A),
Opqg(B) € A, 4(A). (4.15)
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We now start treating all the possible cases of p and q.

Suppose p ¢ E. If ¢ € B then §,,(B) ¢ B, but this contradicts (4.15) since
B=A,,(A). Soq ¢ B. Suppose ¢ = a; then, by (4.13), we get A; ¢ B, a contradiction.
So ¢ ¢ E, and hence A,,(B) N'H C B. Since B = A, ,(A), it follows by Lemma 4.6.3
that B = A, a contradiction. So p € E.

Suppose p € B. Then A,,(B) N"'H C B for any b € B\{p}, and hence, by
Lemma 4.6.3, ¢ ¢ B since B = A, ,(A) # A. Suppose ¢ = a. Then, by (4.13)
and A, € B, Ay = B. Hence Ay € H"(a)(B) C B, contradicting (4.14). So
q ¢ E. Since p € B and A, (A) = B and A C H" is intersecting, it follows
that B* € A C B* := H"(a)(B*) U {B*} for some B* € {B,6,,(B)}. By (i) and
Lemma 4.6.4, we must have A = B* (and hence B* = §,,(B) # B since A # B), and
this proves the result for this case.

Finally, suppose p = a. So ¢ € B or ¢ ¢ E. Consider first ¢ € B. So 9, ,(B) # B.
Thus, since B,d,,(B) € A,,(A) = B, we have B € A(q)|p|, d,4(B) € A(p)]q|, and
A = A({p, ¢}); moreover,

APpNalnAlg)lpl = {L}, L= B\{q} = 0pq(B)\{p} (4.16)

(which again follows from A, ,(A) = B, p = a ¢ B, and ¢ € B). As in the proof
of Proposition 4.6.2, (4.11) holds, and equality in (4.11) holds only if one of (a), (b)
and (c) holds. Suppose we have strict inequality in (4.11). Then (4.12) also holds,
and hence, together with Lemma 4.6.4, this gives us |A| < [HM(1)([2,7 + 1])|, a
contradiction to (i). So equality in (4.11) holds, and hence one of (a), (b) and (c) holds.
However, by (4.16), (c) cannot be the case. Suppose (b) holds; so A]p[(¢) = {B’}. By
(4.16), we have B’ = L, and hence Alp[(q) = {B}. Since A = A({p,q}) and A is
intersecting, it follows that A C H™(p)(B) U {B}. Since p = a, A C B. Since
B = A,,(A), we get the contradiction that A = A, ,(A). So (a) holds, and hence
A C H (q)(LU{p})U{LU{p}} (by an argument similar to the one for the supposition
that (b) holds); by (i) and Lemma 4.6.4, we have equality. So the result for ¢ € B is

verified.
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Suppose ¢ ¢ E instead. Since A, ,(A) = B, in this case we have A = A({p, ¢})U{B}

and

Alp)]anAlg)]p[ = 0. (4.17)

Suppose A(p)]q| and A(q)]p[ are both non-empty. Again, as in the proof of Proposi-
tion 4.6.2, (4.11) follows; however, since (4.17) implies that none of (a), (b) and (c)
hold, strict inequality in (4.11) holds here too, i.e. |A(p)]q[|+]Alp[{g)| < [H™ (p)]q[(1)],
where I is also as in Proposition 4.6.2. Since {p,q} N B = 0 and A is intersect-
ing, [A(P)(q)| < [H™(p)(q¢)(B)|. Let J be an initial r-segment for [n]\{p,q}; so
J = T U{j} for some j € [n]\I. Note that having H C 2"l compressed implies
that H()(p)(q) is quasi-compressed and that if H™ (p)(q) # 0 then U(H™ (p)(q)) is an
initial segment of [n]\{p, ¢}. By Corollary 4.4.4(ii), |[H™(p){q)(B)| < |H™(p){q)(J)|.
So [A{p){a)| < [H"(p){q)(J)|. Therefore,

A = [A({p, q}) U{B}| = [A{p)()| + (|A{P)al| + [Alp[{g)]) + 1
< [HY (p) () ()] + IH (p)]al(D)] + 1

= [H" (p)())| = [HT (p) (D) U {a}]]) + 1. (4.18)

Since A; € H(p) and r < u(H)/2, we have p(H(p)) > 2r — 1 by Lemma 4.4.1(i). Let
M be the initial pu(H(p))-segment of [n]\{p}. Since H is compressed, M € H(p). So
2M C H(p) as H is hereditary. Since |M\{q}| >2r—2>r=|J|, J C M. So j € M.

Since |[I U{q}| =r and j ¢ I U{q}, there exists S € (Tﬂ_ﬂ

) such that SN (IU{q}) =0
and 7 € S. So SU{p} € H(p)()]I U {¢}[. Thus, by (4.18) and Lemma 4.6.4,
|A| < [HO (p)(J)] < [HT(1)([2,7 + 1])|, a contradiction to (ii). Therefore A(p)]q[ = 0
or A(g)]p[ = 0. If A{q)]p[ = 0 then A, ,(A) = A, a contradiction. So A(p)]q[ = 0, and
hence A C C := H"(q)(B) U{B} (as A = A({p, q}) U{B} and A is intersecting). By
Lemma 4.6.4, |C| < [H™ (1)([2,7 +1]) U {[2,7 + 1]}|. So, by (i), A = C. O

Proposition 4.6.6 Let H,n,p,q,r be as in Proposition 4.6.2, except that r = 3. Let

A be an intersecting sub-family of H®) such that
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(i) |A| = |T|, T :={AcHP: |AN[3]| > 2}, and
(i) A# Ny (A) ={A e HO: |ANC| > 2} for some C € HO).
Then A= {A € H®:|AN B| > 2} for some B € H®.

Proof. Let C:={A € H®: |[ANC| > 2}. Let A* € C\\A. Since C = A, ,(A), we have

peA,q¢ A* and A" # A :=4,,(A") e A\C. (4.19)

Suppose g € C. Then, by (4.19), ¢ € A’NC. Since C € C, A’ # C. So |[A'NC| < 2.
Therefore, if p ¢ C then

AN Ol = 10,4(A) N CI = [(AN{gH) NCl = [(ANCO)N\{g} = [ANCl-1<1,

contradicting A* € C. So p € C, and hence |[A' N C| = |[A* N C|. Since A* € C,
|A*NC| >2. So |[ANC|>2, and hence A’ € C, contradicting (4.19). So q ¢ C.

Suppose p ¢ C. Then A, ,(C)N'H C C, and hence, since C = A, ,(A), Lemma 4.6.3
gives us A, ,(A) = A, a contradiction. So p € C.

Let C" := C\{p} C [n]\{p.q}, and let I be an initial 2-segment of [n]\{p, ¢}.
Since A,4,(A) = C, Al{p,q¢}[C H®{p,q}[[C"]. Note that having H C 2" com-
pressed implies that H®)]{p, ¢}| is quasi-compressed and that if H®)]{p, ¢}[ # 0 then
U(H®{p, ¢}]) is an initial segment of [n]\{p, ¢}. So [H®|{p, ¢}[[C"]] < [H®}{p, ¢} [[1]]
by Lemma 4.4.4(i). Therefore

AP, 3 < [HONp, ¢} (4.20)

Since A, 4(A) = C and {p,q} NC = {p}, Alp)(q) € H®(p)(¢)(C"). By the same argu-
ment for obtaining |H") (p){q)(B)| < |H™(p){q)(J)| in the proof of Proposition 4.6.5,
IHS) (p){g) (O] < [H®(p)(q)(I)|. Therefore

|A(p) (@) < [H® (p)(q)(1)]. (4.21)
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By (4.19), Alp[(q) # 0. We now show that we also have A(p)]q[ # 0 by establishing

that
C" € Alp)lql. (4.22)

Suppose d,,(C) ¢ H. Then 6,,(C) ¢ A (as A C H), and hence C € Aas C € A, ,(A)
(by (ii)). Since C' N {p,q} = {p}, (4.22) follows. Suppose d,,(C) € H instead. Then
dp(C) € C as [0,,(C)NC| = 2. So §,,(C) € A, (A) (as C = A,,(A)). Also,
C e A, ,(A) by (ii). Therefore C,0,,(C) € A, and (4.22) follows again.

Let Z := H(p)|q[. As in the proof of Proposition 4.6.2, we have
Al + [Alp[(g)] < |Z2P(1) L {1} (4.23)

with equality only if
(d) A(p)lal = {D} and Alp[(g) = 2®(D) for some D € Z?), or
(e) A(p)lg[ = Z®/(E) and Alp[(g) = {E} for some E € Z), or
() A(p)]al = Alp[(g) = 2®)(2) for some z € [n]\{p, q}.
Let T 1= {A € HO: AN {TU {p}] > 2. Since |4] = |Al{p,a}] + |A()(0)] +
[A(p)]all + | Alp[(g)], we have

Al < RO, ¢} + KO o) (D] + O W)lal(1) U{T U {p}}| = 7] (4.24)

by (4.20), (4.21) and (4.23).

Given that u(H) > 2r > 4 and H(n) # 0, we have u(H(n)) > 3 by Lemma 4.4.1(i).
Since H is hereditary and compressed, H(n) is hereditary and compressed, and hence
)] C H(n) (see (4.2)). So T :=[2,3]U{n} € H®(n). Clearly, for any F € T' :=
{A € ([g]): |AN[3]| > 2} there exists a composition of compressions J; ;, ¢ < j, that
yields F' when applied on T. Since H is compressed and 7" € 7, we therefore have
7' C 7. Trivially, T C 7'. Therefore

T={Ac G?) D|AN 3] > 2} (4.25)
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This gives us |Z| < |7]. Thus, by (i), we have equality in (4.24), and hence we also

have equalities in (4.20), (4.21) and (4.23), the first two yielding

Alp, [ = HO|p, ¢}[[C'] and  A(p)(q) = H® (p)(q)(C") (4.26)

respectively, and the third requiring one of (d), (e) and (f) to hold. By (4.19),
A" = A\{q} € Alp[(q). (4.27)

Since A" U {p} = A ¢ A, A" & A(p)lq|. So A(p)la[ # Alp[{q), implying (f) does
not hold. Suppose (e) holds. So Alp[{¢) = {E} C A(p)lql. By (4.27), E = A". So
A" U {p} € A(p)]q[, which is a contradiction since A” U {p} = A* ¢ A. So (d) holds.
By (4.22), D = C’". So we have A(p)lq| = {C'}, Alpl{g) = Z@(C"). Tt follows by
(4.26) that A = {4 € H®: |AN (C"U{q})| > 2}. By (i) and (4.25), we must have
A={Ae (M):|An(C"U{qg})| > 2}, and hence C" U {q} € H®. O

4.7 Proof of Theorem 4.1.4

We finally come to the proof of the main result in this chapter, i.e. Theorem 4.1.4.
We start by stating another well-known fact that emerged in [25], the proof of which

is similar to that of Lemma 4.5.1(ii).

Lemma 4.7.1 (Erdds, Ko, Rado [25]) If A C ([Z}) is intersecting, r < n/2, and
Aun(A) = A for all a € [n— 1] then (AN B)\{n} # 0 for any A,B € A.

Proposition 4.7.2 Let H C 2" be hereditary and compressed, H(n) # (). Suppose
2 <r < u(H)/2. Let A C H" be compressed and intersecting, and let k > r + 1,
K :=[2,k], 1K :=HDQ)(K)U{K} and .K := H"(1).

(i) Ik =7+ 1 then |A(K)| < L K(K)| (= 1K),

(it) If k > r + 2 then |A(K)| < )K(K)|.

If moreover r < n/2 and A is such that equality in (i) or (ii) holds then:

(iii) if k = r + 1 then either A = K or A={A € H®: |AN[3]| > 2};

(iv) if k > 1+ 2 then either oK(K) C AC oK or k=3 and A= ([g]).
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Proof. Suppose r = n/2. Then p(H) = 2r, and hence [2r] € H. So H™) = ([QT]) (as

r

H is hereditary). For every A € ([2:]), A" :=[2r]\ A is the unique set in ([2:]) such that
ANA =0. So |A| < L(*) = |1K(K)|. Since [{K(K)| = [oK(K)| for k > r+2, (i) and
(ii) follow.

Given that A is a compressed intersecting family, it is trivial that if r = 2 then A =
([S]) or A C H®(1), depending on whether A is non-centred or centred respectively.
So the result for » = 2 is easy to check.

We now consider 3 < r < n/2, and we proceed by induction on n. Let n' :=n — 1.
Clearly, H]n[ and H(n) are compressed hereditary sub-families of 2["'l. We have A]n[C
H]n[") and A(n) C H{n)"), v = r — 1. Since H(n) # 0 and r < u(H)/2, it follows
by Lemma 4.4.1(1) that ' < u(H(n))/2. If [n] € H then n = u(H) = u(H]n[) + 1, and
hence r < pu(Hn[)/2 as r < n/2. If instead [n] ¢ H then r < u(H]n[)/2 follows from
Lemma 4.4.1(iii) and r < p(H)/2. Thus, by the inductive hypothesis,

[Aln[(K)| < [Kln[(K)| and |A{n)(K)| < [2K(n) (K],

where

o] itk >r+42.

It is clear that we therefore have
JA(K)| = |Aln[(K)| + [A{n)(K)| < [Kn[(K)| + [2{n)(K)| = [K(K)],

and hence (i) and (ii).

We now prove (iii) and (iv). So consider |A| = |[K(K)|. Then |An[(K)| = |K]n[(K)|
and |A(n)(K)| = [oK(n)(K)|. It follows by the inductive hypothesis that
(8) 2K(n)(K) S A(n) or
(h) k =3 and A(n) = (¥)).

Suppose (g) holds. Since ' < pu(H(n))/2, p(H(n)) > 2r — 1. Thus, by (4.2), we
have 22"=11 € H(n), which gives us (?"71)(1) C 2K(n). Since A(n) D 2K (n)(K) (by

61



(g)) and 2r — 1 = r 4 ¢/, it follows that

[2r—1] r— ifk=r+1;
S NG (OGRS T

(B0 (1) if k>r+2,

Therefore, if H € H\(,K U {K}) then there exists L € ([QTTTH)(l) N .A(n) such that
LN H =0, and hence H ¢ A by Lemma 4.7.1. So
JHK(K)U{K} =1K ifk=r+1and K € A;

AC
oK ifk>r+2o0r K ¢ A,

ie. A C K. Therefore, since |A(K)| = |[K(K)|, if Kk = r+ 1 then A = 1K, and if
k> r+ 2 then o (K) C A C oK.

Now suppose (h) holds. Sor =k =3. If H € H and |H N [3]| < 1 then, since
A(n) = ([g]), there exists L € A(n) such that H N L = (), and hence H ¢ A by
Lemma 4.7.1. So A C 7 := {A € H®: |AN[3]| > 2}. Note that 7 is compressed since
H is compressed. Since |7| = |7 (K)| < |[K(K)| = |A(K)| = |A| (where the inequality

is given by (i) and (ii)), we actually have A = 7. 0

Proof of Theorem 4.1.4. By Corollary 4.3.5, we need only consider 4 C H.
The case r = n/2 follows by an argument similar to the one given in the proof of
Proposition 4.7.2 for the same case. So we assume r < n/2.

By (4.2) and the given condition that u(H) > 2r > 4, we have [3],[2,7 + 1] €
2T CH. So [3] € T :={AeH®:|AN[3]] > 2} and N is a non-centred intersecting
sub-family of H").

We may assume that A is a non-centred intersecting sub-family of largest size. So
|A] > V], (4.28)

If A is not compressed then, similarly to the proof of Theorem 4.1.3, we apply com-
pressions A, 4, p < ¢, until a compressed family A* is obtained. A is intersecting by

Lemma 4.4.5, and A* C H") as H is compressed.
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Suppose A* is centred. By Proposition 4.6.2, |A*| < |H™ (p*)(I U {g*})| for some
p*,q¢" € [n], p* < ¢, where [ is an initial (r — 1)-segment of [n]\{p*,¢*}. Thus, by
Lemma 4.6.4, |A*| < [H™(1)([2,7 + 1])| = |[N| — 1, a contradiction to (4.28). So
A* is non-centred, and hence [2,r + 1] € A* as A* is compressed. Thus, since A* is

intersecting, we have |A*| = | A*([2,r + 1])| and, by Proposition 4.7.2(i),

A" ([2,7 + 1])] < IN([2,7+ 1])]. (4.29)

Since |A| = |A*| and N ([2,7 + 1]) = N, part (i) of our result follows. By (4.28) and
(4.29), |A*([2,r + 1])| = IN([2,r + 1])|. By Proposition 4.7.2(iii), A* = N or A* =T.

By Propositions 4.6.5 and 4.6.6, part (ii) of our result follows. 0
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Chapter 5

Intersecting systems of signed sets

5.1 The motivating conjecture

As was mentioned in Section 1.4, Theorem 1.4.3 with r > n/2 provides an example
of a family F such that Sz, is EKR but F is not. This chapter is motivated by the
question "Do families F such that Sz is not EKR for some k& > 2 exist after all?".
We conjecture that the answer is "no", and, as is described below, we will present
some strong evidence for this conjecture. This conjecture has some resemblance with
the famous Chvatal Conjecture, i.e. Conjecture 1.3.1. Indeed, let F be a family,
and let A be an intersecting sub-family of Sz ;. In view of a result we present later,
stated as Corollary 5.3.2, we may assume that the any two sets in A4 intersect on
X = (Uger G) x [1]. Thus, by defining A" := {AN(X x [1]): A € A}, we may further
assume that A is the family of all sets in Sr; that contain a set that is a member of A’
Note that A’ is a sub-family of the hereditary family { H x[1]: H C G for some G € F}.
So our conjecture can be vaguely described as a "weighted" version of the Chvatal
Conjecture, where, however, the distribution of the "weights" does not seem to exhibit
any characteristic by which we can reduce one conjecture to the other.

We are also concerned with strict and non-strict EKR cases. For this reason, it is
convenient to introduce the following notation, using some notation from Section 2.1,

before stating the conjecture fully and formally.
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For any u € U(F), set
Or(u) :={u' € UF): F(u') = F(u)}.

We call Og(u) the F-orbit of u. Thus, two elements u,u’ € U(F) are in the same
F-orbit iff they belong to exactly the same members of F. Recall from Section 2.1
that L(F) is the set {u € U(F): F(u) is a largest star of F}.

Conjecture 5.1.1 Let F be any family of sets, and let k > 2. Then
(Z) S]:}k 18 EKR,
(11) Sr . is strictly EKR unless k =2 and |Ox(u)| > 3 for some (u,1) € L(Sz2).

As we show in Chapter 6, it is not very difficult to prove that for an integer ko(F),
the above conjecture indeed holds if & > ko(F). In Chapter 7, we go beyond this
by showing that for k£ sufficiently large, an even stronger statement for ¢-intersecting
families of signed sets is true. The main result here provides a strong generalisation
of Theorem 1.4.3 by establishing the truth of our conjecture for families F that are

compressed with respect to an element.

Theorem 5.1.2 Conjecture 5.1.1 is true if F C 2" is compressed with respect to 1.
We also confirm Conjecture 5.1.1(ii) for families F as in Theorem 1.4.2.

Theorem 5.1.3 Conjecture 5.1.1 is true if F is r-uniform and EKR.

We now proceed to the proofs, employing the notation in Section 2.1 and the

notation 0y (A) and 07 (A) introduced in Section 1.4 as we go along.

5.2 An auxiliary result for the special case k =2

We shall generalise (1.1) in the following direction.

Theorem 5.2.1 Let I C N. For each i € I, let X; be a finite set and let A; C Sx, .
Suppose | J;c; Ai is intersecting. Then A; € ex(Sx,2) holds for all i € I iff X =
Nics Xi # 0 and, for some X € ex(Sx2) and for alli € I, A; = {A € Sx,2: AN(X x
[2]) € X},
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Proof. The sufficiency condition is straightforward since then, for all i € I, A; satisfies
(1.1). Now assume that for all i € I, A; € ex(Sx,2). We prove the necessary condition
by induction on m := min{|X;|: i € I}.

Suppose there exist i1,42,] € I such that A;; N A;, N (X; x [2]) = 0 for some
Aj, € Ajp and A, € A;,. Let B, := A, N(X; x[2]), p=1,2. Let Y := X;\(X;, UXj,).
If Y # 0 then choose C' € Sy, otherwise take C' := (). Let D := B;\(X,, x [2])
and E = By U0y(D)UC € Sx,2. So ENA;, =0 and 02(E) N A;, = 0. Therefore
E,0,(F) ¢ A, and hence, by (1.1), we have A; ¢ ex(Sx, 2), a contradiction. Thus,

for any A,B € |J,.; Aiandl € I, AN BN (X; x [2]) # 0. (5.1)

Let X := {AN (X x[2]): A € Uje; Ai} (X = ey Xi). Let j € I such that
| X = m.

Suppose X = X;. So X D A, and, by (5.1) (with [ = j), X' is intersecting. Since
A; € ex(Sx;2), it follows that X = Aj;, and hence result. It will be clear from the
following that we have also just covered the basis of induction m = 1.

Now suppose X # X;. So there exists h € I such that X;\ X}, # 0. Let z; € X;\ X,.
Let X} := X;\{z;}, and for each i € I\{j}, let X := X;. So (N,,;X] = X. If
X} =0 then X; N X}, = 0, and hence A; = ) or A; = (), a contradiction. Therefore
m' :=min{|X;|: i € [} = |X]| =m — 12> 1. For each i € I\{j}, we have A} := A; €
ex(Sxs o). Let Aj = {A\{(2;,1), (z;,2)}: A € Aj} € Sxro. By (5.1), for any A, B €
Uier Ais ANBN (X5, x [2]) # 0; hence |J;; Aj is intersecting. Suppose A; ¢ ex(Sxs 2).
Then, by (1.1), A}, 0:(A}) ¢ Aj for some A} € Sx1o. So Aj = Aj U{z;,1} ¢ A
and 05(A;) ¢ Aj;, which, by (1.1), contradicts A; ¢ ex(Sy,2). Hence A} € ex(Sx:2).
Clearly, the result follows immediately after applying the inductive hypothesis for the

families A7, ¢ € I. O

Corollary 5.2.2 If f € U(F) and A € ex(Sz(p),2) then:
(i) A={F € F: FN(Ozy(f) x [2]) € X} for some X € ex(So,,(f)2);
(ii) if |Oxp)(f)| < 2 then A= Sra((f',0)) for some (f',b) € Orp(f) x [2].
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Proof. Let B := Srs((f,1)). Set n:= |F(f)|, and let X7, ..., X,, be the sets in F(f).
For each i € [n], let A; := ANSx,2, B; == BN Sx,2. So U;_; A and |J_, B; are
partitions of A and B respectively. By (1.1), B; € ex(Sx,2), ¢ = 1,...,n, and hence
B € ex(Sg(p2). Thus, if A; ¢ ex(Sx,2) for some i € [n] then |A] < |B|, but this
contradicts A € ex(Sz(p)2). So A; € ex(Sx,2), ¢ = 1,...,n. By Theorem 5.2.1, for
some X € ex(Sx2) and for all i € [n], A; = {A € Sx,2: AN (X x2) € X)}, where
X =, Xi > f. So (i) follows if X = Og(f). Let x € U(F(f)). If x ¢ X then
there exists j € [n] such that x ¢ X, and hence x ¢ Oz (f); contrapositively, if
z € Ozp(f) then z € X. So Oz (f) € X. If x € X then F(f)(z) = F(f). So
X C Oz (f), and hence X = Oxp(f) indeed.

Suppose Oz (f)] < 2. So 1 < |Oxp(f)| = |X] <2, and it is trivial that X' can

only be a star in this case. Hence (ii). O

The strict and non-strict EKR cases for £ = 2 in each of Theorems 5.1.2 and 5.1.3

will be determined using Theorem 5.2.1, Corollary 5.2.2 and the following fact.

Proposition 5.2.3 If |Ox(f)| > 3 for some (f,1) € L(Sz2) then Sro is not strictly
EKR.

Proof. We have F(f1) = F(f2) = F(fs) = F(f) for some distinct f1, fo, fs € O (f)
(possibly, f € {f1, fa, fs}). Tt follows that for all F € F(f), f1, fo, fs € F. Define Y; :=
{(f1), (f, 1), (5, D}, Yo == {(f1, 1), (f2, 1), (f5,2)}, Ya = {(fi, 1), (fo,2), (f3, 1)},
Yii={(/1,2), (f2,1), (fs, 1)} Then Upee{YiU Z: 1 € [4],Z € Sp\if. o512} 15 a

non-trivial intersecting family that is as large as Szo((f, 1)), a largest star of Sgo. O

5.3 Two compression methods

The proof of Theorem 5.1.2 will be based on two different compression methods.
The first compression operation was used in [22] for the proof of Theorem 1.4.3.

For (a,b) € [n] x [2, k], instead of writing d(4,1),(a,p) a0d A(a1),(ap) We will write d,p and
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A, p respectively; so Agp: 2%k —, 2%0k is defined by
A(l’b(A) = {5a,b<A): A - A} U {A S AI 6(1,1;(14) € A},
where 044 Soim j, — Somi  is defined by

A\{(a,0)} U{(a, 1)} if (a,b) € A;

A otherwise

5,1,1,(14) =

Clearly, Syin . is ((a, 1), (a,b))-compressed. So Proposition 2.2.1(ii) tells us that if
A C Sy, is t-intersecting then A,;(A) (as defined here) is t-intersecting. We now
prove a bit more than this, and we shall also use the following result in the next two

chapters.

Lemma 5.3.1 Let A C Sy, and V' C [n] x [2,k] such that [(ANB)\V| >t for any
A, B e A. Then [(CND)\(VU{(a,b)})| >t for any C,D € A, ,(A).

Proof. Let C,D € Ay(A). Let C' := (C\{(a,1)}) U{(a,b)}, D' := (D\{(a,1)}) U
{(a,b)}. Suppose |(C N D)\V| < t. So C and D cannot both be in A. Suppose
C,D ¢ A; then C",D" € A and [(C'"ND)\V| < [(CND)\V| < t, a contradiction.
Thus, without loss of generality, C ¢ A and D € A. So C' € A. If (a,b) ¢ D then
(C"ND)\V| = [(CnD)\V| < t, contradicting C", D € A. So (a,b) € D, and hence
dap(D) € A (otherwise D ¢ A, ;(A)). But then [(C' N, p(D))\V| = [(CNDN\V] < t,
contradicting C’, d,4(D) € A. We therefore conclude that |(C' N D)\V| > t.

Now suppose |(C'N D)\(V U{(a,b)})| <t. Since |(CND)N\V| >t, (a,b) € CND.
Hence C,0,4(C), D,0,4(D) € A and (C N d,p(D))\V = 0, a contradiction. O

Corollary 5.3.2 Let A* be a t-intersecting sub-family of Sy . Let

A=Apro..0fpp0..0A 1 0..0A;»(AY).

Then |AN BN ([n] x [1])| >t for any A, B € A.
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Proof. By repeated application of Lemma 5.3.1, |(A N B)\([n] x [2,k])| > ¢ for any
A, B € A. The result follows since (AN B)\([n] x [2,k]) = AN BN ([n] x [1]). O

We next introduce our second compression operation. We set K := ([1] x [k]) U

{(n,1)} and define A: Sy, — Syl by

A\{(n, D)} U{(1,1)} if ANK ={(n,1)}
AMA) = ¢ A{(L,b), (n, D}U{(1,1),(n,b)} if ANK = {(1,b),(n,1)};
A otherwise.

Similarly to Ay, we define A: 2% — 2%k by
AA) ={\NA): Ac A} U{Aec A: \(A) € A}.
At this point, we need to introduce some further notation. For A € Sgy, let
v(A) := F.
For A C Sry, let I'(A) be the sub-family of F given by
IF'A) :={y(A): Ac A} ={F € F: AN Sk # 0}.

Lemma 5.3.3 Let F C 2" be compressed with respect to 1. Let A C Sry. Then:
(i) IMA)] = |Al;
(ii) A(A) C Sri;
(1i1) if ANA"N([n] x [1]) # 0 for any A, A" € A then BN B "N ([n] x [1]) # 0 for any
B,B" € A(A).
Proof. (i) is straightforward.

If A € Sgi and y(M(A)) # Y(A) then n € v(A), 1 ¢ v(A) and y(A(A4)) =
(7(A)\{n})U{1}. Since F is compressed with respect to 1, it follows that I'(A(A)) C F.
Hence (ii).

Suppose AN A" N ([n] x [1]) # O for any A, A" € A. Let By, By € A(A). Then,
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for each p € [2], B, = A, or B, = A(A,) for some A, € A. It is straightforward that
(iii) holds if B, = A,, p = 1,2, or B, = A(4,), p = 1,2. Without loss of generality,
suppose By = Ay, By = MAy) # Ay and By N By N ([n] x [1]) = 0. It follows that
A1NAsN([n]x[1]) = {(n,1)} and A; # A(A;) € A. But then A(A;)NAxN([n] x[1]) = 0,

a contradiction. Hence (iii). O

5.4 Proof of main result

We here prove Theorem 5.1.2. In the process of doing so, we also determine the

extremal intersecting sub-families of Sz for F as in the theorem.

Theorem 5.4.1 Let 1 € J C [n]. Let F C 20" such that F is compressed with respect
tojen]iff j€J. Let A* C Sry be intersecting. Then

(i) |A°| < |Sr((1,1))], and

(1) equality holds iff A* = Srx((4,0)), (j,b) € J x [k], or k = 2, |Ox(1)] > 1 and
A*={F e F: FNn(0x(1) x [2]) € X}, X € ex(So,0),2)-

Proof of Theorem 5.4.1(i). The case n = 2 is trivial, so we assume n > 2. Let
A=Ay o0 00, 0A0...0A5(A%), and let A:=A(A’). So |A| = |A*| and,
by Corollary 5.3.2 and Lemma 5.3.3,

ANBNZ #( forany A, B € A, (5.2)

where Z = [n] x [1].

Let B:= {A € A((n,1))((1,1)): ANBNZ = {(n,1)} for some B € A((n,1))}. Let
Ay == A((n, 1))\B. For I € [2,k], let B := {(A\{(n, )}) U{n,1}: A € B} and A4 :=
A((n,1))UB,. If A((n,1))NB, # 0 and A € A((n,1))NB; then 6,,,(A)NBNZ = {(n,1)}
for some B € A((n,1)), and hence AN BN Z = (), a contradiction to (5.2). So
A((n,1)) N B, = 0. Therefore

k

> A D) < (A, )] = 1BD) + Y (1A((n, D) + 1B]) = ZIAiI- (5:3)
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Let Z' := [n—1] x [1]. Suppose that for some i € [k] and A, B € A;, ANBNZ' = 0.
It is immediate by (5.2) that ¢ ¢ [2,k]. So A,B € A and AN B = {(n,1)}. By
definition of Ay, (1,1) ¢ AU B. But A(A) € A and A(A) N BN Z = ()}, a contradiction
to (5.2). Thus,

for any i € [k] and A,B € A;, ANBNZ" #10). (5.4)

Let Fy := F\F(n) and F; := F(n). Clearly, Fy and F; are compressed with
respect to 1. Let Ay := ANSxk . By (5.4), A;((n,4)) is an intersecting sub-family of

Sr ok, t =1,..., k. The result now follows by induction on n since

AT = Al = Aol + D A, D)] < Aol + Y [ Ai{(n, )]

i=1 i=1
< |87 k(L )]+ KISA (L 1)] = [SFx((1, 1)), (5.5)
where the first inequality is obtained from (5.3). O

We need to do more work to prove the extremal structures given in Theorem 5.4.1(ii).

We start with a simple lemma that we will use often.

Lemma 5.4.2 Let A C Sx. be intersecting. Suppose that for some (a,b) € U(F) and

FeF, Spi((a,b)) CA. Then AC Sri((a,b)).

Proof. It suffices to show that if B € Sz;i\Sri((a,b)) then AN B = () for some
A € Spi((a,b)). Let C € Spp\Sri((a,b)) such that BN (F x [k]) C C. Clearly, for
some q € [k — 1], 1(C) € Spx((a,b)) and BN OL(C) = 0. O

Lemma 5.4.3 Let F C 2", Let A C Sz be intersecting, where k > 3. If A #
Aa,b<~f4) = S}'JC((CZ,, b/)) then .A = Sf,k((a, b))

Proof. Since A # A p(A) = Sri((d/,V)), there exists A € A such that A ¢
Srr((a, V) and 0,5(A) € Sri((a/,b)). This implies that (a/,b') = (a,1). Let

= y(A). Let Ap := AN Spy. Clearly, Ay py(Ar) = Aup(A) NSk = Ski((a, 1))
and |Ap| = |Awp(Ar)| = |Ski((a,1))]. Thus, by Theorem 1.4.1, Ar = Spi((c,d))
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for some (¢, d) € F' x [k]. Since A € Ap\Sri((a,1)) and A, (Ar) = Spi((a,1)), it
follows that (¢, d) = (a,b). By Lemma 5.4.2, A C Szx((a,b)). Since |A| = |Ayp(A)| =
|8-7",k((a>b))‘7 A:Sf,k<(a7b))' O

For F € F and f,g € U(F), let y,(F) == (F\{g}) U {f}
Proposition 5.4.4 Let F and J be as in Theorem 5.4.1. Then L(Sry) = J x [k].

Proof. Let j € J and h € [n]. Then, since F is compressed with respect to 7,

Srial(hb) = > [Sualh b))+ > [Sex((h.b))|

HeF(h)(j) GeF(M\F(j5)
= > SurlG+ D 1Su s )]
HeF(5)(h) GeF(R)\F(5)
< [S74((G, )] (5.6)

with equality iff for all F' € F(j)\F(h), ¢n;(F) € F(h). This already gives J x [k] C
L(F). Now consider equality in (5.6). Suppose h ¢ J. So there exist F' € F\F(h)
and f € F such that Fy := ¢ ;(F) ¢ F(h). Therefore f # j. If j ¢ F then
Fy =, ¢(F) € F(H)\F(h), ¥nj(F2) = Fi, and hence ¢y, ;(F2) ¢ F(h); but this is a
contradiction as it yields a strict inequality in (5.6). So F € F(j5)\F(h), and hence
Fy =y, j(F) € F(W)\F(j). Thus, Fy := ¢, ¢(F3) € F(j). But Fy = F} ¢ F(h), which
is a contradiction because h € Fy. So h € J. Therefore L(F) C J x [k], and hence

result. O

Lemma 5.4.5 Let A’ be as in the Proof of Theorem 5.4.1(i). Suppose A" # A(A') =
Sri((a,1)). Thenn e J and A" = Sri((n,1)).

Proof. Since A" # A(A') = Sri((a,1)), there exists A € A" such that A" ¢
Sri((a,1)) and M(A') € Sri((a,1)), and hence a = 1. Let A:={(n,1)}U{(a,2): a €
Y(AN\{n — 1}}. Since A(A") = Sri((1,1)), exactly one of A and A(A) # A is in
A’. Recall that we arrived at (5.2) using the fact that, by Corollary 5.3.2, A; N A2 N
([n] x [1]) # 0 for any Ay, Ay € A’. Since AM(A) N A" N ([n] x [1]) = 0, it follows
that A € A" and, since AN ([n] x [1]) = {(n,1)}, A C Sri((n,1)). Since 1 € J
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and |A'| = |[A(A)| = |Srx((1,1))], it follows by Proposition 5.4.4 that n € J and
A= 8ri((n,1)). .

Before coming to the proof of Theorem 5.4.1(ii), we finally determine two nice
properties of F-orbits of elements j € U(F) such that F is compressed with respect

to j. This will be very useful when dealing with the case k = 2 of Theorem 5.4.1(ii).

Proposition 5.4.6 Let F and J be as in Theorem 5.4.1. Let j* € J.
(1) If O (5*)\{j"} # 0 then F(j*) = F and Of(j*) = J.
(ii) If Ox(j*) = {j°} then Ox(j) = {j} for all j € J.

Proof. Suppose Oz(j*)\{j*} # 0. Suppose F(j*) # F. Let F € F\F(j*) and
7 € Ox(F*)\{j*}. Soj ¢ Fsince F ¢ F(5*) = F(j'). But then, since F is compressed
with respect to j*, for any f € F we have (F\{f}) U {j*} € F(*)\F(j'), which
contradicts F(5*) = F(j'). So F(5*) = F.

Let j € J. Suppose j ¢ Ox(j*). So F(j) € F(j*) as F(5*) = F. Let F* €
F(7*)\F(j). Since F is compressed with respect to j, we have (F*\{j*}) U {j} €
F\F(j*), which contradicts F(5*) = F. Therefore J C Ox(j*). Also, Oz(5*) C J
because if j € Oz(j*) then F(j) = F(5*) = F. Hence (i).

Now suppose Ox(5*) = {j*} and O£(j)\{j} # 0 for some j € J. By (i), Ox(j) = J.

So j* € Ox(j), but this implies O£(j*) = Ox(j), a contradiction. Hence (ii). a

Proof of Theorem 5.4.1(ii). By Proposition 5.4.4, |Srx((4,0))] = |Sri((1,1))]
iff (4,b) € J x [k]. Also, if k =2 and A* ={F € F: FN(Ox(1) x [2]) € X} for some
X € ex(Sox(1)2) then |A*| = |Sro((1,1))] as SF2((1,1)) = {F € F: FN(Ox(1)x[2]) €
X*}, where X* = Sp,1)2((1,1)) € ex(So,q)2). By Theorem 5.4.1(i), the sufficiency
condition follows.

We now continue on the Proof of Theorem 5.4.1(i) to prove the necessary condition.
Therefore, we now consider equality in (5.5). This gives us equality in (5.3) together
with [Ag| = [Sx £((1,1))] and |A;((n,9))| = |SF £((1,1)], i =1, ..., k.

Since we are proving the result by induction on n, we may assume that F(n) # ()

and n € y(A*) for some A* € A*. If [U(F(n))| =1 then v(A*) = {n} and A* = {A*}.
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So we assume that |U(F(n))| > 2, which implies |U(F(n))| > 1. Thus, for each i € [k],
we have |A4;((n,1))| = |Sx £((1,1))] > 0.

Let Jo := {jo € [n — 1]: Fp is compressed with respect to jo} and J; := {j; € [n —
1]: Fy is compressed with respect to j;}. Clearly, 1 € Jy N Jj.

Consider first £ > 3. Since we have equality in (5.3), it follows that B = ) and
A; = A((n,i)), i = 1,...,k. Thus, by (5.2) and (5.4), A~ := Ay UU", A((n,9)) is
an intersecting sub-family of Sz Uz . Now, by the inductive hypothesis and (5.4),
Ai1{(n,1)) = Sz x((j1,1)) for some j; € Jy. Since A((n, 1)) = A;, we have A((n,1)) =
Sr k((j1,1)), and hence A~ C Sruzm £((71,1)) by Lemma 5.4.2. So A C Sri((j1,1)).
Since we have equality in (5.5), Proposition 5.4.4 gives us j; € J and A = Sz, ((j1, 1).
Therefore, by Lemmas 5.4.3 and 5.4.5, A* is as required.

Next, consider £ = 2 and |O#(1)| > 1. By Proposition 5.4.6(i), F = F(1). By
Corollary 5.2.2(i), A* = {F € F: FN(0x(1) x [2]) € X'} for some X € ex(So,(1)2)-

Finally, consider £ = 2 and Ox(1) = {1}. Suppose Fy = (). Then F = F(n). If
F(n)\F(1) #0 and F € F(n)\F(1) then, given that 1 € J, we have (F\{n})U {1} €
Fo, a contradiction. So F(n)\F(1) = 0, and hence, since F(n) = F, F(n) = F(1); but
this contradicts Oz(1) = {1}. So Fy # 0, and hence |Ag| > 0 as |Ag| = |Sx,2((1,1))]
and 1 € Jy. It remains to consider the following three cases.

Case 1: |Ox(1)] = 1. By the inductive hypothesis and (5.2), Ay = Sz, 2((jo, 1))
for some j, € Jy. Clearly, A9 U A; and Ay U A, are intersecting. By Lemma 5.4.2,
we therefore have Ay U Ay, Ag U Ay C Sxa((Jo, 1)), and hence A C Sx5((jo, 1)). Since
we have equality in (5.5), Proposition 5.4.4 gives us jo, € J and A = Szx((Jjo,1). By
Lemma 5.4.5, A" = Sz ((j,1)), where j € {jo,n} N J. Since 1 € J and Ox(1) = {1},
Proposition 5.4.6(ii) gives us Oz(j) = {j}. Since I'(A*) = T'(A’) = F(j), it follows by
Corollary 5.2.2(ii) that A* = Sz (4, b) for some b € [2].

Case 2: |Ox (1)] = 1. By the inductive hypothesis and (5.4), we have A;((n,1)) =
Sz 2((j1,1)) for some j; € J;. Since Ay U Ai{(n,1)) is an intersecting sub-family
of Srur .k, Lemma 5.4.2 gives us Ay U A1 ((n, 1)) € Srum2((j1,1)). So Ay C
Sr2((j1,1)). Since |Ag| = |Sx2((1,1))], it follows by Proposition 5.4.4 that j; € Jo

and Ay = Sz, 2((j1,1)). As in Case 1, this leads us to the desired result.

74



Case 3: |Og(1)] > 1, |Ox(1)] > 1. By Proposition 5.4.6(i), Fo(1) = Fy and
Fi(1) = Fi. So F(1) = F. Thus, by Corollary 5.2.2(ii), A* = Sr2((1,b)) for some
be 2] 0

Proof of Theorem 5.1.2. By Theorem 5.4.1, (1,1) € L(Sry) and, furthermore,
Srr((1,1)) € ex(Srx); hence Sz, is EKR. By Theorem 5.4.1(ii), if £ > 3 then Sgy, is
strictly EKR. Now consider k = 2. If Sx 5 is not strictly EKR then, by Theorem 5.4.1(ii)
and Corollary 5.2.2(ii), |O#(1)] > 3; the converse holds by Proposition 5.2.3 with
f=1L O

5.5 Proof of Theorem 5.1.3

We now give a simple proof of Theorem 1.4.2 and prove the stronger Theorem 5.1.3.

Thus, in the following, F is taken to be r-uniform. Our first simple observation is that

[feL(F) & (f",1) € L(Srx) (5.7)

since for all f € U(F), K UF()] = K TSral(f, D) = 1Sra((f D).

For A C Szy, let ©4A) = {6l(A): A € A}. Suppose F = {F} and A is
intersecting. If A € A and ¢ € [k — 1] then 0}(A) ¢ A as 0} (A)NA=10. So
A,01(A), ..., (A) are k disjoint copies of the same intersecting family, and hence
k|A| < |Spk| = k". Therefore

A C Sp, intersecting = |A| < k"1, (5.8)

which proves Theorem 1.4.1(i) since |Spx((f,1))] = k" 1.

Proof of Theorem 1.4.2. Let F be EKR, and let A C Sz be intersecting. Clearly,
I'(A) is intersecting. Thus, for f* € L(F), |T'(A)| < |F(f*)|. For any F € T'(A), let
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Ar = AN Sgi. By (5.8), |[Ar| < k™' Thus, for any b € [k],

Al= > [Apl S K DA < K FS)] = IS2R((F,0))], (5.9)

FeT(A)

and hence result. O

Proof of Theorem 5.1.3. We continue on the proof of Theorem 1.4.2, and we now
consider equality in (5.9). So I'(A) = F(f*) and for all F € T'(A), |Ar| = k"~*. Thus,
by (5.8),

for all F € I'(A), Ap € ex(Spy). (5.10)

Case 1: k > 3. Let F* € I'(A). By (5.10) and Theorem 1.4.1(ii), Ar =
Sri((a*,b%)) for some (a*,b*) € F* x [k]. By Lemma 5.4.2, A C Szx((a*,b*)). So
Sz is strictly EKR.

Case 2: k =2 and for all f € L(F), |O£(f)] < 2. Let X := (pepa) I By (5.10)
and Theorem 5.2.1, | X| > 1. Let f' € X; so I'(A) C F(f’). Since |T'(A)| = |F(f*)]
and f* € L(F), I'(A) = F(f') and f" € L(F). So |Ox(f")] < 2. Since A € ex(Sx(s),2)
(by (5.10)), it follows by Corollary 5.2.2(ii) that A is a star of Srs. So Sz is strictly
EKR.

Case 3: k =2 and |Ox(f)| > 3 for some f € L(F). By (5.7), (f,1) € L(Sx2).

Thus, by Proposition 5.2.3, Sz is not strictly EKR. a
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Chapter 6

Non-centred intersecting families of

signed sets

6.1 Introduction

For r € [n], let S,k = S([f])’k' The main objective of this chapter is to establish a
characterisation of the extremal non-centred intersecting sub-families of S, , 4.

In Section 1.6, we alluded to the fact that in [38], Theorem 1.6.1 was used as a
stepping stone to Theorem 1.2.2. Similarly, in Section 6.2, we prove the following

signed sets analogue of Theorem 1.6.1 in order to arrive at our main result.

Theorem 6.1.1 If A; and Ay are non-empty cross-intersecting sub-families of Sy, 1
then |Ai| + |As] < {A € Spri: AN ([r] x [1]) # 0} + 1. Unless r = n and k = 2,
equality holds iff either Ay = Ay = {A € S,04: (1,1) € A} or A, = {A*} and
As_i ={A € Spri: ANA* £ 0} for somei € 2] and A* € Sy .-

For 2 <r <mn,let N, :={A € S,x: (1,1) € A, ANN; # 0} U{Ny, ..., Np_1}

where

2,7+ 1] x [1] ifr <mn;
N; = i=1,.k—1.

{1 i+DYU(2,n] x[1]) ifr=n,

Note that if » < n then N; = [2,r+1]|x[1],7 =1, ..., k—1, and hence N,, . is the "Hilton-
Milner-type’ family {A € S,..x: (1,1) € A, AN([2,r+1] x [1]) # 0} U{[2,7+ 1] x [1]}.
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For 3 <r < n, let 7, be the triangle family {A € S, x: |AN([3] x [1])| > 2}.
In Section 6.3, using Theorem 6.1.1, we prove our desired "Hilton-Milner-type’ ex-

tension of Theorem 1.4.3.

Theorem 6.1.2 If A is a non-centred intersecting sub-family of S, ,r then |A| <
\Norkl. Unless r = n and k = 2, equality holds iff A = Ny, or A = T3y or
AZT 4.

In Section 6.4, we give two proofs of the fact that there exists an integer ko(F) such
that Conjecture 5.1.1 is true if & > ko(F). The first proof is a direct proof based on an
argument that Erdés, Ko and Rado used for proving Theorem 1.2.4, and the second
proof is based on Theorem 6.1.2 with » = n. Comparing the two proofs, we see that
the latter yields a much better value of ko(F).

Before starting the proofs, we point out to the reader that we will be making use

of the notation in Section 2.1, especially in Section 6.3.

6.2 Non-empty cross-intersecting families of signed
sets

This section is dedicated to the proof of Theorem 6.1.1, which, like the proof of Theo-
rem 6.1.2, will be based on the compression A, as defined in Section 5.4 (and hence

not as defined in Section 2.2).

Lemma 6.2.1 Let A; and Ay be non-empty cross-intersecting sub-families of S, 2,
where (2,k) # (n,2). Suppose A; # Ngp( A1) = Aup(Az) = Snox((c,d)) for some
i € [2] and (c,d) € [n] x [k]. Then Ay = Ay = Sp2x((a,b)).

Proof. We may assume that ¢ = 1. So there exists A; € A;\A,;(Ay) such that
dap(A1) € Aup(A1)\Ay; let A} := d,5(A1). Thus, for some (ay,b1) € ([n]\{a}) x [K],
A; = {(a,b),(a1,b1)} and (¢, d) € A} = {(a,1),(a1,b1)}. If (¢,d) = (a1,b1) then
Ay € S,2k((c,d)), and hence Ay € A,p(Ay), a contradiction. So (¢,d) = (a,1)

and hence, by the assumptions of the lemma, A,;(A;) = Ayp(Ar) = Spak((a,l)).
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Note that this implies that |A N {(a,1),(a,b)}| = 1forall A € A; U Ay. If there
exists Ay € Ay such that (a,1) € Ay, then, since A1 N Ay # 0 (as Ay, Ay are cross-
intersecting), A, can only be A}. Together with A, ,(A2) = S,2x((a, 1)), this implies
that Ay contains B := S, 24((a,0))\{A1}. Given that (2,k) # (n,2) (i.e. k > 3 if
n = 2), for any A € S,2%((a,1)) there exists B € B such that AN B = (. By the

above, it follows that A; = S, 2((a,b)), which in turn forces A to be S, 2x((a,b)). O

Proof of Theorem 6.1.1. The result is trivial for r = 1. If r = n and k = 2
then the result follows from the fact that for any A := {(a1, k1), ..., (an, kn)} € Spn2,
the unique set in S, ,, 2 that does not intersect A is {(a1,3 — k1), ..., (@n, 3 — k,)}. We
will therefore assume that r > 2 and (r,n) # (n,2).

Let C := AJUA, C Sut1r41k, where A] = {4, U{(n+1,1)}: Ay € A} and

hi={AU{(n+1,2)}: Ay € As}. So C is intersecting. Let
D:=A,;0..00,50..0A;,0..0A;,5(C).

Let By,B; C Spri be given by By := {D\{(n + 1,1)}: (n+ 1,1) € D € D} and
By :={D\{(n+1,2)}: (n+1,2) € D € D}. By Corollary 5.3.2, we have

DinDyN(([n+1] x 1)) U{(n+1,2)}) # 0 for any D;, D, € D,
and hence
By N By N ([n] x [1]) # 0 for any B; € By and By € Bs. (6.1)

For each i € [2], let Af € A; and B} :={(a,1): Af N ({a} x [k]) # 0}. It is easy to see
that BY € By and B; € Ba.

Let X := [n] x [1]. For each i € [2], let B := {B € Bi: [BNX| = ¢}, &, :=
{BNnX: B € B}, Xi(q) = {A € X;: |A| = q}. For each ¢ € [r], let £@ = {A €
(2(): An([r] x [1]) # 0} and wg == |Sp—gr—gi-1] = (729) (k — 1)~ For each i € [2],

r—q
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Ug=1 Bl(q) is a partition for B; by (6.1). So we have

r

Al + [ Aa] = [C] = [D] = [B] + |Bo| = (1B + [BY))

q=1
< (1247 + 125w, (6.2)
qg=1
and
1+ €D w, =[Sy r([r] x [1])] + 1. (6.3)

g=1

Let 1 < p < min{r,n/2}. If X¥ £ and X # () then, by Theorem 1.6.1, we
have |XP] + || < (5) = (",") + 1, and hence XP| 4+ 1P| < |EP)| + 1 with
equality only if p = r. Now, without loss of generality, suppose XQ(p = (). Then
P 1P = 1xP) < {4 e (f): AN By # 0} < |EP)|, where the first inequality
follows by (6.1).

Therefore, we have just shown that

|EP)] if p<or;
1<p<min{r,n/2} = &7+ 1P| < (6.4)
E@|+1 ifp=r.

If r < n/2 then the upper bound in the theorem is immediate from (6.2), (6.3)

and (6.4). So suppose 7 > n/2. Set wy = 0, £©) = Xl(o) = Xz( = (. Let

n—r <p<|n/2]. Then,

wmﬂwz<7l>’|ﬂM=: G) o dtpzmort (6.5
n=pr (g)—l ifp=n—r.

Also, since (r,n) # (n,2), an easy calculation yields

w, > wy_p, with strict inequality if p < n/2. (6.6)

80



By (6.1), for any A € X” and B € X\";”, we cannot have A = X\B; hence

X < ("), 6.7
| 7 | + | 3—1 | — n—p ( )
Therefore,
- (9) (9) & (p) (p) (n—p) (n—p)
> (1221 120w, = > (167 + 1287 D + (12077 + 1P )
qg=n—r p=n—r
[n/2] n
< 2 (011D + (2(," ) - 08714147 ) wnsy) by 07)
p=n—r
[n/2] n
< 2 (19w (2, ) 1691 wn) O (6.0, 00)
p=n—r n p
/2 |5("_p)|wn_p fp>n—r+1;
= > | 1EP w, + (by (6.5))
p=n—r (€™ P + Dw,_, ifp=n—r.
— w, + Z 1E@|w, =1+ Z 1E@D |, (6.8)
q=n—r g=n—r

We know that if n — 7 > 2 then (6.4) holds for p = 1,...,n — r — 1. Together with
(6.2), (6.3) and (6.8) (recall that (6.8) holds for p =mn —r,..., |[n/2]), this gives us the
desired upper bound for | A;| + |As|.

Now suppose the upper bound is attained. Then |X V| + |V = |ED] = 7 if
n —r > 2 (by (6.4)), and the same holds by (6.6) and (6.8) if n —r < 1. For each
i € [2], since (6.1) tells us that each set in X intersects each set in X;_;, it is clear that

each single-element set in Xi(l)

must be contained in the intersection of sets in AX5_;.
Assuming without loss of generality that \Xl(l)\ > \Xz(l)], it follows by the equality
1V + 12| = r above that if XY = 0 then |X”| = r and hence X, owns only the
set B, and if instead Xz(l) # () then Xl(l) = XQ(I) = {z} (z € X) and hence r = 2.
Suppose Xy = {Bj}. Clearly, this implies By = {B3} and hence Ay = {A}}. So

A1 C© Snri(A3). Since [Au] + [Ag| = [Snri([r] x 1)) +1, Ay = Sk (A3).
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Suppose instead X" = XV = {2} (z € X) and r = 2. Then, by (6.1), By, By C
Snok(x). Since [Bi| = [Bo| = [Ai] + [Az| = [Span([2] x [1])] + 1 = 2[Sp2k(2)], we
actually have By = By = S,2x(x). It follows by Lemma 6.2.1 that A; = Ay =

Sn2.k((a,b)) for some (a,b) € [n] x [k]. O

6.3 Non-centred intersecting families of signed sets

This section is dedicated to the proof of the main result of this chapter, i.e. Theo-
rem 6.1.2. We shall first provide a set of lemmas that ensure that in the proof we
may work with a non-centred intersecting family A C S, ;.5 that is invariant under any

compression A, p; this will become clear in the proof itself.

Lemma 6.3.1 Let a € [n], b € [2,k] and (r, k) # (n,2). Suppose A is a non-centred

intersecting sub-family of S,k and Ay (A) is centred. Then |A| < | Nkl

Proof. Since A is non-centred and A, ;(.A) is centred, we have A = A({(a, 1), (a,b)}),
A((a,1))](a,b)] # 0 and Al(a,1)[((a,b)) # 0. So A; = A((a,1))](a,b)[ and Ay :=
Al(a,1)[{(a,b)) are non-empty cross-intersecting sub-families of S([n]l{a}>7k. Thus, by

Theorem 6.1.1,

|| + [Az| < [Sprpan(fr = 1] x [1])[ +1
< |S<[T2,_nl])7k([2,7“ +1] x [1)]|+1 = |Nn,7',k|‘
Since |A| = |A({a, b})| = | A1| + |Asz|, the result follows. O

Lemma 6.3.2 Let a € [n], b € [2,k] and (1, k) # (n,2). Suppose A is an intersecting
sub-family of Spri and A # Agp(A) =Ny k. Then A= N, k.

Proof. We may assume without loss of generality that
Aup(A) = N = Snpie(1, k1)) ([2, min{r + 1, n}] x {ka}) U{N;: i € [k]}, ki, k2 € [K],

where N/ := [2,r + 1] x {ko} if r <mn, and N} :={(1,7)} U ([2,n] x {ka}) if r = n. Let
N :=[2,min{r + 1,n}] x {ka}.
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Since Ayp(A) # A, there exists A* € A\A,(A) such that A" := §,,(A%) €
Aup(A)N\A, and hence (a,1) € A" € N'. Suppose r + 1 < a < n. Then, by def-
inition of A, we must have (A"\{(a,1)}) U {(a,b)} € N’ (ie. A* € N’), but this
contradicts A* ¢ A,p(A) = N'. So a < min{r + 1,n}.

Let Ay := A\(A; U Ay), where A; := A((1,1)) and Ay := A((1,b)). Let A} :=
A((1,1)) and A, := A{(1,b)).

Case I: r < n.

Consider first « = 1. By (a,1) € A’ € N’ and the definition of A, we then have
k1 =1; also, A = A UA;U{N} and A* € Ay. Suppose A; # (). Then, A} and A, are
non-empty and cross-intersecting sub-families of S<[T2,7n1])’k. By Theorem 6.1.1, we obtain
AL+ AL < {A € S 1ran: AN ([r —1] x [1]) # 0} + 1, and hence |A| < [Npxl,
which is a contradiction as |A| = |Ayp(A)] = IN'| = [Norkl- So A((1,1)) = 0, and
hence A CN” :=8,,x((1,0)(N)U{N} 2 N'. Since |A| = IN'], A=N".

Now consider 2 < a < r+ 1. Suppose ko # 1. Since (a,1) € A’ € N7, we then get
A'# N, (1,k) € ANA*, |A*NN| > |ANN| > 0, and hence A* € N, a contradiction.
So ky = 1. Let N' := (N\{(a,1)}) U {(a,b)}. Since A,(A) = N’, we clearly have
A C Sni((1 k) U{M}, where M € {N,N'} and M € A. Since A is intersecting
and |A| = [Aus(A)| = Nopikl, A= Snri((1, k1)) (M) U{M}. Since A #N', M = N'.

Case II: r = n. Since (r, k) # (n,2), k > 3.

Consider first a = 1. Suppose k; # 1. Then, since (1,1) € A’ € N/, we must have
A’ = N{, and hence A* = N/, a contradiction to A* ¢ A, ,(A) = N’. So k; = 1. Thus,
since A, p(A) = N, we clearly have Ag = {N/: i € [k]\{1,b}}, AJUA, = S(f’_"l])vk(N)’
AiNA, = {N}, |A|+|Ay = [Sn-1.n-16([n—1] x[1])]+ 1. By Theorem 6.1.1, it follows
that for some ¢ € [2], A, = {N} and A}_, = S<[5_n1])k(N) Since A=Ay U A U Ay, we
thus have A ={A € S, ,,,x((1,0)): ANN # 0} U{N/:i € [k]} =N or A= N’; since
A # Ay p(A) = N7, the former holds.

If 2 < a < n then, by the same argument for the corresponding sub-case 2 <

a<r+4+1of Case I, N = [2,n] x [1] and A = S, x((L1, k1)) ((N\{(a,1)}) U{a,b}) U
{N\{(a, )} U{(a,b), (1,0)}: i € [K]} = N

Lemma 6.3.3 Let a € [n], b€ [2,k] and (3,k) # (n,2). Suppose A is an intersecting
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sub-family of Spsx and A # ANgp(A) = T, 5x. Then A= T, 5.

Proof. We may assume without loss of generality that
Aup(A) =T :={A € S,3,: |[ANT| > 2},

where T := [3] x {k'} and k' € [k]. Since A # A,;(A), there exists A* € A\A,,(A)
such that A" := §,,(A*) € Aup(A)N\A. Since A" € T, |A'NT| > 2. Thus, since
(a,1) € A’, we have (a,1) € T because otherwise we get |[A*NT| > |[A'NT| = 2
contradicting A* ¢ A, y(A) =T'. Soa € [3], ¥ =1and 7' =T := T, 3. We may
assume that a = 1.

Let A; = A((1,1)), A} = A({(1,1)), Ay = A((1,b)), A, := A((1,b)), Ay :=
A\(A; U Ap). Let Z := [2,3] x [1]. Since Ay, = 7, we clearly have Ay = {A €
Snarll(1, 1), (Lb)}: Z C A} Ay U Ay = Sy ((2), Ay VA, = {Z}, [Aq] + [ Ay| =
|S([2,2n])7k(Z)| + 1. By Theorem 6.1.1, it follows that for some i € 2], A; = {Z} and

b, = S([Q,Qn]),k(Z). Since A = Ay U A; U Ay, we thus have A = {A € S,3,: AN
{(L,b)}UuZ)#0} =T or A=T. Since A# A,p(A) =T, the former holds. O

Lemma 6.3.4 Let a € [4], b € [2,k] and k > 3. Suppose A is an intersecting sub-
family of Syar and A# Ngp(A) = Tyay. Then A= Ty .

Proof. By the argument in the proof of Lemma 6.3.3, we may assume that a = 1
and Ay p(A) =7 = Ty 4. Taking Z, Ay, Ay, A}, Ay and A, to be as in the proof of

Lemma 6.3.3, we now (similarly) have

Ao ={A € Sia){(1,1),(1,0)}[: Z C A}, (6.9)
.All U A/Q =5 = S([z{,;;])’k(Z), (6.10)
AN A, = {ZU{(4 )} K e K]} (6.11)
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For j=1,2,let ;S :={A' €S |[ANZ|=j} and ;A := {4, € Al: |ANZ| = j},
i =1,2. By (6.10) and (6.11),

VAL ULAL =18, (6.12)

oAl = 2 A, =S (6.13)

Suppose 1A} # 0 and 1A, # 0. For each i € [2], let A € 1 A]. Suppose that
Al N A, N Z = (. Then, for some i € [2], k1,ks € [2,k] and k', k" € [k], we have
Al = {(2,1),(3,k1),(4,k)} and A5, = {(2,k2),(3,1),(4,k")}; we may assume that
i = 1. Since A is intersecting, we have 1A}, 1A, cross-intersecting, and hence &' =
E”. We have |[k]\{K'}| > 2 as k > 3. Let ks, ks € [K]\{K'}, k3 # ks. By (13),
Ay = {(2,1),(3,k1), (4,k3)} and A} := {(2,k2),(3,1), (4, ks4)} are in A} U A,. Since
AL N AL = 0, we must have A} € A}. Similarly, A} € A} as A] N A} = (). But this is
a contradiction (to A intersecting) because A5 N A} = (. So A} N A, = {z} for some
z € Z, and hence, by the same argument, A} N A, = Ay N A} = {z} for any A} € 1 A]
and A € 1A}, This gives us 1.4 U 1A, C §'(z), a contradiction to (6.12).

Therefore, 1A} = 0 or 1. A, = (. Thus, since A = AgU A; U As, it follows by (6.9),
(6.12) and (6.13) that A ={A € Syar: [AN{(1,0)}UZ)| >2} =T or A=7T. Since
A # Ay p(A) =T, the former holds. 0

We now come to the proof of 6.1.2, in which we use the Hilton-Milner Theorem.
As in Chapter 3, we use N,,, to denote the "Hilton-Milner-type’ family (@)(1)([2, r+

1)) u{[2,+ 1]}.

Proof of Theorem 6.1.2. The result is trivial for » = 2 because a 2-uniform non-
centred intersecting family can only be of the form {{a,b},{a,c},{b,c}}. The case
k =2 and r = n is also easy because for any A := {(a1, k1), ..., (Gn, kn)} € Spna, the
unique set in S, ,, 2 that does not intersect A is {(a1,3 — k1), ..., (an, 3 — k) }; hence
an intersecting sub-family of S, ,,» can have size at most 2"~ = [N, ,2|. So we now

assume that r > 3 and (r, k) # (n,2).
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Let N := N, ,x. We will assume that
NV < A (6.14)

Let A* := A, ;0...0A,90...0A; ;0...0A15(A). So |A*| = | A|. By Lemma 5.3.1, A* is
intersecting. By (6.14) and Lemma 6.3.1, A* is non-centred. By Lemmas 6.3.2 - 6.3.4,
if A* = N or A* = %73’]6 or A* = ,]lzug then A = N or A= %,3,k or A= 721,4,k- We

may therefore assume that A = A*. Taking X := [n] x [1], Corollary 5.3.2 gives us
AN Ay NX # 0 for any Ay, Ay € A. (6.15)

Define A := {A € A: |[AN X| = ¢} and Aﬁ?) ={ANX: A€ AD}; define N@
and N)({q) similarly. By (6.15), U,_, A is a partition for A. Define w, as in the proof

of Theorem 6.1.1. So
A =D A9 <3 AR wg, N =) INO =D IV (6.16)
q=1 qg=1 q=1 q=1

By considering such partitions and summations, it is easy to check that |7, 3, =
Nnskl and [Ty 4k = |Nyak|- It remains to show that equality holds in (6.14) and that
Ae {Nn,r,k, o3k 721,4,/7@}-

Let Ax := U, Aﬁ?). Since A is non-centred, it follows by (6.15) that

Ax is non-centred. (6.17)
An immediate implication of (6.15) and (6.17) is that
AP =0 =N, (6.18)

Consider 2 < p < min{r,n/2}. If Aﬁ’;) is non-centred then, by Theorem 1.2.2, we
have |AY| < |V, and hence |AP| < INP)|; note that if p = r then |N,,,| = NP,
and if p < r then [N, | < |NP| unless p = 2, AD = (®1x1) and either r = 3 or

r = 4 = n. Now suppose Ag]g) is centred and x € ﬂAeA<p) A. By (6.17), there exists
X
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B € Ay such that = ¢ B. Thus, by (6.15), AY C (%)(x)(B), and hence AP < |IVP)

p
with equality only if p < r and AD =~ NP,
Therefore, we have just shown that
AT < VYL, p = Lo minr [n/2]}: (6.19)

p < min{r,n/2}, p<r, ].Ag?)] = \N)(f)l, Aﬁ? ;”_f/\/)((p)

T X
= p=2, min{r,n—1} =3, Ag?) = (2) for some T" € (3) (6.20)

Case I: 7 <n/2 (son > 6 as r > 3). Then, by (6.14), we have equalities in (6.19).
By (6.20), it follows that either Aﬁ?) ~ NP or r =3 and AY () (T € (3)).

Suppose Aﬁ?) = ./\/')((2). Then Aﬁ? = (3)(x)(A*) for some set A* € (X\T{x}). Let
B = S, k(x)(A*) U{A*}. Clearly, for any C € S, ;\B there exists A € Aﬁ? such
that ANC = 0; thus, by (6.15), A C B. Since B = N, it follows by (6.14) that A = B.

Now suppose r = 3 and Aﬁ? ~ () (T e (%)) Let T :={A € Spps: [ANT| > 2}.
Clearly, for any C' € S,,,x\7' (ie. |[CNT| < 1) there exists A € Aﬁ?’ such that
ANC = ; thus, by (6.15), A C T". Since |T'| = | N, 34|, it follows by (6.14) that
A=T"50 A=T,3.

Case II: v > n/2. Suppose n = r = 3. Then, by (6.17), (6.18) and Ag?) e {0, X},
we clearly must have Ag?) = ([3];[1]). By the argument in Case I, A C T33;. Since
T35k = N3sp, it follows by (6.14) that A = N335

We now consider n > 4. Let n —r < p < n/2. Note that since we are assuming

(r, k) # (n,2),
wy, > wy,_, with strict inequality if p < n/2. (6.21)
By (6.15), for any A € Aﬁ? and B € Ag?*”), we cannot have A = X\ B; therefore
AP 1A < () = IV (6.22)

(note that if p > n —r then NP = (*)((1,1)) and NP — (., )((1,1)), and if

p n—p

p=n—rthen N = (3) (L D){X\(12r + 1] x [1])} and N = ([F)((1,1) U

87



{[2r + 1] x [1]}). We have

AP+ AP = AP [ AT

n

< WPl (") = WDy (by (619), 6:20), (622)

= [Ny + NPy = VW] + (NP, (6.23)

Suppose n — r < 2. Then, by (6.16), (6.19) and (6.23), |A| < |N| with equality
only if equality holds in (6.23). By (6.14), equality holds in (6.23) indeed. Note
that we therefore have |A§)| = \./\f)((z)| by (6.21). By (6.20), either Aﬁ? = )((2) or
min{r,n — 1} = 3 and Aﬁ? ~ (D) (T € (§)). By the argument in Case I, it follows
that A = N or A= 7T, ,,, and the latter holds only if r =3 or n =r = 4.

Finally, suppose n —r > 2 instead. By (6.16), (6.19) (forp=1,2,....,n—7r—1) and
(6.23) (for p=n—r,...,[n/2]), |A| < |N]| with equality iff equality holds in (6.19) for
p=1,2,...,n—r—1andin (6.23) for p=n—r, ..., |n/2]. By (6.14), |A| = |[N]. Since
we thus have equality in (6.19) for p = 2, it follows by (6.20) that either Aﬁ? = J\/}((Z)

2

or r = 3 (note that n —1 >3 asn—r > 2 and r > 3) andAg()%(g) (T € (3)). As

above, this yields A = N or A =T, 5. O

6.4 Conjecture 5.1.1 is true for k > ko(F)

Let F be a family. It is trivial that if o(F) = 1 then Srj is strictly EKR for all .
If a(F) =2, k> 2 and A is a non-centred intersecting sub-family of Sz, then A
can only be a triangle {A € Sri: |AN {(a1, k1), (az, ko), (as, k3)}| = 2} for some dis-
tinct ap, ag, a3 € U(F), and hence the centred sub-family {{(ay, k1), (¢/, k) }: (d, k') €
({az} x [k]) U ({as} x [k])} of Sgy is larger than A. This proves Conjecture 5.1.1 for
families F with o(F) < 2.

We now consider families F with a(F) > 3, and we give the two proofs, mentioned
in Section 6, of the fact that there exists an integer ko(F) such that Conjecture 5.1.1 is
true if k > ko(F). We then compare the two bounds that come out of the two proofs.

The following is an ingredient common to both proofs.
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Lemma 6.4.1 Let n,k € N, k > 3. Let b,x € N such that for all v € [n], the size
of a largest non-centred intersecting sub-family of S s not greater than by y. Let F
be a family with o(F) <n, and let A be a non-centred intersecting sub-family of Sr .

Then |ANSx | < bpy for all X € F.

Proof. Let X € F, and let Ay := ANSx . If Ax is non-centred then |Ax| < b, is a
simple consequence of having a(F) < n. So suppose Ay is centred, i.e. [[,c 4, Al > 1.

Case 1: |(Npgea, Al = 1. Let (z,y) be the unique member of (.4, A. Since A
is non-centred, there exists A* € A such that (x,y) ¢ A*. Let A :== A*NU(Sxx),
and choose A” € Sx such that (z,y) ¢ A” and A" C A”. Clearly, Ax U{A"} is a
non-centred intersecting sub-family of Sx i, and hence |Ax| < b, — 1.

Case 2: [gea, Al = 2. Let I := N 4, A, and let (x1,y1), .., (21, yj1y) be the
distinct elements of I. Since I C A for any A € Ax, x1, ...,z are distinct. If |I| = | X|
then I is the unique member of Ax, so suppose |I| < |X|. Let z* € X\{z1, ...,z }. It
is easy to see that, given that k > 3, we can choose two sets A;, Ay € Sx such that
AN T =A{x1, 01}, AoNT = {x9,y2} and A; N Ay = {(2*,1)}. So Ay U{A;, Ay} is a

non-centred intersecting sub-family of Sy i, and hence |Ax| < b, — 2. O

We now give the first proof, borrowing some ideas from the proof of Theorem 1.2.4

in [25].

Theorem 6.4.2 For a family F with o(F) > 3, let ko(F) := (Ln’;QJ)(Bn—B)"]f\—l—n%-l

where n = «(F). Then Sry, is strictly EKR for all k > ko(F).

Proof. Let k > ko := ko(F), and let B be a non-centred intersecting sub-family of
Spn)k- We first show that there exists a set I of size at most 3n —3 such that |[BNI| > 2
for any B € B. If A is 2-intersecting then we take I to be a set in B. Now suppose
A is not 2-intersecting. Then there exist By, By € B such that |B; N By| = 1. Let
b be the unique element of By N By. Since B is non-centred, there exists By € A
such that b ¢ Bs. Let I := By U By U Bs. Since B is intersecting, BN I # () for all
B € B. Suppose there exists B* € B such that |B* N I| = 1. Since By N By = {b} and

B* N B; # () for each i € [2], we must then have B* N (B; U By) = {b}. Thus, by our
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supposition, B* NI = {b}. But then B* N B3 = (), a contradiction. So |[B N I| > 2 for
all B € B. Now |I| = |By U By| + |Bs| — | B3 N (By U By)|, and hence, by the above,
[I| = (2n—1)+n— (|Bs N B1| 4+ |Bs N By|) < 3n — 3 as required.

Let J be the smallest set such that I C [n] x J. So 1 < |J| < 3n — 3. For each
i €[2,n],let B, :={B € B: |BN([n]xJ)| =ti}. So, by the above, | JI_, B; is a partition

for B. Let g be the quantity > 7" , [{A € Sjj: |[AN([n] x J)| = i}|. We therefore have

1Bl = Z Bl <q=) (ZL) (1) (k — T~

1=
n

< i (?) (Bn—=3)'(k—1)"" < (LnT/LQQ (3n—8)" > (k= 1)

=2

() ()

Since n := a(F), it follows by Lemma 6.4.1 with b, = ((k —1)""! —1)/|F] that if A
is a non-centred intersecting sub-family of Sz then |A] < (kK —1)""! — 1 and hence
|A| < k"1, This concludes the proof because, since n := «(F) implies that there
exists a set X € F of size n, the size of a largest star of Sz, is at least as large as the

size k"' of a star of Sy . O

We now give the second proof, which is based on Theorem 6.1.2 with r = n.

Theorem 6.4.3 For a family F with o(F) > 3, let ko(F) := <(L(n7:)1/2J) + 1) | F|+2

where n := «(F). Then Sy is strictly EKR for all k > ko(F).

Proof. Let k > ko := ko(F). Let A be a non-centred intersecting sub-family of Sg .
For any X € F, let Ay := AN Sx.

By Lemma 6.4.1 with b, = |MN,.x| and Theorem 6.1.2 with r = n, we have
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|Ax| < | Mokl for all X € F. Therefore,

A =D A <D INxxiel <) IVl

XeF XeF XeF

=K"= (k-1D"' 4+ k- 1)|F|

(L4 (B = 1)) = (k= 1" 4k — 1)|]
(5 (” B 1) (k= 1) = (k1) 4 1) 7

_ :— (";1) (k—l)"”+k—1) |F|
< () S es )‘f’

=1

) ((L(nn—_l)l/zj) “) 11__(k(k__1)1) |7

n—1
ko — 2 < k"L
< (ko —2) g >
Similarly to the proof of Theorem 6.4.2, this concludes the proof. O

It is obviously clear that the value of ko(F) in Theorem 6.4.3 is significantly better
than the one in Theorem 6.4.2. As we have shown, this improvement is the result of
removing a ‘non-delicate’ argument borrowed from [25] and applying Theorem 6.1.2

instead.
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Chapter 7

t-intersecting families of signed sets

and partial permutations

7.1 Introduction

A natural question that arises from Conjecture 5.1.1 is whether a similar statement for
t-intersecting families of signed sets is true. Theorem 1.4.4 tells us that for £ > ¢ + 1,
ex(Spnk; t) contains trivial ¢-intersecting families. Together with Conjecture 5.1.1, this
seems to suggest that for any family F and any k& > t + 1, ex(Sry;t) contains trivial
t-intersecting families. This is not true if ¢ > 1. Indeed, consider (r —t +1)(2+51) <
n<(r—t+1)(t+1),and let G:= {A € ("): [AN[t+2]| > t+1}. By Theorem 1.2.5
(with m = 1), |G] > [(")[]]. Let B := {A € Spjpa: AN ([t +2] x [1])] > ¢ + 1}.
By Theorem 1.4.4 (with n = r and m = 0), |B| = |Spj.41[[t] x [1]]]. Taking A to be
the non-trivial ¢-intersecting family {A € S([’;]),Hl: AN ([t+2] x [1])| >t + 1}, we

therefore get

A1~ 1 el 101 = o181 = (™) > o.

which proves what we set out to show.

However, we suggest the following conjecture.

Conjecture 7.1.1 For any t there exists ko(t) € N such that for any family F with
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a(F) >t and any k > ko(t), the largest t-intersecting sub-families of Sry are trivial.

The example that we gave above simply proves that if ¢ > 1 and ko(t) exists then
ko(t) > t + 1. We are able to prove the following relaxation of the statement of the

conjecture.

Theorem 7.1.2 For t < r there exists ko(r,t) € N such that for any family F with
t < a(F) <r and any k > ko(r,t), the largest t-intersecting sub-families of Sr . are

trivial.

We in fact show that ko(r,¢) can be taken to be (}) (t-:1)'

We next pose a similar problem for t-intersecting sub-families of Sk ;.

Conjecture 7.1.3 For any t there exists kj(t) € N such that for any family F with

a(F) >t and any k > ki(t), the largest t-intersecting sub-families of Sy are trivial.

This generalises Conjecture 1.5.3: take F = {[k]}, k > k{(t). We are able to prove the

following analogue of Theorem 7.1.2.

Theorem 7.1.4 For t < r there exists kj(r,t) € N such that for any family F with
t < a(F) <rand any k > ki(r,t), the largest t-intersecting sub-families of Sk, are

trivial.

The value we compute for k§(r,t) is (}) (f’sﬁigfﬁlj)#!_l), + 7+ 1. Theorem 1.5.4 is an
2 [
immediate consequence of this result: take F = (U:}), k> k§(r,t).
We now proceed to the proofs of the two theorems above, employing the notation

in Section 2.1 as we go along.

7.2 t-intersecting families of signed sets

We shall base the proof of Theorem 7.1.2 on the compression technique. We point
out that this can be avoided using an argument similar to the one for Theorem 7.1.4;
however, the compression technique enables us to obtain a neater proof and a better
value for ko(r,t).

For (a,b) € [n] x [2, k], let the compression A, ; be as defined in Section 5.4.
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Lemma 7.2.1 Let F C 2" k >3 and (a,b) € [n] x [2,k]. Suppose A is a non-trivial
t-intersecting sub-family of Sy and Agp(A) C SrilZ] for some Z € (Mf[k]). Then
Al < |Szk[Z]].

Proof. Let Y := {z: (2,]) € Z for some | € [k]}. Given that A,;(A) C SrilZ],
A C Szpyyr and, since A is non-trivial, there exists Ay € A such that |[A,NZ] =1 -1
and Z C Ay := 0,5(A2). So (a,1) € Z and Z' := Z\{(a,1)} C Afor all A € A. Let
Y’ :=Y\{a}. Setting ' := {F\Y'": F € F[Y']} and A" := {A\Z': A € A[Z']}, we
then have A" C Sri(a)k (as A C Sryyp and Y =Y’ U{a}) and |A’| = |A|. Since Ais a
non-trivial ¢-intersecting family and |Z'| =t — 1, A’ is a non-trivial intersecting family.

For F' € F'(a), let Ay == A" NSk . Since A’ is intersecting, A%, is intersecting.
Suppose Ay, # 0. If A%, is non-trivial then, Theorem 1.4.1 or Theorem 6.1.2, | A% | <
EW1=1. Suppose A%, is trivial; so A% € Spri((c, d)) for some (¢, d) € F' x [k]. Since A’
is non-trivial, there exists A" € A’ such that (¢,d) ¢ A’. Thus, since A’ is intersecting,
we actually have A%, C {A € Spx((c,d)): AN A" # 0}, and hence we again get
|AL | < EIFI-L

We therefore have

A= A= 3 Al < 3T RS 3T
)

F'eF'(a) F'eF'(a FeFlY]

and the result follows since > zy S VAl 0

Proof of Theorem 7.1.2. Let F be a family with t < «(F) < r. We may as-
sume that F C 2" for some n € N. Let k > ko(r,t) := (}) (tj;l), and let A* be a
non-trivial ¢-intersecting sub-family of Sz .

Let A:=A,p0...0A,50...0A;,0...0A15(A"). So AC Sry and |A| = |A*.

Also, setting X := [n] x [1], it follows by Corollary 5.3.2 that
|JANBNX|>tforany A, B € A. (7.1)
Suppose A is a trivial ¢-intersecting family, i.e. A C Szy[Y] for some YV € (S),

t

94



S € Sr ). By Lemma 7.2.1, we then have | A*| < |Szx[Y]|, and hence we are done.
Now suppose A is a non-trivial t-intersecting family. If |A"’ N X| = ¢ for some

A" € A then, by (7.1), AN X C A for all A € A, which contradicts A non-trivial.

So |[ANX| >t+1 for all A € A, and hence we obtain a crude bound for the size of

Ap = AN Sk (F € F) as follows:
[E1 p-e-
|Ap| < {A € Spi: [AN(F x [1])]| > t+ 1} < 41 k . (7.2)

Let B € A. Since A is t-intersecting (by (7.1)), each A € A must contain at least
one of the sets in (), and hence A = UC€<B) A[C]. Choose C* € () such that

t t

|A[C]| < JA[C*]| for all C € (¥). We then have

Al=1 U
ce(¥

et ¥ el < ()< (e @
?) ce(¥

)

Set G == {F € F: A[C*] N Spy, # 0} and C := Ugeg Sa.x[C*]. Bringing all the

pieces together, we get

IC| = Z kG-t > Z ko (7, 1) K1 = Z (:) (t—: 1) plGI-t-1

Geg Geg Geg
> (;“ ) S A (by (7.2))
Geg
.
> (7)1 = 1 (by (7:3)
and hence |A*| < |C| < |Szx[C*]| as |A*| = |A|. 0

7.3 t-intersecting families of partial permutations

The proof of Theorem 7.1.4 is based on ideas from the preceding section and ideas
used by Erdés, Ko and Rado [25] for their result concerning t-intersecting sub-families
of ([:f]). Unfortunately, the compression technique fails to work for intersecting sub-
families of 8[’;]’ K-

Let l(n,k,t) be the size of a largest non-trivial ¢-intersecting sub-family of Sk
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and let P; := {(¢,7): 7 € [j]}.

Lemma 7.3.1 Forc,n,t € N, t <mn, let kj(c,n,t) := c(fgﬁigfﬁlJ)#il),anjL 1. Then
2 .

for any k > ki(e,n,t),
Sty k[P > cmax{l(n, k,t), |Sh 4 [Pl }-

Proof. The result is trivial if n = ¢, so we assume that n > t+1. Let k > k(c,n,t), and
let A C S[*;]’k be a non-trivial t-intersecting family of size [(n, k,t). Choose A1, Ay € A
such that |A; N As| < |ANB| for all A, B € A.

Suppose |A; N Ay| >t + 1. Let (i*,j*) € [n] x [k] such that (i*,j*) € A; N As.
Let j° € [k] such that (i,j") ¢ A; U Ay for all i € [n] (note that such a j’ exists
since k > ki(c,n,t) > |A; U Ay]). Let A} = (A\{(#*,j*)}) U (i*,7"). By choice of
', Ay € Sy Let A= AU A} Since [A] N Ao < [A; N Ay, it follows by choice
of A; and A, that A} ¢ A, and hence |A'| = |A| + 1. Also by choice of A; and A,
we have [ANB| > t+1 for all A,B € A, which implies that A’ is t-intersecting.
Since A C A’ and A is non-trivially t-intersecting, [(ca A'| < [aea Al < t. So
A’ is a non-trivial {-intersecting sub-family of Sy, ; of size greater than [A[; but this
contradicts |A| = I(n, k,t). We therefore conclude that |A; N As| = ¢. Thus, since A
is non-trivially ¢-intersecting, there exists A3 € A such that A; N Ay € As, and hence
A1 N Ay N Ag| < 2.

Let [ := A;UAyUA;. Suppose there exists A* € A such that |[A*NI| < t+1. Since
|A1 N Ag| =t and |A* N A;| >t for each i € [2], we must then have A* N (A3 U Ay) =
AN Ay, Thus, by our supposition, A*NI = A;NAy. But then A*NA; = A;NAy;N Az,

which gives the contradiction that |A* N As| < t. Therefore
|JANI|>t+1foral Ae A (7.4)

Now |I| = |A1UA2|+|A3|—|A3|’W(A1UA2)| Since |A1UA2| = 2n—|A1ﬂA2| =2n—t
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t + 1, it follows that
| <(2n—t)+n—(t+1)=3n—2t—1.
Taking J to be the smallest set such that I C [n] x J, we then have
n<|J] <3n—2t—1.

For each i € [t + 1,n], let A; :={A € A: |[AN([n] x J)|=1i}. By (74), U._,., A

i=t+1
is a partition for A. Let z := 370 ., {A € S0 [AN ([n] x J)| = i}[. We therefore

have

k) = A= 3 Al <=3 (‘;") (?)i!(kn__‘j’)(n—i)!

i=t+1 i=t+1

<3 (")
SZ”: (3n—§t+1>#<k_n)(ni)

i=t+1 ’

- <37E?;_—§£:Jl) (n+'—1)' ;:1% —n)"
() () o
<t (i) -

C

The result now follows since we also have |S},, | [Pr1]] < . O

Proof of Theorem 7.1.4. Let F be a family with ¢ < a(F) < r. Let kj((}),n,t) be

as in the statement of Lemma 7.3.1 with ¢ = (;) Let

k> ki(r,t) == max{kS((Z),n,t): n € [r]}. (7.5)

Note that therefore kj(r,t) = kj((}),r,t). Let A be a non-trivial ¢-intersecting sub-
family of % ;. So A C Sy ,, and we may therefore assume that F = FE&Y,

For any F' € F and any family B C 8%, set Bp := BN Sy For all F' € F, choose
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e S

() We show that for all F' € F,

(7)1 < 15l (76)

If A is non-trivially ¢-intersecting then this follows immediately from (7.5) and Lemma
7.3.1. Now suppose Ap is a trivial t-intersecting family. Setting T := mAeAF A,
we then have |T'| > t. If |[T| > t + 1 then (7.6) again follows immediately from
(7.5) and Lemma 7.3.1. It remains to consider |T| = t. Since A is a non-trivial ¢-
intersecting family, there exists A; € A such that T §Z A; and hence [T N Ay| <t. Let
Dy == A; N (F x [k]). Let Fy be the subset of F' such that D; € Sf, ;. Let E; be the
subset of I such that T' € Sy, ;.. Let Fy := Ey\Fy, and let T' be the set in Sp, , given
by T":=T N (Fy x [k]). ¥ T" # 0 and (21,41), ..., (277, Yj17|) are the distinct elements
of T' then take Dy := {(z;,y; + 1 mod k): i € [|T’|]}; otherwise take Dy := ). Let
F3:= F\(FyUFy). If F3 # () then take D3 to be a set in Sk, 13 otherwise take Dy := 0.
Now let Ay := Dy U Dy U D3. Clearly, Ay € Sp,.. Therefore Ap U {A,} is a non-trivial
t-intersecting sub-family of S, because |(\yca,uia,3 A1 = [T N As| = [T'N Dy| =
TN Ay <tandforall Ae Ap, |[AsNA| > |DiNAl =|ANA|l >t By (7.5) and
Lemma 7.3.1, it follows that (})|Ar U {As}| < |S;.[F"]], and hence (7.6).

Now, as in the proof of Theorem 7.1.2, by choosing B € A and C* € (?) such that
|A[C]| < JA[CY]] for all C € (¥), we get

A= () aicl) &

Set G :={F € F: A[C*] NS}, # 0} and C := Ugeg Si4[C*]- Bringing all the

pieces together, we get

Sz 16 = il > X ()Mol = () lAicr) = 4L

Geg Geg

where the strict inequality and the last inequality follow by (7.6) and (7.7) respectively.

Hence result. O
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Chapter 8

The Erdés-Ko-Rado properties of set

systems defined by double partitions

8.1 Introduction

A double partition P of a finite set V' is a partition of V' into large sets V; (0 < i < n)
(the top partition), each partitioned into k; small sets Vii,...,Vi,. The family V(P)
induced by P is the family of subsets of V' that intersect each large set in at most one of
its small sets. Note that Sy ; can be re-formulated as V(P) with k; = k and [Vj;]| = 1
for all i € [n] and j € [K].

Here, we are interested in the EKR and strict EKR properties of V(P)™ for different
values of r, particularly for » < u(V(P))/2.

Let P be a double partition. Throughout the chapter, we shall assume that for
0 < < n, the small sets V;; are presented in non-increasing order of size: |V;1| > |Vja| >
... > |Vig,| > 1. Note that therefore u(V(P)) = 325 |Via,| and a(V(P)) = S35 [Vaul.
The elements of each small set V;; are given some arbitrary ordering and denoted by
Vijs - - - 5 Vijay;, Where ag; = |V,

The case V = Vj, kg = 1 gives V(P) = 2. The EKR properties for this particularly
simple case are therefore given by the EKR Theorem and the Hilton-Milner Theorem
(see Section 1.2).

The EKR problem for the case when the small sets are singletons has attracted
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much attention. Theorem 1.4.3 solves the problem completely for the case when,

furthermore, the large sets are non-singleton sets of the same cardinality.

Theorem 8.1.1 (Theorem 1.4.3 rephrased) Let P be a double partition of V' into
n large sets each of cardinality k > 2, where each small set s a singleton. Then, for
each r € [n],

(i) V(P)") is EKR, and

(ii) strictly so unless k =2 and r =n > 3.
Holroyd, Spencer and Talbot [40] extended Theorem 8.1.1(i) as follows.

Theorem 8.1.2 (Holroyd, Spencer, Talbot [40]) Let P be a double partition of V
into n large sets each of cardinality at least 2, where each small set is a singleton. Then

V(P)™ is EKR for all v € [n).

The case r = n is given by Theorem 1.4.1(i), and it is easy to see that this special case
implies that V(P)*V(®) is EKR for any partition P.

For the case when all small sets are again singletons and at least one large set is
also a singleton, Bey [4] and Holroyd, Spencer and Talbot [40] independently obtained

the following generalisation of the EKR Theorem.

Theorem 8.1.3 (Bey [4], Holroyd, Spencer, Talbot [40]) Let P be a double par-
tition of V' into n large sets, where at least one large set is a singleton and each small

set is a singleton. Then V(P)™ is EKR if r < n/2.

For r > n/2, Bey [4] determined a list of families such that ex(V(P)™) must contain a
member in the list.

A slightly stronger version of Theorem 3.1.4 of Holroyd and Talbot [41] and Theo-
rem 3.1.5 may be combined in the following statement for the case when the small sets

are not necessarily singletons but there are just two large sets.

Theorem 8.1.4 Let P be the double partition V = Vo UV} with ky > 1.
(i) If 1 < w(V(P))/2 then V(P)") is EKR;
(ii) if r < p(V(P))/2 then V(P)") is strictly EKR;
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(iii) if r = p(V(P))/2 and ko = 1 then V(P)") fails to be strictly EKR iff 3 < |Vo| <r
and p(V(P)) = a(V(P)).

Note that if kg = 1 then we get Theorems 3.1.4 and 3.1.5. Only when n = 1, as in the
result above, the problem immediately reduces to the one with ky = 1; see [41]. We
recall from Chapter 3 that for this "reduced" problem, the family {VouUViq, ..., VoUVi,, }
of maximal sets of V(P) is a sunflower.

The main contribution of the present chapter is to develop the method used in
[41] to allow us to prove quite a general result concerning double partitions. Before
proceeding, we note that there is a considerable difference between the case when there
is a set V; that is not further partitioned (that is, V; is both a large and a small set, so
k; = 1) and the case where this is not so. This requires the following modification of
our notation.

Suppose that for some non-empty S C [n] and for all i € S, k; = 1. Then replacing

the large sets V;, i € S, by the single large set |J,_o Vi does not alter V(P). Thus

ies
we adopt the following convention: The set Vj is the unique large set that is trivially
partitioned (i.e., also a small set), and also the only large set that is allowed to be
empty. We say that P is anchored if Vy # (), and unanchored if Vo = (). A double
partition that is given to be unanchored may, if convenient, be described by a top
partition V = U?Zl V; and the empty V| ignored.

The weidth of a double partition P is the number of non-trivially partitioned large

sets.

Our main theorem concerns anchored double partitions and is as follows.

Theorem 8.1.5 Let P be an anchored double partition of width n > 0. Let 1 < r <
w(P)/2. Then:

(i) V(P)") is EKR;

(i3) V(P)") fails to be strictly EKR iff 2r = u(V(P)) = a(V(P)), 3 < |Vo| <7, n = 1.

Clearly, this result significantly generalises Theorems 8.1.3 and 8.1.4 (recall that Theo-
rem 8.1.4 follows immediately from the statement of Theorem 8.1.5 with n = 1). Unlike

Theorems 8.1.1 and 8.1.2, this result in general does not hold for p(P)/2 < r < a(P);
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examples can be constructed easily, especially for anchored partitions of width 1 (see
[41]).

Removing the anchor condition from Theorem 8.1.5 seems to make the problem
much harder. However, in the special case of an unanchored double partition of width

3 where all the V;; have the same cardinality, we have the following result.

Theorem 8.1.6 Let P be an unanchored double partition of width 3 such that every
small set is of size c. Then V(P)") is strictly EKR for all r < u(V(P))/2 = 3¢/2.

8.2 Crossing sets

Let Y := {Xo, X1, ..., X} be a family of disjoint non-empty finite sets, ¥ := Ui:o X,
x; = |X;| (0<i<I),y:=1Y|. Asubset AofY isa crossing set of Y if ANX; # () for
1=20,1,...,. We denote by *) the family of crossing sets of ); thus, for [+1 < m <y,
xY(™ is the family of crossing m-sets of Y. We denote |*Y)| by (zq,...,z;)™ or,
where the z; are clear from context, by y™). These numbers mimic the behaviour of
the binomial coefficients (;7’1) in some respects; in particular, they have the following
property.

Lemma 8.2.1 Ifl+1<m<y/2 and m <m’ <y —m, then

() < y(m)

with equality if and only if m' =y —m and [ = 0.

Proof. For each A € *Y™) there are (W%Z”m) sets B € *Y™) that contain A (since
every m/-subset of Y containing A is also a crossing set). Moreover, any such set B
has at most (”ni) subsets that belong to Y™, Counting in two ways the pairs (A, B)

with A € XY B e *Ym™) we obtain

o Yy—m iy [TV
y (27 ) <y (M), 8.1)

Since (’;ﬁ:) = ( "i/m), the inequality holds under the stated conditions and is strict

m/

when m' <y —m.
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Now consider the case m’ = y — m. If | = 0 then y(™ = (iﬁj) = (:f/) = y(m),
so assume [ > 1. We shall show that the inequality (8.1) is strict by finding some
B € *Y) having an m-subset A such that A ¢ *Ym,

There exists X; € Y such that |X;| < y/2. Let z := |X;|. Choose B € *Y™)
such that |B N X;| is as small as possible; that is, |B N X;| = max{1l,m’ — |[Y\X;|} =

max{1,m' —y + z}. Then, since m < y/2, we conclude

|IBN(Y\X;)| =min{m' — 1,y — 2z} > min{m’ — 1,y/2} > m.

Therefore, there exists A C B N (Y\X;) with |[A| = m. Then A ¢ XY™ as

required. O

Remark. We note that (8.1) still holds if we replace *)™ by any subset M of )™
and XY by N := {B € *Y"): A C B for some A € M}. Thus, by Hall’s Marriage
Theorem [36], there is an injection f: XY™ — *P0™) guch that A C f(A) for all

A e xpm)

Let [+ 1 <7 <yandve X, Wecall a family *Y")(v) a crossing r-star of Y. A
family F of crossing sets of ) is said to be strongly intersecting if AN BN Xy # () for
any A, B € F.

We now prove an ‘EKR-type’ theorem for strongly intersecting families of cross-

ing sets. (The proof is actually the most technically complex part of proving Theo-

rem 8.1.5.)

Theorem 8.2.2 Let Y := {Xy,...,X,} be a family of disjoint non-empty sets and let
Y =UL_ Xi,2<q+1<r<|Y]/2. Then:

(i) the crossing r-stars with centres in X are extremal strongly intersecting sub-families
of * y(r)}.

(i1) these are the only extremal such families, unless 3 < |Xo| <r =1Y]/2 and ¢ = 1.

Proof. Let F be a strongly intersecting sub-family of (). A necessary condition
for it to be extremal is that it be a maximal such family, and we may therefore assume

this. Let G := {AN X,: A € F}; then by maximality, F = {A € *Y™: AN X, € G}.
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Thus, for any P € G with |P| = p and any crossing (r — p)-set @ of {X,... , X},

we have PU (@ € F so that
H{AcF: AnXo= P} = (z1,...,2,)" 7P,

Similarly, let ) (v) be a crossing r-star with v € Xy and let H := {AN Xy: A €

*Y(v)}. For any P € H with |P| = p we obtain
{A €YD (v): AN Xy =P} = (z1,... ,2,)"P.

We shall denote (z1,... ,z,) by x.

We thus have a weighted Erdds-Ko-Rado problem to solve concerning intersecting
families of subsets of X.

It is convenient to set w := xg and x := y — w. Observe that for any crossing r-set

A of Y, we have s < |AN Xy| < t, where s := max{1l,r —x} and ¢t := min{r — ¢, w}.

w—1

Thus, partitioning G and H by cardinality, and noting that |[H®| = (p_1

), we need to

show that

t

t
, —1
Y IgP X < 3T (;‘;_ 1)X<r—p> (8.2)
p=s

p=s

and that, if G is non-centred, then the inequality is strict unless ¢ = 1 and 3 < w <
r=1Y]/2.

To establish (8.2), it is sufficient to show that:

1. if either p = ¢t = w or p < w/2, then
G |x(r—P) < (’Zj)X(T—p)

(that is, |G| < (“’71));

p—1
2. if w/2 < p <min{t —1,w}, then
G |x(r=P) 4 |Gw=r) |x(r=(w=p)) < (w—ll)x(r—p) + ( w1 )XT—(w—p))'

— \p— w—p—1

Statement 1 follows easily since if p = w then (1;’:11) =1 and G® is either empty or

consists of the single set, X, and if p < w/2 then |GP)| < (;‘:11) by the EKR Theorem.
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To prove Statement 2, observe that the strong intersection condition implies that no
set in G® can be the complement in X, of a set in G~ and hence |G®)| 4 |GW—P)| <

(Z) Thus, for such a pair p, w — p:

|g(p)|X(7'—p) + |g(w—p)|x(r—(w—p)) < (<w> _ |g(w—P)|) x(r=P) |g(w—p)|x(r—(w—p))'
- p

Since ¢ <w—p <y/2and w—p < p <y— (w—p), the conditions of Lemma 8.2.1
hold with [ = ¢—1, m =r —p, m" = r — (w — p). Since the EKR Theorem gives
us |[GP)| < (w‘f;il) = (“’;1), it follows that the maximum value of |G®)|x("—P) +
|Gw=P)|x(r=(w=P) is obtained when |GWP)| = (w;l) = |H®=P)| and |G| = (1;) —
(“’;1) = (1;__11) = |H®)|, and unless x""?) = x("=(=P)) "this is the only way to achieve
the maximum. This already verifies (8.2) and hence part (i) of the theorem.

To prove part (ii) of the theorem, observe that (unless | Xy| = 1, when the theorem
is trivial) p < w/2 for at least one p € [s,t]. Thus, unless x"~(W=P) = x(=P) e
know that G® is a star, say with centre v. Then every other set of G must intersect
cach element of G®), and hence F = *Y()(v). So the only possibility for an extremal
non-star occurs when:

(a) x=(w=P) = x(=P) for every p € [s,t] with p < w/2 < w — p;

(b) there is no p < w/2 with w —p > t.

By Lemma 8.2.1, (a) happens only if 2r —w = z (that is, r = |Y|/2) and ¢ = 1. Clearly
we also require | Xo| > 3 in order to obtain a non-star for G. Finally, (b) requires w <,
and part (ii) is proved.

Finally, we note that if ¢ = 1 and 3 < |X,| < r = |Y|/2 then we may construct
a non-star family A of crossing r-sets such that |A| = [V (v)| (where v € Xj) as
follows. Let B := {A € XY (v): AN Xy = {v}}, C:={Y\A: A € B}. Then define

A= (Y w)\B)uC. O

8.3 Double partitions and compressions

We shall now develop some further notation.

Let P be a double partition. Recall that, within each large set, the small sets are
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ordered by size. The set V and the small sets V;;, 1 < i < n, are said to be the floor
sets, while the remaining small sets V;;, 1 <i <n, 2 < j <k;, are said to be the upper
sets. The union of the floor sets is said to be the floor and is denoted by F'.

We now define the compressions that we will be used in the main proofs.

Fori=1,..,n, j=2,..k;, define §, ;: V. — V by §, j(vijp) = vi1, (p =1,...,a;5),
and 0; j(v) := v otherwise. Thus, each J, ; maps an upper set to the corresponding floor
set and leaves all other small sets unaffected.

Let A € V(P). We may denote {0, j(x): © € A} by 0; j(A); note that 6, ;(A) € V(P).

Define the compression operation A;; on sub-families A of V(P) by

Aii(A) ={0;(A): Ac A U{A e A: 6, ,;(A) € A}

The following lemma outlines the fundamental properties of A; ;(A).

Lemma 8.3.1 Let A be an intersecting sub-family of V(P). Then

(i) Aij(A) CV(P).

(ii) | A (A)] = | Al

(iii) A; j(A) is intersecting,

(iv) if V' is a union of upper sets of V(P) such that (AN B)\V' # 0 for all A, B € A,
then (C N D)\(V'UVi;) # 0 for all C,D € A, j(A).

Proof. (i) and (ii) are straightforward, and (iii) follows from (iv) by setting V' = 0.
We now prove (iv).

Let C,D € A;j;(A). IfC ¢ A, let A € A such that §,;(A) = C. If D € A,
let G := 6;;(D) (note that in this case G € A); otherwise, let B € A such that
5:;(B) = D.

If at least one of C, D belongs to A, we may assume D € A. If also C € A
then (C N D)\(V'UV,;;) 2 (CNG)\V' (since GNV;; = 0), and C,G € A; hence
(CND\(V'UVy,) £ 0. If C ¢ Athen (CND\(V' UVy) D (ANG)\V' # 0.

If C,D ¢ A then (AN B)\V' # (; moreover, C N D = §; ;(AN B) and hence
(€N D\VUVy) £ 0. 0
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Lemma 8.3.2 Let A* := Ajg0...0A 1, 0...0A0,50...0A7,; (A), where A is an
intersecting subfamily of V(P). Then

(i) A* C V(P).

(ii) |A*] = |A],

(ii1) A* is an intersecting sub-family of V(P),

(iv) ANBNF #0 for any A, B € A*,

Proof. Each part follows by repeated application of the corresponding part of Lemma

8.3.1. 0

Throughout the remainder of the chapter, we use A* as in the statement of Lemma
8.3.2.

Let A C V(P)™ be an intersecting family. By (i) and (ii) of Lemma 8.3.1, if A is
non-centred and A; ;(A) is a star of largest size, then V(P)(" is not strictly EKR. Thus,
in order to demonstrate the strict EKR property of V(P)™) by considering families that
are obtained through compression operations, we must first show that a star of largest
size cannot be obtained from a compression operation on a non-centred intersecting
family. Now when P is anchored, then a star with centre in V[ certainly cannot be
obtained through a compression operation A;; on any other sub-family of V(P)®.
Moreover, if x € Vo, y ¢ Vo and 7 < u(V(P)) then more sets of V(P)™ contain z but
not y than contain y but not z, and hence the stars with centres in V|, are precisely
those of maximum size. Thus, for an anchored double partition, a star of largest size
can never result from a compression operation on a non-centred intersecting family.
However, for the more general case when the double partition may be unanchored, we
require the following less trivial result, the proof of which also employs Lemma 3.3.3.

(In the statement and proof of this lemma, we abbreviate V(P) to V.)

Lemma 8.3.3 Let P be a double partition, let r < u(V)/2, and suppose that A is an
intersecting sub-family of V") such that A # A ;(A) =V (2) == {A eV :z e A}
for some x € V and some compression A; ;. Then |Vij| = |Vii| and A = V" (y) :=
{Ae VW ye A}, where y € Vi and x = 5, ;(y) (€ Vir).
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Proof. Let A* € A\A;;(A). So §;;(A*) € A;;(A). Since A;;(A) = V(2), z €
8ij(A*). Since A* ¢ A;;(A) =V (2), z ¢ A*. So z € 6; ;(A*)\A*. So z = §; ;(y) for
some y € A*NV,;, j>1,and z € V.

Let M be any maximal set of V that contains A* U Vj;, and let Ay = {A €
ANVD(y): Ac M}. Let N := M\{y} and A, := {A\{y}: A€ Ay} C (V), where
r=r—1<upuWV)/2-1<|M|/2—-1=(|M|-1)/2—1/2 < |N|/2. Suppose A" € A},
and B’ ¢ A}, for some B’ € (NT\,,A/). Then A" := A'U{y} € Ay, B" := B U{y} ¢ A,
and 6, ;(B") ¢ Asince §; ;(B")NA" = (. So §; ;(B") € V" (2)\A;;(A), a contradiction.
Therefore, if A’ € Aj, then B’ ¢ A, for all B' € (V). Also, A*\{y} € A},. By
Lemma 3.3.3, A}, = (V). Hence Ay = {A € V" (y): AC M}.

Since 2r < u(V), for any A € V"\ V) (y) there exists B € Ay such that ANB = .
So A € VD(y). Since [V (x)| > [V (y)| (as [Vi| > [Vij]) and [A] = |Ay;(A)| =
V) ()], it follows that |A] = V") (y)| = [V (x)|, and hence |V;;]| = |[Vi]. O

8.4 Proof of Theorem 8.1.5

Let P be anchored. In the proof that follows, we abbreviate V(P) to V.

If » = 1 then there is nothing to prove, so we may assume r > 2 and thus (V) > 4.
Moreover, |V| > 5 since V; is non-trivially partitioned. Since a non-centred family of
2-sets must be of size 3, it immediately follows that V is strictly 2-EKR. We therefore
assume 3 < r < p(V)/2.

Now let A be an intersecting sub-family of V() such that
|A’| < |A| for any intersecting family A’ c V). (8.3)

By Lemmas 8.3.2 and 8.3.3, we may assume that A = A*, and hence (by Lemma 8.3.2(iv))

that
ANBNF #( for any A, B € A. (8.4)
Let x be a fixed element of Vj, and let 7 be the star of V() with centre x.
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We now develop a notation for partitioning sub-families of F(") in accordance with
their intersections with the upper sets.

Let U :={(i,7): 1 <i <n,2 <j < k;}; that is, U is the set of subscript pairs
associated with the upper sets of P. By (8.4), each set of A intersects at least one floor

set and thus at most r — 1 upper sets. This is true also of 7. Thus, let
U:={SCU:|S| < (i1,51) # (i2, j2) € S implies iy # iz}

(note that () € U). Then a family B of elements of V(") each intersecting at least one
floor set is partitioned as follows: B = | Jg, Bs where Bg is the sub-family of B whose
sets intersect all the sets V;, (4,7) € S, and no other upper sets. For S € U, let Fg
denote the union of those floor sets that are not ‘under’ any of the upper sets of S:
Fs=F\ U(z’,j)eS Vi1. Then, for S # (), a sub-family By is a family of crossing r-sets in
which Fg takes the role of X and the upper sets take the role of the X; for ¢ > 1 (see
Section 8.2); moreover, for Bg = Ag, we have Bg strongly intersecting by (8.4).

Therefore, by Theorem 8.2.2(i), |Ag| < |Js| for each S € U\{0}. By the EKR
Theorem, we also have |Ay| < |Jp|. Thus |A] < |J]| (which proves (i)). By (8.3),
|A| = |J|, and hence |Ag| = |Ts| for each S € U.

For any S € U, if we can show that Ag = (V™) (v))s for some v € F, then it
follows that A C V) (v), since for all A € V]y| there exists B € (V" (v))g such that
ANB =), as every maximal set is of size > 2r. We have already noted (in Section 8.3)
that |V (v)| is maximised only if v € V; hence, if we show that Ag = (V) (v))s for
some v € F, then, by (8.3), A = V™ (v) where v € V4.

Ifr <u(V)/20rr=puV)/2 <a(V)/2=|F|/2 then by taking S = () and applying
the Hilton-Milner Theorem we indeed obtain Ag = (V") (v))g for some v € F (since
[As| = |Ts]).

Ifr=pV)/2 = «(V)/2 and n > 1 then we choose S such that |[S| > 2. By
Theorem 8.2.2, As = (V") (v))g for some v € F.

It remains to consider the case n = 1. Recall that we are assuming r» > 3. If

[Vo| < 3 or |Vy| > r then we take S = {(1,7)}, j > 1, and again apply Theorem 8.2.2.
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If 3 < |Vy] < r then the non-centred intersecting family (J\{A € J: ANV, =
{2}Hu{A e V. ANV, = V\{z}} € V™ has size equal to |J|. Thus the strict

EKR property fails only in the cases stated in the theorem. a

8.5 Proof of Theorem 8.1.6

Recall that P is unanchored with n =3, a;; = ¢ (j = 1,...,k;, i = 1,2,3) and V = 0.
For simplicity, we assume that k; < ky < k3. As in Section 8.3, Vi1 U V5 U Vi3 is the
floor, denoted by F, and as in Section 8.4, we abbreviate V(P) to V.

Suppose 27 < (V) (= a(V)) and A is an intersecting sub-family of V(™ that is not
a star. By Lemma 8.3.3, A* is not a star either. Thus, using Lemma 8.3.2, we may
assume that A = A* and that ANBNF # () for any A, B € A.

Let D; :={0,....k;}, i = 1,2,3. For any (dy,ds,d3) € Dy x Dy x Ds, let Ay, 4,4,
be the sub-family of sets A € A such that ANV, # 0 for all ¢ such that d; # 0, and
ANV =0 otherwise. So the families Aqg, 4, 4, partition A. Let J be the star of V(")
with centre vy1; and partition it similarly. Note that J is a star of largest size.

By Lemma 8.3.2(iv), for any (di,ds,ds), (d},d,,ds) € Dy x Dy x Dg such that
Ady dyas 7 0 and Ag g 0, # 0, we must have d; = d; = 1 for some i € [3]. We now

consider two cases.

Case 1: {i € [3]: d; = 1} = {i'} for some Ay gyas # 0. Then dy = 1 for any
Ady dyas 7 0. Thus, let Q be the double partition obtained from P by deleting the
small sets Via,... , Vig,; then A is a subfamily of G := V(Q). Now Q is an anchored
partition of width 2, and hence, by Theorem 8.1.5, G is strictly EKR. So |A]| <
VO (vinn)| < 1T

Case 2: |{i € [3]: d; = 1}| > 1 whenever Ay, 4,4, # 0. So the non-empty classes
can only be Ay 11, Agy 11, Ardy1, and Ay g4, d; € D; (i = 1,2, 3).

Let Ay :=A111UAp11UA 01 UA; 1 and, similarly, Jp := J111 U Jo1.1 U J101 U
Ji110- (These are the sub-families of A and J that consist of r-subsets of F'). By
Theorem 1.2.1, |Ag| < |Jol.

Now, for do > 1, Ay 4,1 is a family of crossing r-sets for Y = {Vi; U Va1, Vi, },
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obeying the conditions of Theorem 8.2.2. Thus, for all dy € [2, ko], we have | A} 4,1] <
V0 (v111)] = [ Trdy1 UT1dy 0l Similarly, if d3 > 1 then | Ay 14, < |T11.d5 U T104s]- In
particular, we note that if k3 > ki then | Ay 1 ay| < |J11.d5 U T10.45] for by +1 < ds < k.

The remaining sub-families Ay, 4,4, that need to be compared with sub-families of
J are {Aj14,Aq11:2 < d < ki}. Our strategy is to show that |A; 14| + [Ag11] <
\J10.4l + |Tiaal + | Ti2.4l, d =2, ..., ki, from which the result clearly follows, since we
shall have made comparisons linking all the sub-families of A with sub-families of 7,
and at least one of these comparisons involves a strict inequality.

Let us fix d € [2, k] and define A" := A, 14U Ag1,1. We now define two bijections,

01: Va1 — Vi1 and dy: Vig — Vay, as follows.

51(031;0) = V11p (p =1,... ,C);

52(U1dp) :’Ugdp (p: 17 ,C).

For any X; C V3, Xy C Vig, we may denote {0;(z): x € X;} and {0s(z): = €

X} by 01(X;) and 62(X5) respectively. Now define an injective mapping 6: Ag11 —

(V11UV31UV3(1) by

0(A)=01(ANV3)U(ANVa)Us(ANVi) (A€ A1)
Define the compression A on A’ by
A(.A/) = ./4171’(1 U {(5(14) Ac Ad,l,l} U {A - .Ad7171: 5(14) - ‘Al,l,d}'

Now let B = A(A/) Thus, B = BLLd U Bd,l,l where 81117d = A1717d U (B\A) and
Bd,l,l = B\Bl,l,d-

Claim 8.5.1 (i) |B| = |A|.
(i1) AN BN (Vi3 UVay) #0 for any A, B € B.

Proof. (i) is straightforward.
We now define f: A" — B by f(A) =0(A)if A € Ay11 and §(A) ¢ Ay14, and
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f(A) = A otherwise. So f is a bijection. We prove (ii) by showing that

FA)NF(B)N (Vin U Vo) # 0 for any A, B € A'. (8.5)

We recall that, by Lemma 8.3.2(iv), ANBNF # () forany A, Be A. If A,B € Ay 14
then (8.5) is immediate. If A € A;14 and B € Ay1q then f(A) N f(B) N Vy =
AN BNVy # (), and hence (8.5). Suppose A, B € A;11. Since AN BN (Vay UVsy) # 0,
if 0(A),d(B) ¢ Aj14 then (8.5) is straightforward. Suppose d(A) € A;14 and §(B) ¢
Aj 4. Since 6(A)N BN Vs # 0, we have ANJO(B)NVy # ), and hence (8.5). Finally,
suppose 0(A),0(B) € A114. So AN BNV # 0 because AN §(B) N Vo # 0; hence
(8.5). O
By Theorem 8.2.2,

\Bi1.dl < |J104l + | T11.4]- (8.6)

By Claim 8.5.1(ii), we have AN BN Vs # 0 for all A, B € By1,1. By Theorem 8.2.2,
1Baia| < |J124l- U |Baia] < |J124| then we are done.

Suppose |Bgi11| = |J124]- By Theorem 8.2.2(ii), there exists v € Vi such that
Byii = Ka11 where K := V(). Let C:= {A € Byy1: AN Vy = v'}. C # 0 since
2r < (V) = 3c. Let C € C. If there exists A € By 14 such that v' ¢ A then ANC = (),
a contradiction. So By 14 C Ky 1,4, and hence | By 1 4] < |Ki1.4] = |J1,1,4]- Since 2r < 3,

we have | J10.4| > 0, and hence a strict inequality in (8.6). It follows that |A| < |J|. O
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Chapter 9

An extension of the Erdds-Ko-Rado
Theorem and multiple

cross-intersecting families

9.1 Introduction

For the purpose of this chapter only, we define families A* and A’ on a family A C 20"

as follows:

A ={Ae A: AnNB #{ for all B € A},

A= A\A"={4Ae€ A: AN B =0 for some B € A}.

Here we first show that the elegant cycle method by which Katona [42] obtained
a beautiful short proof of the EKR Theorem extends to a proof of the significant
extension of the EKR Theorem that was revealed in Section 1.1 and that is stated
formally as Theorem 9.2.2 below. We then demonstrate the usefulness and importance
of Theorem 9.2.2 by showing that it yields a slight extension of Theorem 1.6.3 almost

immediately.

113



9.2 Results and proofs

If o is a cyclic ordering of the elements of a set X, and the elements of a subset A of

X are consecutive in o, then we say that A meets o.

Lemma 9.2.1 Let r < n/2. Let o be a cyclic ordering of [n], and let B C C :={B €
([’:]): B meets o}. Then

B+ B <
n
and if r < n/2 then equality holds iff either |B*| =r and B' =0 or B* =0 and B' =C.

Proof. Clearly there are n r-subsets of [n] that meet o, i.e. |C| = n. So the result
is straightforward if B* = (). Suppose B* # 0. Let B* € B*, and let xy,...,z, be
the consecutive points in o such that B* = {zy,...,x.}. For i € [r], let C; be the
r-set in C beginning with z; in o, and let C] be the r-set in C ending with z; in
o. Let D := {C},...,C.} U{C],...,Cl}. Note that B* = C| = C/ and hence D =
{B*}U{Cy, ..., C.}U{C, ...,Cl._, }. By the definitions of B* and B, we have B*UB’ C D
(because B* € B*) and, since r < n/2, C;_, ¢ B* U B’ for any j € [2,7] such that
C; € B*. It follows that there are at least |B*| — 1 sets in D\(B* U B’), and hence

|B'| < [D| = |B*| = (|[B*] = 1) = 2r — 2[B"|. So
* T * 1 / * 1 *
B+ ~|B| < B[+ 5|B| < B + 5(2r — 2|B*]) =1,

and it is immediate from this expression that if -~ < % then equality holds throughout

iff |B*| = r and B’ = (). Hence result. O

Theorem 9.2.2 Let r <n/2 and A C ([:f]). Then

r—1

-1
AT+ |4 < (” )
n

and if r < n/2 then equality holds iff either |A*| = ("_}) and A’ =0 or A* =0 and
A=)

r

Proof. If A’ = () then the result is trivial, so we consider A" # (). Let &£ := ([’Z]). For a

cyclic ordering o of [n], a family F C £ and aset E € &, let F, := {F € F: F meets o}
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and

1 if E meets o;
O(0,FE) =

0 otherwise.

Note that
(A, U (A = (A,)" U(A,) and (A%, C (A,)*. (9.1)

Let N be the set of all (n — 1)! cyclic orderings of [n]. Note that any r-subset of [n]

meets r!(n — r)! cyclic orderings of [n]. We therefore have

=) (|47 + A = Y sl =r)i+ = 3 rl(n =)

A*eA* Ale A
=Y Y oA+ =Y S o0, )
A*eA* ceN n Ale A’ ceN

I
M 3
—
]
iy
9
E

)+ > 0 A’))

A*e A* Ale A

<3 (AT +ZIAYT) By (01)  (92)
< r (by Lemma 9.2.1) (9.3)
=r(n—1)!,

which yields the inequality in the theorem.
Now suppose r < n/2 and we have equality in the theorem. So we have equality in

(9.2) and (9.3). The former equality and (9.1) clearly give us

(A%)s = (As)" and  (A); = (AJ)". (9:4)
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The equality in (9.3) and Lemma 9.2.1 give us that for any o € N, if (A,) # 0 then
(A,) = &, (and (A,)* = 0). Thus, by (9.4),

for any o € N, if (A'), # 0 then (A), = &,. (9.5)

Let A be any set in A’; recall that we are considering A" # (). Let B be any set
in (["}T\A). We can choose 045 € N such that both A and B meet 04 5. Since

Aec (A)oyp and B € &, ,, we have B € (A')y, , by (9.5). So B € A’". Therefore

A’ = € by Lemma 3.3.3. Hence result. a

For convenience, we state our slightly extended version of Theorem 1.6.3 in full.

Note that the slight improvement is given by parts (ii) and (iii) below.

Theorem 9.2.3 (Extension of Theorem 1.6.3) Ifr <n/2, k> 2, and Ay, ..., Ay

are cross-intersecting sub-families of ([Z]) then

I
—_
™
—
3
L
~—
=
™
V
I3

Suppose equality holds and Ay # ():

(i) if k <n/r then Ay = ([2]) and A; =0 fori=2, .., k;

(ii) if k > n/r then Ay = ... = Ay, and |A;| = ("2));

(iit) if k =n/r > 2 then Ay, ..., Ay are as in (i) or (ii).

Proof. TLet A := J', A, Clearly A* = U, A* and A = U\, Al. Suppose
AiNA; #0,0# j. Let A A;NAj. Then there exists A; € Aj such that AN A; =0,
which is a contradiction because A € A;. So A;NA; = () for i # j, and hence

|A'| = 328, |4)]. Applying Theorem 9.2.2, we therefore get
k k k " .
oAl = LA+ S A < 1A kA < (T) e DAl 00
i=1 i=1 i=1

Suppose k£ < 2. Then Zle |A;| < (), and equality holds iff A* =@ and A= A" =
(™). 1f A€ Ay and B € ("M*)\ A, then B ¢ A;, i =2, ...k, and hence B € (")\ A
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Thus, if A = ([:]) then the conditions of Lemma 3.3.3 hold for A; (recall that A; # (),
and therefore A} = A = ([:L]). Hence (i).
Next, suppose k > 2. Then, by (9.6) and Theorem 9.2.2,

aie )+ () =400

and equality holds iff A} = ... = Ay = A* and |A*| = ("_]) = |A|. Hence (ii).

Finally, suppose k = 2. Then, by (9.6), Zle |A;| < [A'|+ 2| A%| < (7). Suppose
k > 2. Thus, since k = 2, v < Z. Therefore, if A* = () then A is as in the case
k<2, and, since |A'| +2|A*| < (") implies |A*| + Z|A'| < ("]), it is immediate from

Theorem 9.2.2 that if A* # () then A" is as in the case k > *. Hence (iii). O
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Chapter 10

Erdds-Ko-Rado with monotonic

non-decreasing separations

10.1 Introduction

For a monotonic non-decreasing (mnd) sequence of non-negative integers {d;};en (i.e.

0<d; <dy <..)and aset X CN, we define

P({dz}zeN) = {{Cll, ...,(lr} CN:re N7 A;iy1 > Q4 + dai,i = 1, ey T = 1},

PX({di}ieN) = P({dz}zeN) N 2X.

If X = [n] then we also write P, ({d; }ien). For convenience and neatness of notation, we
assume that {d;};cy is some fixed mnd sequence, and we drop the argument ’({d; };en)’
from any of the notation for the families defined above unless we consider a different
sequence.

In this chapter, we are concerned with the extremal intersecting sub-families of P,
Due to some fundamental differences, we will treat the case d; > 0 separately from the
complementary case d; = 0. One difference has to do with the extremal structures.
Another difference is that, as we will show, the EKR property holds for all r if d; > 0,
whereas it is not guaranteed to hold for d; = 0 and «(P,)/2 < r < a(P,)/2. A simple
example for the latter case is that if d; = 0 for all ¢ € N and n/2 < r < n then P

is non-centred, intersecting, and of course larger than the star of P with centre 1;
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other examples with 0 = d; < d,,_; can be easily constructed.

For the case d; > 0, we determine every single extremal structure and exactly when
it arises (i.e. for which sequences {d;};cn it is extremal); the proof is self-contained.

For the case d; = 0, we determine precisely the cases when 737(;") has the strict and
non-strict EKR property for r < a(P,)/2. The proof is based on the EKR Theorem,
the Hilton-Milner Theorem and Theorem 9.2.3. Although we do not give an extensive
list of all the extremal structures for the non-strict EKR case, we give a characterisation
in terms of necessary and sufficient conditions that their sets must satisfy.

The answer to the EKR problem for the case when d; = d for all i € [n — 1] is
known. If d = 0 then P\ = (["]), and hence we know precisely what are the extremal

T

intersecting sub-families of PT(LT); see Section 1.2.

Theorem 10.1.1 (Erdds, Ko, Rado [25], Hilton, Milner [38]) Suppose

d; =0 for alli € [n —1]. Let A be an extremal intersecting sub-family of 2

(i) If r < n/2 (which is equal to o(P,)/2) then A is a star of P

(i1) If r = n/2 then for any A € Py = ([Z]), exactly one of A and [n]\A is in A.

(iii) If r > n/2 then A= {P{"}.

Holroyd, Spencer and Talbot proved the EKR property for d > 0, but they left the

problem of determining the whole set of extremal structures open.

Theorem 10.1.2 (Holroyd, Spencer, Talbot [40]) If d; = d > 0 for all i € [n —

d — 1] then the star of P with centre 1 is an extremal intersecting sub-family of Py

To be able to state our main results, we need to develop some further notation and
definitions. We point out to the reader that, for various purposes (such as statements,
proofs, explanations) in this chapter, the notation in Section 2.1 will also be used, and

heavily so for the proofs of the main results.

10.2 Further notation, definitions and main results

For a finite set A C N, let

[(A) :==min{a € A}, u(A):=max{a € A}.
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For i,r € N, define P, := {p1,...,p,} € P by p1 := i and pj41 = p; +dp, +1,
j=1,...,7—1(if r > 1). We need to define P, := 0.
For r < a(P,), let

k= max{i: u(P;,) <n}.

For ¢ > 2, let

Ei ::{aé[i—l]:a+da2i}, €; = ’Ez’

Clearly, since {d; };en is mnd,
E; = [j,i— 1] for some j € [i — 1].
For any z € Z :== {0} UNU{—n: n € N}, let s,: P — 2" be defined by
s:(A) ={a+z:a€ A}
We will often use the fact that
AeP,l(A)>2, ze[l(A)—1] = s_.(A) eP,

which is again a consequence of {d;};cy being mnd.

We say that Py, is symmetric if P, = Pl ({df = d}ien) for some d € NU {0},
otherwise we say that P, is asymmetric. Note that if a(Pp,) > 1 then Pp ) is
symmetric iff e, = d,.

Suppose dy =ds =1,y € P3, = s1(P,), r > 2, and for

max{a € [y]: d, = 1} if P, is asymmetric;

Yy if P, is symmetric,

m = 2t + 1 for some ¢t € N. Then we say that P?ST) is type I, and we say that A C ngr)
is special iff A= {A,..., A} U (P (O\{By, ..., B,}) for some q € [t], where

Ay =Py, =P3, UPy 0,4, Byi=P,UP, 11,4,
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and for all ¢ € [t — 1] (if t > 1),
Ajpr={2j:jeifu{2j+1:j€fi+ Lt} UPniory, Bii=s1(Aip).

Clearly, a special family as above is PZ,(,T) (y) iff ¢ = t and P, is symmetric. Also note

that

A(C PgY)) special; P, asymmetric or A # py) (v)

= P()(y) U (P, Py} C A, (10.1)

That a special family is intersecting is not difficult to check; however, for the sake of
completeness, this is proved in Section 10.4 (Lemma 10.4.4).

If P, is asymmetric, y € Py, = sg_1(P1,), k = ky,, and k < dy + 1 then we say
that PZST) is type II. Note that Py, = sg_1,(P1,) implies P, = s1(Pi_1,), i = 2,...,k
(if £ > 1). An example of a type II family is Pl(g)({d;*}ieN) with dj = d5 = d§ = 2 and
& =di = d = 3.

This brings us to our first and main result.

Theorem 10.2.1 Suppose d; >0 and 2 <r < a(P,).
(i) If P is type T then ex(PY)) = {PY (1)} U{A C PV A special }.

(i1) IfPT(LT) is type 11, or P,, is symmetric but P is not type I, then ex( T(LT)) = {PT(LT)(l),

(iii) In any other case, ex(P{”) = {P{"(1)}.
Clearly, this immediately yields the strict and non-strict EKR property for d; > 0.

Corollary 10.2.2 Ifd; > 0 and r < «(P,,) then P is EKR, and strictly so unless

P s type 1.

The following is our result for the complementary case d; = 0.

Theorem 10.2.3 Suppose dy = 0 < d,—1 and r < «(P,)/2. Let m = min{i €
[n]: d; #0}. Let A C P
(i) If n € Pyo. and m =2r — 1 then A € eX(P£T)> iff
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(a) AJ{2r — 1,2r, o0} = (P7)\{[2r — 2)\A: A € A(2r — 1)(n)}, A(2r — 1)(n)
intersecting,

(b) Ay (P2 = Ay 0 (P eex((P2), i=2r —1,..,n — 1, and

(c) Any N (P2 and A(2r — 1)(n) are cross-intersecting.

(i) If n € Pioy and r +2 < m < 2r — 2 then A € ex(PY) iff for some j € [m — 1]
and Ho C (MDA = Ho U (P (G)\[Pra\A: A € Ho}).

(iii) If n ¢ Pyo, orm <7+ 1 then A€ ex(PY)Y iff A =PV (j) for some j [m —1].

This result and Theorem 10.1.1 give a characterisation of the extremal structures for

the case d; = 0. Tt is easy to see that they yield the following.

Corollary 10.2.4 Ifd; =0 and r < a(P,)/2 then P s EKR, and strictly so unless

n € Py o and max{i € [2r — 1]: d; =0} > r + 1.

10.3 The key fact and the compression operation

An interesting key fact is that the 'forward” mnd separations separations d; induce

"backward’” mnd separations e; with the following additional property.
Proposition 10.3.1 Fori> 2, e; <e;jq <e; + 1.

Proof. If E; = [i — 1] or E; = () then ;.1 < e; + 1 trivially. Suppose E; # [i — 1] and
E; # (. Then E; = [j,i — 1] for some j € [2,7—1]. So (j — 1) 4+ d;—1 < i, and hence
Eiy1 € E; U {i}. Therefore ;41 < e; + 1.

If E; = 0 then e; < e;, trivially. Suppose E; # (). Then E; = [j,7 — 1] for some

J € [i —1]. Since d;j41 > d;, we thus have (j +1)+dj41 > j+d;+1>i+1. So

[7+ 1,4 C E;4q, and hence |E;| < |E;41]. Therefore e; < e;41. O
Using the above result, we can now prove the compression lemma for our problem.
For p,q € N, let A, ,: 27 — 27 be as defined in Section 2.2.

Lemma 10.3.2 Let A* be an intersecting sub-family of P. Let p,q € N such that

d, >0 and d, > 0. Let A:= A, ,(A").
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(i) If p=q — 1 then A{q) and Alq[ are intersecting.
(i) If p=q— 1 and e, < e, then A(q) U Alq| is intersecting.

(iii) If p=q+ 1 and d, = d, then A(q) and Alq| are intersecting.

Proof. By Proposition 2.2.1(i), A]q] is intersecting.

Note that if p=¢—1 or p = ¢+ 1 then, since d, > 0 and d, > 0, P[{p, ¢}] = 0.

Suppose p = ¢ — 1. Let w := max{l,q — e, — 1}, and let P € Plw[(q). Then
PNnw,p] =0, w=max{l,p—e,}. If p—e, >1then 1 <w < p—e,since ¢, < ¢,
by Proposition 10.3.1. Since P N [w,p] = @, we thus have P N [max{1l,p —e,},p] = 0,
implying (P\{q}) U {p} € P. So PJw[ is (p, q)-compressed. By Proposition 2.2.1(iv),
(i) follows.

Suppose p = ¢ — 1 and e, < ¢,. Let P € P(¢q). Then PN [max{1l,q— e,},p] = 0.
Since ¢ — e, =p+ 1 —¢, < p — e, we thus have P N [max{1l,p —¢,},p] = 0, implying
(P\{q}) U{p} € P. So P is (p, q)-compressed. By Proposition 2.2.1(iii), (ii) follows.

Suppose p = ¢+ 1 and d, = d;. Let w := ¢+ d, + 1, and let P € Plw(q).
Then PN ip,p+dy) = PNipw] = PNpw—1 = PNlg+1,q¢+d,] = 0, and
hence (P\{q}) U{p} € P. So Plw| is (p, q)-compressed. By Proposition 2.2.1(iv), (iii)

follows. O

10.4 The case d; >0

Throughout this section, we assume that d; > 0 and «(P,) > 2. We set

ni=n-—e,—1.

Note that n’ > 1 since «(P,) > 2. So n’ + d,» < n, and hence

dn/ < €n.

Lemma 10.4.1 k,,, = kyr1.

Proof. Let k :=k,, and k' := ky,—1. So w(Py,) < n < u(Pytr,) and u(Py,—q) <

n' < u(Pyy1,-1). Thus, since u(Py 1) +duyp, H+1<n'+dy+1<n'+e,+1=mn,
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we have u(Py ) <n, and hence k' < k. Now,
U(Pyy—1) = u(Pry) — €uip,) — 1 S u(Pry) — (en — (n —u(Pp,))) — 1 =10/,

where the first inequality follows by n — w(Fy,) applications of Lemma 10.3.1. So

k < K'. Since k' < k, the result follows. O

Lemma 10.4.2 Suppose 1 < q < o(Py_1) and either P, is symmetric or P@Sq) 15 type
II. Then s1(A) € Pgsq) for any A € 7335(1_)1.

Proof. If ¢ = 1 or P, is symmetric then the result is straightforward. So consider
q > 2 and P?Sq) type II. Setting k := k,,, we then have y € P,, = s,_1(P,) and
k <dy+1. For each i € [dl + 1], let Pi1 < ... < Dig such that Pi,q = {pi,h "'api,q}' By

definition of P, 4, pi; = pij—1 +dp, ., + 1 for each j = [2,¢]. Since Py, = sp_1(P1q),

i,j—1
Prj = p1,; +k—1for each j € [g]. Thus, for each j € [2,q], prj1+dp, ,, +1=pr; =
(pLj—l + dpl,j—l + ].) + k— 17 and hence dpk,j—l = dpl’]._l +p1,j—1 + k—1 _pk,j—l = dpl,j—l'

Therefore, for each j € [¢— 1], d

e, = dp, ;, and hence, for each i € [k], d),, ; = d,, ; (as

dp1,j < dpi,j < dpk,j = dm,j)'

Now let A € Péq,)l, and let a; < ... < ay <y — 1 such that A = {ay,...,a,}. Let
h € [q], and let Ay := {ag—pt1, ..., a4}; 80 |Ap| = h. Since y € Py, and k = k,,, we
have Py, n = {Prg-nt1, - Prgq} and prg =y. Since ag <y —1=ppq — 1 and {d;}ien
is mnd, it follows that ag_p+1 < prg-nt1 — 1. So a; < pp; — 1 for all j € [¢]. It is
straightforward that we also have p; ; < a; for all j € [¢]. Sop1; < a; < pg;—1 for all
Jj € [g]. Since we established that d,, , = d,, , for any i € [k] and j € [q — 1], the result

follows. O

Lemma 10.4.3 Suppose P, is asymmetric, P,(n) (= P,) is symmetric and either

Pn(1) (= Play12m)) is symmetric or dy > dy. Then a(P,) < 3.

Proof. Since P, is asymmetric, we have d; < e,, and hence d; = ... = d, < dp4; for
some p € [n']. Since P, is symmetric, it follows that (p 4+ 1) + dp1 > n'. Let p; <
p2 < ps < pa such that Py = {p1,p2,p3,pa}. Sop1 =1, p2 =di +2, p3 = p2 + dp, + 1,

p4=p3—|—dp3—i—1.
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Suppose p < dy + 1. Then p+1 < po, and hence p3 > (p+ 1) +dpi1 +1 > n' + 1,
pr> (M +1)+dysr +1>n+1. Sou(P4) > n, and hence a(P,) < 3.

Now suppose p > dy + 2. So dy = dy as dy < dy < d, and d; = dp. Thus, by the
conditions of the lemma, P4, 2, is symmetric. Since d; +2 < p and d; = ... = d,,,

dg, 12 = dy. So dg, 42 < e,, but this contradicts Py, 42, symmetric. O

Lemma 10.4.4 Let A C PZST) be a special family as defined in Section 10.2. Then A

1S tntersecting.

Proof. We are required to show that for any ¢ € [t], the sets that do not intersect A,
are members of {Bj, ..., B,}. Recall that d; =1 for all i € [m] (m =2t +1).
Consider first ¢ = 1. So A, = P3,. Let B € Pér)(l) such that BN A, = 0, and let

B':= B\{1}. Since BN Py, =0 and dy = 1, [(B') > 4. So B" := B'U{2} € P} as

(r)
[27:[/71}7

since BN P3, = ) implies n ¢ B”, we have B” = P,,.. So B = (P, \{2}) U{1} = B,

dy = 1. Now, given that y € Ps, = s1(Ps,), P», is the unique set in P and hence,
and hence A is intersecting.

Now consider ¢ > 1. So A, ={2j:j€lg—1}U({2j+1: 7€ [¢q.t]UPrio,t) =
Py 1 UPyi1,—gi1. Now Pogyi,gi1 = P3\Psgo1. Since y € P3, = s1(Pa,), we
have y € Pyyi1,—g+1 = S1(Pogr—g+1), and hence C := Py, ,_,+1 is the unique set
in 73[(2:;:1]). Note that C N A, = 0. Let D be a set in P[(zrq__qul})\{C} such that
DNA;,=0. Theny ¢ D (since y € A;) and 2¢ — 1 € D (otherwise D € 79[(2:;:1]),
which leads to the contradiction that D = C'). Now dy, = 1 and, since 2¢ +1 € A,
2¢+1¢ D. So E := (D\{2q — 1}) U{2¢} € 73[(27;;:1]), and hence £ = C. So
D = (C\{2q}) U{2¢ — 1}. Since P,,1 C Ay, P41 is the unique set in 732(3:;) that
does not intersect A,. Therefore Fy := P,y UC and F, := P, .1 U D are the only
sets in PZST) that do not intersect A,. It is clear from the above that [y = B,_; and

Fy, = B,. Hence result. O
Lemma 10.4.5 IfP, is symmetric or PA) s a type 11 family then ]Py) (y)| = ]P;r)(1)|.

Proof. If r = 1 then the result is trivial, so we assume r > 1 and prove the re-

sult by induction on r. If P, is symmetric then the result follows immediately by
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symmetry, so suppose PZ,(,T) is a type II family. Clearly, y > u(Py,). If y = u(P1,)
then PY” = {P,} = P{(1) = P (y). We now assume that y > u(Py,) and
proceed by induction on y. Since Pér) is type II, we have y € P, = s, ,—1(P1r)
and k,, < dy + 1; note that this implies y € Py, \{kyr} = sk, —1(P1-\{1}) and
dy + 2 =1(P,\{1}) < U( Py, \{kyr}) < (dy + 1) + dagy41 + 1 < dg, 42 + (dy + 2). Since
Py (1) = Plg, 2., it follows that either P, (1) is symmetric or P, (1)~ is isomorphic to
a type I family in the obvious way. Also, it is fairly straightforward that either P,|1[ (=
Play)) is symmetric or P,J1[™ is isomorphic to a type IT family in the obvious way.
Therefore, by the inductive hypotheses, we get |P,(1)"Y(y)| = |P,(1)"Y(d; + 2)|
and [P,)1[0 ()] = [PJOQ)]. So [P ()] = [PALC(d +2) + [P (2)] =
Py (1) (dr + 2)| + [Py (1)]{2,3, ..., ds + 2}]|, and hence the result follows if dy = d;.
Since u(Py,) <y € Py, ., ky, > 1. Thus, as we showed in the proof of Lemma 10.4.2,

dy = d; indeed. O

We now come to the proof of Theorem 10.2.1. Recall from Section 10.2 that
s_o(A) e Pit Ae P, I(A) > 2 and z € [I[(A) — 1]; this tool will be used often in

the proof.

Proof of Theorem 10.2.1. Let J := PY(1). If P{ is type I and A* C Py is
special then trivially [A*] = |J]|, and Lemma 10.4.4 tells us that A* is intersecting.
Lemma 10.4.5 tells us that [P (n)| = |J| if either P, is symmetric or Py is type IL

Thus, taking
A* € ex(P™M), (10.2)

the result follows if we show that |A*| = |J| and that if A* # J then one of the
following holds:

- P s type I and A* is special;

- A* =P (n) and either P, is symmetric or Py is type 1.

Given that r < a(P,), we have P" # § and hence A* # 0.
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Suppose r = 2 and A* is centred. Then A* = P\ (i) for some i € [n]. If ¢; < d;
then, since {d;};en is mnd, we clearly must have ¢ < dy, in which case n > i + d; as

A* #£1(. So

A" | =i—1—¢; + max{0,n — (i +d;)}
= n—1—d; 1fe,<d1,n>z+d“

n—l—dz—ez ifeiZdl,n>i+di,

and hence |A*| <n —1—d; = |J| with equality iff either i = 1 or i = n and e, = d;.
Thus, by (10.2), either A* = J or A* = P’ (n) and P, is symmetric.

Next, suppose r = 2 and A* is non-centred. Then A* can only be of the form
{{a1,a2},{a1,as},{az,a3}} (a1 # az # az # ay), which implies {ay,as,a3} € P,. If
az > as + 2 then |777(12)(a1)| > {{ar,an}: h € |ag,as]}| > 4 > | A*|, which contradicts
(10.2). So az = ay + 2, and hence d,, < 1. Since 1 < d; < dg,, do, = di = 1. So
|J| = n — 2, and hence, since |A*| = 3, n < 5 by (10.2). Also, n > a3 > ay +2 >
(@ +2)4+2>5. Son =25, and hence a; = 1, ay = 3, a3 = 5, d; = d3 = 1. Together
with the above, this clearly settles the result for r = 2.

We now consider » > 3. Since n > u(Pyp,)) and r < a(Py), n > u(Py,). If
n = u(Py,) then the result is trivial since we get A* = P = {Py,}, so we assume
that n > u(P;,) and proceed by induction on n.

Let A:=A,_;,(A"). Since A(n) C A*(n), we have
Ap-1n(A(n)) € A*(n); (10.3)
and since A* is intersecting, the following holds:
Aec An[, ANB =0 forsome B€ An) = n—1€ A, 0pn,—1(A) € A*. (10.4)

Note that P,(n) = P,s. Since we are considering 3 < r < a(P,,) and n > u(Py,), we

clearly have 2 <r —1 < a(P,) and 3 <r < a(P,_1). So A(n) C PS;_I) #0, T(n) =
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POV £ 0, Aln[c PV, #£ 0, Jlnl = P (1) # 0. Now, by Lemma 10.3.2(i), A(n)
and A|n[ are intersecting. So the inductive hypothesis yields |A(n)| < |J(n)| and
|Aln[| < |J]n[l, and hence |A| < |7]|. Since |A| = |A*| and A* € ex(P{), we obtain
Al = 7| and

J € ex(P). (10.5)

So |A(n)| = | T (n)|, |An]| = |T]n]|, and hence, since the inductive hypothesis gives us
T(n) € ex(PUY) and J]n[e€ ex(P")), we have

n/

Aln) € ex(PUY), (10.6)
Aln[e ex(P)). (10.7)

Thus, by the inductive hypothesis again, the following must hold:

A(n) = J(n) or A(n) = P,(Lf_l)(n’) or A(n) is special; (10.8)
Aln| = Jn| or Aln| =P, (n — 1) or Aln[ is special. (10.9)

Suppose A(n) = J(n). Then J(n—1) C A,_1,(A(n)), and hence J(n—1) C A*
by (10.3). Suppose A*]1[(n) # 0. Let A € A*]1[(n) and B := (s_1(A\I(A4))) U {1}.
Then B € J(n—1), and hence B € A*. But AN B = (), contradicting .A* intersecting.
Next, suppose A*|1[|n[# 0. Let C' € A*]1[|n] and D = (s_1(A\(I(A) Uu(A))) U {1}.
So D € A(n), and hence E := DU {n} € A*. But CNE = 0, contradicting A*
intersecting. So A*]1[]Jn[ = 0. Since we also established A*]1[(n) = 0, A*]1[ = 0. So
A* C J. By (10.2), A* = J.

We now consider A(n) # J(n). Thus, by (10.8), A(n) = Pr(ffl)(n’) or A(n) is
special. We also keep in mind that An[ is as in (10.9).

Suppose ky,—1 = 1. If A(n) is special then k, ,_1 = 3, so A(n) = Péﬁ_l)(n’). By
(10.6) and the inductive hypothesis, either P, is symmetric or 737(;_1) is type II. So
u(Py,, 1) =n'. Together with k., , = 1, this gives us A(n) = {P1,1} = J(n),
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a contradiction. So
bt ro1 > 2. (10.10)
Thus, by Lemma 10.4.1,
ko > 2. (10.11)

We will consider the case P, symmetric separately from the case P, asymmetric.

Case 1: P, symmelric. So [P (n)| = |7, and hence P{”(n) € ex(PY”) by (10.5).

Now, in this case, we clearly have n € P, .. By (10.11), k,,, > 2. The case k,, = 2
is trivial since then P = 777(1”(1)(71) U{Pi,, Py} and either A* = Py(f)\{ngr} =J
or A* = Pr(LT)\{PL’I‘} =P (n).

Consider next k,, = 3 and d; = 1. Since P, is symmetric, n = 2r + 1. Note
that this is the unique case when P,, is symmetric and P,Sr) is type L. Let A; := P5,,
Ap1 =Py, and Ay = {2j:jefiju{2j+1:5€ei+1r]},i=1.,r—1L
Let B,y1 = {1} U P5,_1 and B; := s_1(A4;i11), i = 1,...,r. For each i € [r], let S;
be the special family {4, ..., 4;} U(J\{Bu,..., Bi}). Since |S1] = ... = |S,| = |T|, it
follows by (10.5) that S,...,S, € ex(PY). For each i € [r + 1], |A* N {4;, B;}| < 1
as A; N B; = 0. Since |A*| = | 7| (by (10.2), (10.5)) and PSNT = {44, ..., Arsr}, we
actually have |A* N {A;, B;}| =1 for all i € [r + 1]. Suppose A* # J. Then A4, € A*
for some ¢ € [r + 1]; assume that ¢ is the largest such integer. Suppose ¢ > 1 and
there exists p € [2,¢g] such that A, € A* and A, ; ¢ A*; then, since B, 1 N A, =0, we
get the contradiction that [A* N {A4,_1,B,_1}| = 0. So A, € A* for all p € [g]. Since
AN A1 =0, ¢ <r. Therefore A* is the special family S,.

Now suppose that either d; = 1 and k,, > 4 or d; > 1 and k,, > 3. Then, by
Lemma 10.4.1, 73,(;_1) is not type I, and hence A(n) is not special. So A(n) = 777(;_1)(71/),
and hence Ay := Py, ,—1U{n} € A", Ay := (A41\I(A1)) U{l(A) —1} € A" (we have
[(A2) > 2 because, since [(A;) = ky -1 and k,, > 3, [(A;) > 3 by Lemma 10.4.1).
Let A := Ay;(A*). By Lemma 10.3.2(iii), A'(1) and A'|1[ are intersecting. By an

argument similar to the one for A above, A’(1) and A’'|1] must obey conditions similar
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to (10.8) and (10.9); in particular, A’(n) must be P[(gljrlg’n](dl +2) or 73[(;;12)7”] (n) (note
that, since P, is symmetric, A'(n) cannot be isomorphic to a special family just like
A(n) cannot be special). Suppose A'(1) = PF;1;12)7n1(d1 +2). Taking A3 :=s_1(A4;), we
then have Ay := (A3\{l(A43),1(A3\l(A3))}) U{1,d;y + 2} € A*. If I(A;) = dy + 2 then
Ay N Ay = 0, otherwise A; N Ay = 0; a contradiction. So A'(1) = P[(jljrlg)’n](n). Since

P, is symmetric, we can use an argument similar to the one we applied for the case

Aln) = J(n) to obtain A* = P{”(n).

Case 2: P, asymmetric. Note that therefore e,, > 1. As we showed above, the following

are the cases that must be investigated.

Sub-case 2.1: A{n) = PU"Y(n’). Thus, by (10.6) and the inductive hypothesis,

n

either P,/ is symmetric or PU g type II. So

n

s Pry -1 = Sk, —1(Prro1), (10.12)

n',r—

where £,/ ,_1 > 2 by (10.10).

Suppose A|n[ is special but not Pff,)l(n — 1). By definition, we have k,_;, = 3,
di =1, u(Ps,) = n—1, and hence w(Py,41) = u({1} U Ps;,) =n—1. So u(P,) =
(n—1)—e,-1—1<n-—e,—1=n', where the inequality follows by Proposition 10.3.1.
Since kp -1 = kny > kno1r = 3 > di + 1 (where the first equality is given by
Lemma 10.4.1), 737(:,"71) is not type II. So P, is symmetric with e, = d; = 1. Suppose
uw(Py,) < n'. Since P, is symmetric, we then get P, = s;(P;,) and u(P,) <n’. So
Ay =Py, oU{n'} € A(n). By (10.1), P,, € AJn[. Since A;N P, =0, (10.4) gives us
n—1 € Py ,, which contradicts w(Ps,) =n—1. Sou(P,,) =n'. Since P3,_1 = P, \{1}
and A(n) = Pét'_l)(n’), we therefore have Py, € A(n), and hence Ay := P;,_1U{n} €
A*. Since Ps, = 0,1 ,(A2), we obtain Ps, € A* by (10.3). Now, since A]n] is special,
P3, = s1(P2,) and, by (10.1), A3 :={1,n— 1} U (P,_1\{2}) € AJn[. So Ay N A3 =0,
and hence Ay := 0,,-1(A43) € A* by (10.4). But then P, N Ay = (), a contradiction.
We therefore conclude that AJn[ = Jn[ or Aln| = P (n—1).

n

Sub-sub-case 2.1.1: Aln[ = J|n[. Let Ay == (P, -1,—1\{n' —1})U{n'}. Note
that n'—1 € P, 1,1 by (10.12). Since A(n) = Péfﬁl)(n’), we thus have A; € A(n).

130



Suppose kyr—1 > 2. Then Ay := (Pkn/,,._flrfl\{kn’,rfl —2hHu{l,n—2} € AJn[. By
(10.12), we have Prs 11 = Sl(Pk;n,’T_l_Q’r,‘_l), and hence A; N Ay = (). But then
(10.4) gives us n — 1 € Ay, a contradiction. So k,,—; < 2. By (10.10), kp 1 = 2,
and hence u(Py,_1) = n' by (10.12). Thus, A3 := P,—; € A(n) and, by (10.12),
n' —1=wu(P,_1). Suppose d,y_1 < e,. Then (n'—1)+dy_1+1<n'+e,—1=n-2,
and hence Ay := Py, 1U{n—2} € P (asn'—1 = u(Py,_1)). So A4 € AJn[. Since (10.12)
implies A3 N Ay =0, (10.4) gives us n — 1 € Ay, a contradiction. So d,y_1 = d,y = e,,.
Thus, since w(Py,—1) =n' —1 and Py,—1 = s1(Pi,—1) (by (10.12)), we have P, =
P, U{(n=1)+e,+1} = P, U{n—1}, P, = Po, 1U{n +e,+1} = P,,_1U{n},
and hence Py, = 5,(P1,_1U{n—1}) = s1(P.,). So P\ is type II. Now u(Py,) = n—1
implies A|n[ = {P;,}. Since P, € PT(LT_I)(n’) = A(n) C A*(n) and P, NPy, =0,
it follows by (10.4) that A*|n[ = 0 and A*|n’[(n) = {(Pi,\{n — 1}) U {n}}. So
An'[(n) = PO [(n) as w(Pr,\{n—1}) = w(Py,_;) = n’— 1. Since A(n')(n—1) =0,
we have A*(n/)(n) = A(n)(n), and hence A*(n')(n) = P (n')(n). Therefore A* =

Sub-sub-case 2.1.2: Aln[ =P\, (n—1). Suppose d, < €,. Then A; := Py U
{n — 1} € AJn[. Recall that A(n) = 77,(;71)(71’). Thus, by (10.12), Ay :== Py, +1 U
{n} € A(n), and hence A, € A*. Since A; = 6,_1,(A42), A1 € A* by (10.3). By
(10.10), Ky py —1 > 1580 let Ay := Py, 1,1 U{n—1}. We have A3 € AJn[, and
Ay N Az = 0 since Ay = s1(As) by (10.12). Hence Ay := 0p,,-1(A3) € A* by (10.4).
But A, N A, = Ay N As = (), a contradiction. So d,, = e, which implies e,_; = e,,.

Let A€ Aln|. Sincen—1€ Aand (n—1)—e,1—1=n—e,—2<n —1,
we have n’ ¢ A and B := A\{n — 1} € Pr(fj). Since P, is symmetric or 731(;,"_1) is
type IT, Lemma 10.4.2 gives us s,(B) € P V. So C := (s1(B)\u(s1(B))) U {n',n} €
2 (n)(n). Since Pr(f)(n’)(n) = A(n) C A*(n), C € A*. Since AN C = (), it follows
by (10.4) that A ¢ A* and 0,,-1(A) € A*|n/[(n). We have therefore shown that
An[(n) = 0, A*]n[ = 0 and A|0[(n) = App1(An)) = Apn 1 (P (0 — 1)) =
PYIn/[(n). Since Aln[(n/) = 0 implies A*(n)(n) = A(n')(n), we have A*(n')(n) =
P () (n). So A* =P (n).
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We now need to show that P,(f) is type II. Since e,,_; = e, and P,, is asymmetric,
P,_1 is asymmetric. Since Aln[ =P (n — 1) € ex(P\",), it follows by the inductive
hypothesis that Pér_)l is type II, and hence k,,_; , < d; +1. By the inductive hypothesis
for A(n) = 73,(17,"_1)(71') € eX(P,S,“_l))7 either 73727;_1) is type Il or P, is symmetric. If
777(;,"71) is type II then, by definition, k,,_1 < d; +1. We now show that this inequality
also holds if P, is symmetric.

So suppose we instead have P, symmetric and k,,—1 > d; + 1. Then {1,n} U
By, i1 € PT(LTH), and hence r < a(P,). If P,(1) is symmetric or dy > d;
then Lemma 10.4.3 gives us a(P,) < 3, and hence r < 2; but we are now con-
sidering 7 > 3. So P,(1) is asymmetric and dy = d;. Let A := Ay;(A*). By
Lemma 10.3.2(iii), .A’(1) and A’]1] are intersecting. The inductive hypothesis gives
us A1) < [Pu()0D(dy +2)] = [P (1) + 2) and [N < [PJIOQ2)] =
P ()42,3, .. de+2}]] < [P (1)]{2,3, ..., di+2}]], and therefore | A < [P (1)(dy+
2 + [PID2,3, ..., dy + 2} = |PY(1)]. Since | A = |A| and A € ex(P), it
follows that |A'(1)| = |P, (1) (d; + 2)| and |A']1[| = |P,]1[")(2)]. Since the in-
ductive hypothesis gives us P,(1)""Y(d; + 2) € ex(P,(1)" V), we therefore have
A'(1) € ex(P,(1)"=Y). Thus, by the inductive hypothesis, one of the following holds:
(a) A'(1) = P (1)(dy +2)V, (b) A(1) = P.{1)(n)"Y, (c) A'(1) is isomorphic to
a special family. Suppose (a) holds. Then Py, 10,1 € A'(1), and hence P, € A'(1).
So P, € A" as A'(1) C A*; but this clearly contradicts A* = P (n) and (10.11).
Suppose (c) holds. Since P, (1) is asymmetric, (10.1) then gives us Py, 40,1 € A'(1);
but, as we have just shown, this leads to a contradiction. Hence (b) holds. Since
P(1) is asymmetric, it follows by the inductive hypothesis that P, (1)"~Y is isomor-
phic to a type II family, and hence, by definition of a type II family, we must have
r —1 = a(P,(1)); but this clearly contradicts r < a(P,).

Therefore, as we claimed earlier, &,/ ,_; < d;+1. So k,,, < d;+1 by Lemma 10.4.1.
Now, since P,(f_)l istype I, n—1€ Py, |, = Sk,_,,—1(P1,). Since e,_1 = ey, it follows

T

that n' — 1 = (n - 1) —ep1— 1€ Pknq,r,r—l = Skn71,r—1(PLr—1>' Since either PT(L/_I) is
type IT or P, is symmetric, n' € Py,  »—1 =8k,  —1(P,-1). Therefore P, , . 1=

51(Pr,_ypr—1) and k,_1, = Ky 1 — 1. Since d,y = ey, we have n' + d,y +1 = n, and
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hence Py, =P,  ,—1U{n}asn'=u(F.,  ,-1). Bringing together the relations

we have just established, we get

Pkn,rﬂ" = S]-(Pkn—l,rﬂ"_l) U {n} = 31 (Pkn—l,ryr_]- U {n - 1}) = S]-<Pkn—1,r77")

= $51(Skp1,-1(P1r) = Skp1, (Prr) = Sk, —1(Pryr)-

Together with Lemma 10.4.1, this gives us Py, , » = S,,-1(P1,,). Since we also estab-

lished k,,, < dy +1and n € P, ,, ") is type 11.

Sub-case 2.2: A(n) special, A(n) # 73,(;,"71)(71’). By definition and (10.1), n’ €
Ps, 1 = s1(Poy_1) and Py,_q, P31 € A(n). Taking )y := P, U {n} and Q3 :=
P;,_1 U{n}, we then have Q1,Qs € A*(n) (as A(n) C A*(n)).

Suppose Ajn| = 777(17‘_)1(71 —1). So Ay :=54(Q3) = Po,1 U{n —1} € AJn| and
Ay = Py, 1U{n—1} € AJn[. Since Ay = d,-1.,(Q1), it follows by (10.3) that Ay € A*.
Since A; N Q3 = (), we have Az := P, U{n} € A* by (10.4). Now, by (10.7) and
the inductive hypothesis, we should have P,Y_)I type II or P,,_1 symmetric, and hence
Py, = s1(P1,); but then Ay N A3 = (), a contradiction. So AJn[ # P,Srjl(n —1).

Next, suppose A|n[ is special. Then Ay := s;(P,) = P, = P3,_1U{n—1} € Ajn|
and, by (10.1), Ay == {1,n — 1} U (Ps,—1\{2}) € A|n[. Since A; = 6,-1,(@Q3),
(10.3) gives us A; € A*. Since A2 N Q3 = Ay N dpn_1(41) = 0, (10.4) gives us
Az = 0pn-1(A2) € A*. But A; N A3 = 0, a contradiction.

Therefore AJn| = J|n[. Suppose dy—1 < e,. Then (n' —1) +dy_1+1 <n' +
en—1=n—-2. Nown' —1¢€ Po,qyasn € P31 = s51(Py,—1). Taking A, :=
{I,n — 2} U (P,—1\{2}), we thus get A; € AJn[NA*. However, since )3 2 n’ <
n—2—dy_1 <n—3implies n — 2 ¢ Q3, we also get A; N Q3 = ), a contradiction. So
dn—1 = ey, and hence d,y_y = dy = e, (as dy < e,). Thus, since u(Po,—1) =n' —1
and w(Ps,—1) = n/, w(Py,) = (W —1)+dy_1+1=n"+e, =n—1 and similarly
w(Ps,) =n. So Py, = Py, U{n} = s1(Po,_1U{n—1}) = s1(P,,). Given that A(n)
is special, d; = d3 = 1. Since P,, is asymmetric, we therefore have e, > 1, and hence
m := max{a € [n|: d, = 1} < n'. Thus, since A(n) is special, m = 2t + 1 for some

t € [n']. So P is type 1.
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It remains to show that A* is special. Let us take A;, B;, 1 = 1,...,t, to be as
in the definition of a special family with y = n in Section 10.2. Since n € P, =
PsyUPior—t = 51(Pay) = $1(Pat U Py p—t), we have n € Pio,y = S1(Prt1r-t)s
and hence n € A; and n—1 € Py, C B; for all i € [t]. For each i € [t], let
Al = A\{n}, B} .= B\{n — 1}, B/ := B/U{n}. If r = t+ 1 then Pi0,+ =
P21 = {m + 2}, and hence n = m + 2, which clearly contradicts m < n’ and
dn = e, > 1 (which we established above). So r > ¢ + 2, and hence P, 40,+-1 # 0,
Pri1r—t—1 # 0. Clearly, for all i € [t], A, = (A\Pni2,—t) U Pny2,——1 and B) =
(Bi\Prm+1,—t)UPni1,r—t—1 (recall that P4, C B;). Therefore, since A(n) is special,
A(n) = {A}, .., A} U (Pg_l)(l)\{Bi,...,Bé]}) for some ¢ € [t]. So A} := A(n) =
(AL, A U PV () ()\{BY, .., B}). Since A(n) C A*(n), A; C A*. Now, we also
have Ajn[ = J)n[ = P, (1). So A5 == P (1)]n — 1] = An[ln — 1[C A*. Finally,
consider A € Aln[(n — 1) = P, (1)(n — 1). If A = B; for some i € [g] then, since
A;N B; = 0 and A; € Aj, we must have A ¢ A* and (A\{n — 1}) U {n} € A"
If A ¢ {B,...,B;} then (A\{n — 1}) U {n} € A}, and hence A € A* by (10.3).
Setting A3 := A"\ (A} U A3), we therefore have A% = (P (1)(n — )\{By, ..., B,}) U
(B, ..., BI}. So A" = AT U A3 UA; = {Ay, ., A U (P (O\{B1, ..., By}). So A* is

special. O

10.5 The case d; =0

We start with a lemma concerning sets in hereditary families.

Lemma 10.5.1 Let F be hereditary. If there exist Fy, Fy € F such that Fy N Fy = ()
and |Fy| = |Fy| = a(F) then for any F € F there exists F' € F such that FNF' =0
and |F| + |F'| > a(F).

Proof. Let FF € F. If FF C F; then the result follows immediately by taking
F' e (a(f)flfm). If £ ¢ Fy then |F\F| > |Fy| — (|F| — 1) = a(F) + 1 — |F|,

and hence the result follows by taking F’ € (a(Fﬁ\i‘F‘). O

The converse of this result is not true; to see this, take F to be 2"\ {[n + 1]}.
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Also, in a sense, the conditions on F; and F, cannot be improved; by considering
F =2U2 and F = {f}, it is easy to see that we can neither allow F} and F; to

have non-empty intersection nor allow Fj or F; to have size less than o(F).

Lemma 10.5.2 If dy > 0, a(P,) > 3 and n € Py op,) then for any A € P,]2[ there
exists A’ € Pp(2) such that AN A" =0 and |A| + |A'| > a(P,).

Proof. Let 1 = p; < py < ... < pa(p,) such that Py op,y = {p1,...Dapn)}. We
have P,(2) C 2l*" where a :== 2 +dy +1. Let a = ¢ < ... < qa(P,)—2 such that

Pa,a(Pn)—2 = {Qb e Qa(Pn)—2}- So

pp=1+di+1<2+dy+1=q <ps+d, +1=ps, (10.13)

and if «(P,) > 4 then, proceeding inductively, we also get

Di = Di—1 + dpFl +1< qi—2 + dqwz +1= Gi—1 < P; —+ dpz‘ +1= Di+1, (1014)

i=3,...,a(P,) — 1. Let Fy := Py, atp,)—2 = P\{p1,02}, F> = Paap,)—2- By (10.13)
and (10.14), F1, F5 € P,(2) and Fy N Fy, = (. Since |Fi| = a(P,) — 2, a(P.(2)) >
a(P,)—2. By definition of a, P, o(p,(2)) € Pn(2) (for the same reason that P o(p,) € Py,
being that {d;}icn is mnd). So u(P, ap,(2y)) < 1. Now n = pa(p,) as we are given that
n € Piop,)-

Suppose a(P,(2)) > a(P,) — 2. Then qap,)—2 € Puam, @) \{u(Paawm, @)} To-

gether with (10.13) and (10.14), this gives us u(FP, a(p,(2))) = Ga(pn)—2 + d +1>

da(Pn)—2
Pa(Py), contradicting u( Py o(p,(2))) < 1 = Papn). S0 a(Pr(2)) = a(P,) — 2 = |Fi| =
|Fy).

Let A € P,)2[. Suppose A € P,(2). By Lemma 10.5.1, there exists A” € P,(2)
such that AN A” = 0 and |A| + |A"] > a(Pn(2)) +1 = a(P,) — 1. Hence A’ :=
A"UA{2} € Py(2), AN A =0 and |A| + |4'| > a(P,). Now suppose A ¢ P,(2). We
have A* := ANJa,n] € P,(2) U{0}. If A* # () then we apply the argument for A
above to get |A*| + |A'| > a(P,) for some A" € P,(2) such that A* N A" = (), which

clearly yields the result. Suppose A* = (). Let A’ := F; U{2}. So AN A" = and
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Al + 1A > 14 (a(P,) — 1) = a(Py). O

Proof of Theorem 10.2.3. We start with (i), for which we have dy._» = 0 and
do,—1 = n — 2r. We first consider A € eX(Pg)) and prove the necessary condition.
Let B := PY)(1). Let Ag = AN (P73), Ay := A2r — 1)(n) and A;,; = A(i)\ A,
i =2r —1,..,n. Define By, By, and By ; similarly. Note that since (2r — 1) + da,—1 +
1 =n (and d; > dy—q for all i > 2r), it A € Aand |[AN[2r —1,n]| > 1 then
An[2r—1,n] = {2r — 1,n}. So Ao U Ay U ., ;A1 is a partition for A. Let

L= AQ2r — 1)(n) C (P7) and AL, = AG) N (B0) = Ali), i = 2r — 1,.0n
Define B) and B} ; (i = 2r —1,...,n) similarly. So

VAl = [Ao| + A5 + Y AL 1Bl = |Bol + Bl + > I8 (10.15)

i=2r—1 1=2r—1

Clearly, Ay and A}, must be cross-intersecting. So

{A, [2r —2\AY N (A U AL)| < 1forall A e ([Zr - 2]) U ([27’ - 2]), (10.16)

r—2 r

and hence
2r — 2
Aol + 1450 < (7 7)< bl + 15 1017)

Let us now consider A},, ¢ = 2r — 1,...,n. These families must also be cross-

intersecting. Thus, by Theorem 9.2.3, we have

Z AL < n—27°—|—2)( ) Z 1B1,] (10.18)

1=2r—1 1=2r—1

By (10.15), (10.17) and (10.18), we have |A| < |B|. Thus, since A € ex(P\)),
we actually have |A| = |B|. It follows that the inequalities in (10.17) and (10.18) are
actually equalities. By Theorem 9.2.3 and the EKR Theorem, an equality in (10.18)
yields Aj,,  =...= A}, € ex(([m 2])); hence (b).

1
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Since d,,—1 > 0 and 2r < «(P,), n > 2r + 1. So the sets of A; 5. do not intersect
with those of A; on [2r — 1,7}, and hence A} ,. and Aj are cross-intersecting. By the
equalities in (b), (c) follows.

Since we established equality in (10.17), we also have equality in (10.16), which
implies that A, = ([27:2])\{[27“ —2]\A: A € A,}. Thus, to obtain (a), it remains to
show that A} is intersecting. Suppose there exist A;, Ay € A) such that A; N Ay = 0.
So [2r — 2]\ (A; U Ay) = {x,y} for some distinct x,y € [2r — 2]. Let A3 := A; U {z}
and Ay == Ay U {y}. So AsN Ay = 0 and AyN A = . Since A, and Aj are
cross-intersecting (see above), we therefore get Az, Ay ¢ A’ ,.. Since Ay = [2r — 2]\ 43,
this implies that Af,, ¢ ex(([ir:f])) (see Theorem 10.1.1(ii)), a contradiction to (b).
So Aj is intersecting. Hence (a).

We now prove the sufficiency condition in (i). So let A be a sub-family of P\ that
obeys (a), (b) and (c). Define Ay, Ay and A;;, ¢ = 2r — 1,...,n, as above. As we
showed above, Ag U A, UJ!,, A1, is a partition for A. By definition, A, A, and
Ay, i =2r —1,...,n, are intersecting. By (a), AU A, is intersecting. By (b) and (c),
Ay UL, | Ai; is intersecting. If A € J_, | Ai; then AN[2r —2] =r —1 and
hence A intersects each set in ([QT;2]); so Ay and U?:zrq A, ,; are cross-intersecting.
Therefore A is intersecting. Now, it is immediate from (a), (b) and (c) that the bounds
in (10.17) and (10.18) are attained. So A € ex(P").

We now prove (ii) and (iii) by induction on n. We first consider A* € ex(PY) and
prove the necessary conditions for A*. Unlike we did in the Proof of Theorem 10.2.1,
we do not use A,_;,, because if a(P,)/2 =r > a(P,-1)/2 (which is possible) then we
cannot apply the inductive hypothesis. Instead, we work with A := A, ,,41(A*). By
Lemma 10.3.2(ii), Alm+ 1[UA(m~+1) is intersecting. We have Ajm+1[C P jm~+1] =
Pom + 1[0 and A(m +1) € PV (m +1) = P,(m + 1)), where 1" = r — 1. Since

m,m + dy, +1 € Py op,) € Pn, we have o(P,) = a(P,]m + 1[) and

" < (a(Pn) —2)/2 = a(Pp(m)(m + dp, + 1)) /2 < a(P,(m +1))/2.  (10.19)
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Observe that P,|m+1[ and P,,(m+1) are isomorphic to P, ({d}}ien) and P ({d }ien)
respectively, where n’ = n — 1, n" = max{m — 1,n — d;y1 — 2}, and mnd sequences
{d}}ien and {d!};en are given by
d;=0 ifie[m—1];
d; =10 if i € [m—1J;

ditdy,i+2 if i€ N\[m —1].

di =< d,—1 ifi=m; and d] :=

di+1 if ¢ € N\[m],

Therefore, we can apply the inductive hypothesis or Theorem 10.1.1 to each of Ajm+1]

and A(m + 1) to get
[Alm + 1| < [PP]m + 1D, JA(m + 1] < [P {m+ 1) (1), (10.20)

and hence |A| < |P{(1)]. Since |A| = |A*| and A* € ex(P), A € ex(PY)). So we

actually have equalities in (10.20), and hence
Alm +1[€ ex(PUm +1[),  A(m+ 1) € ex(P{(m + 1)). (10.21)

Claim 10.5.3 Suppose a € [m] and Alm+ 1] = P{Jm +1[(a). Then a € [m —1] and
A=P(a).

Proof. Suppose Ajm+1[ = Py |m+1[(a), a € [m]. Then, since a € Py o(p,) € Pn and
r < a(P,)/2, forany A € g (m+1)]a[ there exists A’ € AJm+1[ such that ANA’ = (.
Since Alm + 1[UA(m + 1) is intersecting, it follows that A(m + 1) € P (m + 1)(a).
So A = P{(a) as A € ex(P"). If a = m then A(m + 1) = (), and hence |A| =
P m + 1[(a)] < |Pm + 1[(1)] < [P (1)], contradicting A € ex(P). O

Claim 10.5.4 Supposen € Pyo, andm < 2r—2. Let j € [m—1]. Let A € PIm+
1[ such that AN[m,n] # 0. Then there exists A' € PY(j)(m~+1) such that ANA’ = 0,

Proof. Let Q := P, N 2™, So Q is isomorphic to Pr—(m-1)({dizm—1}ien). Clearly,
n € Pia implies n € P, 40) and a(P,) = 2r. Since m < 2r — 2 and o(Q) =
a(P,)—(m—1)=2r—(m—-1), a(Q) > 2r — (2r —3) = 3. Let B:= AN[m,n| €

Q]m + 1. By Lemma 10.5.2, there exists B’ € Q(m + 1) such that BN B’ = () and
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|IB| + |B'| = a(Q). Let A := B"U ([m — 1]\A). So |A'| = |B'| + |[m — 1\4| =
((Q)—1|B)+(m—=1)—(r—|B]) =a(Q)+m—1—r=r. Since j ¢ A, j € A'.

The truth of the claim is now clear. O

Note that P o, € P, since 2r < a(P,).

Consider first n ¢ Py o.. Since m € Pyo,, m+1 ¢ Pyo.. So Py, € PyJm + 1]|n].
By (10.21) and the inductive hypothesis, it follows that A]m + 1[ = ,(f)]m + 1[(j) for
some j € [m] (note that if d,, = 1 then d/, = 0 and d/,,; > 0). By Claim 10.5.3,
A=PV () and j € [m —1].

Now consider n € Py, and m < 2r — 2. Let m =: p; < py < ... < py(g) := n such
that P, a0 = {P1,---,Pa()}, Where Q is as in the Proof of Claim 10.5.4 and hence
a(Q) > 3; note that Pio, = [m — 1] U Py ac0). Let m” := (m + 1) + dpppr + 1. Let
m" =: q1 < ... < @a(g)—2 such that P,» 40)-2 = {q1, ..., ¢a(0)—2}. Similarly to (10.13)
and (10.14), we have

pp=m+d,+1<(m+1)+dy1+1=q <pr+dy,+1=ps, (10.22)
and if «(Q) > 4 then
pi=pic1+dy, , +1<qg o+dy ,+1=q_1<ps+dy,+1=Dpi, (10.23)

i =3,.,a(Q) — 1. Let Py, = {p],...p5} € P({d]}ien), where pj := 1 and
Pl =1/ —i—dZ;, +1,1=1,..,2r" = 1. Cleatly, pj = j, j = 1,...,m — 1, and p] =
Q-mi1 — dmt1 — 2, L = m,...,2r". Note that 21" = 2r —2 = (m —1) + a(Q) — 2
(as Pior = [m — 1] U Py a(0))- Now, by (10.22) and (10.23), ¢a(g)-2 < Pa(g)- S0 we
have pj ., = p;;lJra(Q)_g = qa(0)-2 — Amt1 — 2 < N — dpyq1 — 2 = n". By the inductive

hypothesis, it follows that A(m + 1) = P (m + 1)(j) for some j € [m — 1]. Therefore
Alm+1) = PO (m + 1)(j). (10.24)

Let Ho U Hy U Hs be the partition of Ajm + 1] given by Hy := A]m + 1[ﬂ([m_1]),

r

Hi={A € Am+1[: Py C A}, Ha := Alm + 1[\(Ho U H;). Define a partition
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To ULy UT, of PY)m + 1[(j) similarly. Since A is intersecting, it follows by (10.24)
and Claim 10.5.4 that

H1 C Ty, HyCI (10.25)

Suppose m < r+1. If m < r+1 then Hy = 0, and if m = r+1 then Hy = {{m—1]} €
PUm + 1[(5). Together with (10.24) and (10.25), this gives us A € P (j). Since
Acex(P), A=PI3G).

Now suppose m > 1+ 2. If A € Ho\Zy then Py, \A € Z;\'Hy; hence |Ho| + [H;| <
Zo| + |Z1] as Hy € Zy (by (10.25)). By (10.20), (10.21) and (10.25), it follows that
Hy = T, and |Ho| + [Hy| = |To| + |Z1|. We now prove that A = (P ()\{Pio\A: A €
Ho})UH, by showing that for any A € ([mr_”), Py 5.\ A is the unique set in P that does
not intersect A. Indeed, let A’ € PV such that ANA’ = (). Then A’ = AU A, for some
AL Cm—1]\A and A}, € Q. Suppose A} # [m —1]\A or |A}| < a(Q) (=2r—m+1);
then |A'| < (m —1—7r)+ (2r —m + 1) = r, a contradiction. So A} = [m — 1]\ A and
|A5] = a(Q). Clearly, since n € Py, o(0) = Piar\[m — 1], Py a(0) is the only set in Q of
size a(Q). So Ay = P, o(0), and hence A" = P, 5\ A.

We conclude the proof of the necessary conditions in (ii) and (iii) by showing that
A* = A. Suppose A* # A instead. Then there exists A* € A*\A such that A :=
Ommi1(A*) € A\A*. Now we have shown that for some j € [m — 1] and Hy C
(=M A = (P (G)\{Pra\A: A € Ho}) UHy (where Hy = 0 if n ¢ Py, or
m < r+1). Thus, since m € A, A € P{”(j)(m). Therefore A* € P (j)(m + 1)\ 4,
but this is a contradiction because, since m + 1 ¢ P o, P (H(m+1) C A.

It remains to prove the sufficiency conditions in (ii) and (iii). We have shown
that for any intersecting family A c P, |A| < |PY7(1)|. This already proves the
sufficiency condition in (iii) because for any j € [2,m — 1], P (7) is isomorphic to
7%@(1). Therefore the sufficiency condition in (ii) follows from the already established
fact that if n € Pyo,, 7+2<m < 2r —2and A € ([mr_l]) then P, \A is the unique

set in P\” that does not intersect A. O
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Chapter 11

Graphs with the Erdés-Ko-Rado

property

11.1 A graph-theoretical formulation and result

A graph G is a pair (V(G), E(G)) such that E(G) C (V(zG)). V(G) and E(G) are called
the vertex set and the edge set of G respectively. If v,w € V(G) and {v,w} € E(G)
then v and w are said to be adjacent and edge vw is said to be incident to v and w. If
G has no edges incident to a vertex z then z is said to be a singleton.

In the following, we represent an edge {v, w} of a graph by the abbreviation vw.

A set I C V(G) is said to be an independent set if the vertices in I are pair-wise
non-adjacent. We denote the family of all independent sets of vertices of G by Zg. We
shall abbreviate a(Zg) and p(Zg) to a(G) and u(G) respectively; so a(G) denotes the
independence number max{|I|: I € Zg} and u(G) denotes the minimum cardinality of
a maximal independent set of vertices of G.

A graph G is said to be connected if for any {v,w} € (V(ZG))\E(G) there exist
v1,...,v, € V(G) such that vvy,v,w € E(G) and if p > 1 then vu;4; € E(G) for
i=1,..,p—1. If G is a disjoint union of connected graphs G1, ..., G, then G; (j € [¢])
is said to be a component of G.

It is interesting that many EKR-type results can be expressed in terms of the EKR

or strict EKR property of I(GT) for some graph G and r € X C [a(G)]. Before coming
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to the crux of this chapter, we give a brief review of such results, recalling certain
well-known classes of graphs and also defining new ones as we go along.
Let E, denote the empty graph on n vertices, i.e. the graph consisting of n single-

tons. By the EKR Theorem and the Hilton-Milner Theorem, we have the following.

Theorem 11.1.1 Let r < n/2. Then Ign) is EKR, and strictly so if r < n/2.

Theorem 1.5.2 for permutations and partial permutations can also be phrased in a

graph-theoretical form as follows.

Theorem 11.1.2 Let G be the graph defined by V(G) := [n]x[n] and E(G) = {{(i, 7),

(/5" } € (V(2G)): i=1" orj=7j}. Then Ig) is strictly EKR for all r € [n].

Note that the case r = n is actually Theorem 1.5.1.

Suppose G is a graph whose vertex set has a partition V(G) = V1U...UV, into partite
sets such that any two vertices are adjacent iff they belong to distinct partite sets. Such
a graph is said to be a complete multipartite graph of order p. If |Vi| = ... =1|V,| =1
then G is called a complete graph, and it is denoted by K.

Theorem 1.4.3 can be rephrased as follows.

Theorem 11.1.3 Let r < n and k > 2. Let G be a disjoint uniton of n copies of Ky.

Then Ig) 1s EKR, and strictly so unless r =n and k = 2.
Similarly, Theorem 8.1.2 can be rephrased as follows.

Theorem 11.1.4 If G is a disjoint union of complete graphs each of order at least 2
then Ig) s EKR for all r <n.

In [41], parts (i) and (ii) of Theorem 8.1.4 were actually phrased in the graph-

theoretical form and hence along the following lines.

Theorem 11.1.5 Let G be a disjoint union of two complete multipartite graphs. Let
r < u(G)/2. Then I(GT) is EKR, and strictly so if r < u(G)/2.

Similarly, Theorem 8.1.5 can be rephrased as follows.
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Theorem 11.1.6 Let G be a disjoint union of k complete multipartite graphs and a
non-empty set Vo of singletons. Let 1 < r < p(G)/2. Then:

(i) IS is EKR;

(i1) Ig) fails to be strictly EKR iff 2r = u(G) = a(G), 3<|V| <r, k= 1.

We now introduce the first of two definitions that are crucial for achieving the target

of this chapter, which is revealed towards the end of this section.

Definition 11.1.7 For a monotonic non-decreasing (mnd) sequence {d;}ien of non-
negative integers, let M := M({d;}en) be a graph such that V(M) = N and for
a,b € V(M) with a < b, ab € E(M) iff b < a+d,. Let M, = M,({d;}ien) be the

sub-graph induced from M by the subset [n] of V(M). We refer to M,, as an mnd graph.

Suppose M,, = M, ({d; = d};en), d € N, and G is a copy of M,,. Then G is called a
d’th power of a path, and if d = 1 then G is also simply called a path.
Let P, ({d;}ien) be as defined in Chapter 10, and let P, := P,,({d; }ien). Note that

P = I](VTIL Thus, by Theorems 10.2.1 and 10.2.3, we have the following.

Theorem 11.1.8 (i) If dy > 0 and r < «(Zpy,) then I](\Z’ is EKR, and strictly so
unless PY) is type I (see Chapter 10 for definition).
(i1) If dy = 0 and r < «(Zpy,)/2 then I](&i is EKR, and strictly so if r < a(Zu,)/2.

Note that Theorem 10.1.2 gives the "non-strict part" in (i) above for the special case
when M, is a power of a path; see [40].
We now come to our second important definition. First of all, a directed graph (or

digraph) D is a pair (V (D), E(D)) such that E(D) C V(D) x V(D).

Definition 11.1.9 (i) Forn >2,1<k<n—1,0<q <n, let ,DE** be the digraph
({vi: i € [n]}, E) such that if 1 < i < q then (v;, Vits (moan)) € E iff s € [k + 1], and if
q+1 <0< n then (Vi,Vits modn)) € E iff s € [k].

(i) Let ;CE*1 be the graph such that vw € E(,CM*Y) iff (v,w) € E(,DEF) or
(w,v) € E(,DFFL). (CE*1 s called a k'th power of a cycle (or simply a cycle if
k=1) and also denoted by C*. If ¢ > 0 then we call ,CE*' a modified k’th power of

a cycle.
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A nice EKR-type result of Talbot [58] for separated sets can be stated as follows.

Theorem 11.1.10 (Talbot [58]) Let r < a(Ck). Then ng) is EKR, and strictly so

unless k=1 and n = 2r + 2.

The clique number cl(G) of a graph G is the size of a largest complete sub-graph

of G. Hilton and Spencer proved the following.

Theorem 11.1.11 (Hilton and Spencer [39]) Let G be a disjoint union of graphs
P,Cy,...,C,, such that cl(P) < min{cl(C;): i € [n|}, where P is a power of a path and
C; (i € [n]) is a power of a cycle. Then Ig) is EKR for all v < a(Q).

As we explain later, the work in this chapter is inspired by the following result.

Theorem 11.1.12 (Holroyd, Spencer, Talbot [40]) Let G be a disjoint union of
n components consisting of complete graphs, paths, cycles, and at least one singleton.

Then T is EKR for all v < n/2.

Note that, unlike all the preceding theorems, this result does not live up to Con-
jecture 1.3.4 because (for any graph G) p(G) is at least as large as the number of
components of GG, and there is no bound as to how much larger it can be.

The idea of the graph-theoretical formulation we have been discussing emerged in
|41], in which Holroyd and Talbot in fact initiated the study of the general EKR problem
for independent sets of graphs and made Conjecture 1.3.4. By proving Theorem 11.1.5,
they provided an example of a graph G such that G obeys the conjecture and, as we
demonstrate in a stronger fashion below, Ig) may not be EKR if u(G)/2 <r < a(G)
(it is easy to see that for such a graph G, Ig) is EKR for r = «(G)). They gave
various other examples of graphs H and values r > p(H)/2 for which Ig) is not
EKR, and one particularly interesting example of this kind has » = a(H). The idea
behind Conjecture 1.3.4 is that if [ is any maximal independent set of a graph G with
((G) > 2r, then, since |I| > u(G), it holds by the EKR Theorem that (’) is EKR, and
strictly so if u(G) > 2r.

We now show that there are graphs G such that u(G) < a(G) and Ig) is not EKR

for all u(G)/2 < r < a(G). Indeed, let G be the graph consisting of a 3-set Vj of
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singletons and a complete bipartite graph with partite sets 1V} and V5 of size 5 and 4
respectively. So 7 = u(G) < a(G) = 8. For r € [a(G)], let J,. be a star of Ig) with
centre x € Vp, and let A, == (J,\{A € J.: AnVy ={z}}) U{4 € I(GT): ANVy =
Vo\{z}}. Clearly J, is a star of Ig) of largest size. For all u(G)/2 < r < o(G), we
have |A,| > |7,|. This proves what we set out to show.

Conjecture 1.3.4 seems very hard to prove or disprove. However, restricting the
problem to some classes of graphs with singletons makes it tractable. Theorem 11.1.1
and the example that we gave above demonstrate the fact that when an arbitrary
number of singletons are allowed in a graph G, Ig) may not be EKR for r > u(G)/2.

We now come to the objective of this chapter, which is to provide an improvement
of the techniques in [40] that enables us to confirm the conjecture for the class of
graphs in Theorem 11.1.12 and even larger classes. The key idea that leads us to
this improvement is to consider a suitable larger class of graphs, namely to allow
copies of mnd graphs and modified powers of cycles in the disjoint union specified in
Theorem 11.1.12. Since the proof goes by induction, we will need to perform certain
deletions on the original graph. When a deletion is performed on a power of a cycle,
which is the most difficult component to treat, we obtain a modified power of a cycle
(mpc) or a power of a path, and if a deletion is performed on an mpc then we obtain an
mnd graph or another mpc. So the idea is that every time a deletion is performed, the
resulting graph is in the admissible class. Although not necessary for our main aim,
we show that our method allows us to include trees (connected graphs that contain no
cycles as sub-graphs) as components; the scope is to illustrate the fact that the method

we employ works for many classes of graphs.

Theorem 11.1.13 Conjecture 1.3.4 is true if G is a disjoint union of complete multi-
partite graphs, copies of mnd graphs, powers of cycles, modified powers of cycles, trees,

and at least one singleton.

As from the next section, we employ the notation in Section 2.1.
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11.2 The compression operation for independent sets
of graphs

For v € V(G), let Ng(v) be the set of neighbours of v in G, i.e.
Ng(v) :={w € V(G)\{v}: vw € E(G)}.

As in [40], we use G —v to denote the graph obtained from G by deleting v € V(G)
(and hence edges incident to v), and G | v to denote the graph obtained by deleting

also all vertices in Ng(v). Note that
Ta(v) =Zge, Zalv[ = oo

For u,v € V(G), let A, ,: Zg — I be defined as in Section 2.2.

Lemma 11.2.1 Let wv € E(G). Let A* C Ig) be an intersecting family, and let
A=A, (AY).

(1) If No(u) € Ng(v) U {v} then A{v) U AJv[ is intersecting.

(1) If |Ng(u)\(Ng(v) U{v})| < 1 then A(v) and Alv[ are intersecting.

Proof: Since wv € E(G), Zg[{u,v}] = 0.

Suppose Ng(u) € Ng(v) U{v}. Then, for any independent set I € Zg|ul(v), we
have Ng(u) N (I\{v}) € Ng(v) N (I\{v}) = 0, and hence (I\{v}) U {u} € Zg. So Zg
is (u,v)-compressed, and hence (i) follows by Proposition 2.2.1(ii).

Now suppose [Ng(u)\(Ne(v) U {v})] < 1. Then Ng(u)\(Ne(v) U {v}) = {w} for
some w € V(G)\{v}. So Ng_(u)\(Ng—w(v) U {v}) = 0, and hence, similarly to the
above, (I\{v}) U{u} € Zg_, for any independent set I € Zg_,]u[(v). Thus, since

Telw| = Zg—w, Zgw[ is (u,v)-compressed. So (ii) follows by Proposition 2.2.1(i),(iv).

11.3 Graph deletion lemmas

The following property of graphs will have a very important role in our improvement

of Theorem 11.1.12.
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Lemma 11.3.1 Let G be a graph, and let v € V(G). Then

min{u(G | v), (G —v)} = (@) — 1.

Proof: The inequality u(G | v) > pu(G) — 1 follows by Lemma 4.4.1(i) since Zg(v) =
Z¢1o- The inequality u(G—v) > pu(G)—1 follows by Lemma 4.4.1(ii) since Zg|v[ = Zg—,

and Zg is a hereditary family. a

Corollary 11.3.2 Let r < u(G)/2, and let v,w € V(G). Then:
(i) r =1 <p(G | v)/2;
(i) r —1 < u(G—v | w)/2.

Proof. By r < u(G)/2 and Proposition 11.3.1, we have
() r—1 < (u(G) — 1)/2 < u(G | v)/2 and
(i) r =1 < (4(G) — 2)/2 < (UG — v) = 1)/2 < u(G — v | w)/2. =

One of the various properties of non-singleton trees (i.e. trees containing at least
two vertices and hence at least one edge) is that they contain vertices which have
only one neighbour. To see this, consider picking any vertex in a graph G and then
traversing vertices without visiting any vertex twice until no new vertex can be visited;
if G is a non-singleton tree then, since a tree contains no cycles, this procedure stops

when a vertex with one neighbour has been visited.

Lemma 11.3.3 Let T be a tree with |V (T)| > 2, and let w € V(T') such that Nr(w)

consists only of one vertex v. Then

(T =) > u(T).

Proof. Let Z be a maximal independent set of T"— v. Since w is a singleton of T — v,
we must have w € Z. So Z is also a maximal independent set of 7" because vw € E(T).

Hence result. O
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Lemma 11.3.4 Let M, ({d;}ien) be as in Definition 11.1.7, and let M,, :== M,,({d; }ien).
If dy > 0 then
N(Mn - 2) > M(Mn>-

Proof: Let Z be a maximal independent set of M,, —2. Then 1 € Z or 1z € E(M,,—2)
for some z € Z. Suppose 1 € Z. Since d; > 0, we have 12 € E(M,,), and hence Z is a
maximal independent set of M,,. Now suppose 1z € E(M,, — 2) for some z € Z. Then,
by definition of M, z < 1+ d; < 2+ dg, and hence 2z € E(M,). Thus, Z is again a

maximal independent set of M,,. Therefore u(M, —2) > u(M,). O

Lemma 11.3.5 Let ,C***! be as in Definition 11.1.9. If ¢ > 0 then

(O — vpya) = (O,

Proof. Let C := ,CF1 and V := V(C). If No(vi) = V\{v1} then trivially
w(C — vgya) = p(,CHF1) = 1. So suppose Neo(v1) # V\{v1}. Let Z be a maxi-
mal independent set of C' — vg49, and let s := min{i: v; € Z}, t := max{i: v; € Z}. If
s < k+1 then v,v,0 € E(C), and hence Z is also maximal in C. Suppose s > k + 3.
Suppose also that vy v, ¢ E(C). Then vgpq1vs ¢ E(C — vgyo) and, since ¢ < n (by
definition of ') and s <t < n, Vv & E(C — vgy2). So Z U {vp1} € Loy, but
this contradicts the maximality of Z. So vp9vs € E(C'), and hence Z is also maximal

in C. Therefore pu(C' — vgi2) > p(C). O

Lemma 11.3.6 Let C* be as in Definition 11.1.9. If n > 2k + 2 then

p(C = vpy1 — varya) > p(CF).

Proof. Let Z be a maximal independent set of C’T’f — Vg1 — Uogao. If Z contains
2 € {Upya, oy Vopy1 ) then 2vp41, 20040 € E(CF), and hence Z is also maximal in C*.
Now consider Z N {vpig, ..., vopr1} = 0. Thus, if 20441, 209840 & E(CF) for all z € Z
then Z U {v} is an independent set of C' — vg 1 — vopro for all v € {vgia, ..., vop 11},
but this is a contradiction. We therefore have zw € FE(CF) for some z € Z and

w € {Vpi1, Vaks1}. Suppose w = vpy1 and Z U {vg o} is an independent set of CF.
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Then zvg 11 & E(CF — vp1 — Vo), and hence Z U {vg41} is an independent set of
C* — vyt — Vopya, a contradiction. By symmetry, we can neither have both w = vy o
and Z U {vgy1} an independent set of C*. Therefore there exist 2,2, € Z such that
21Vk11, Z2V2kse € E(CF), and hence Z is maximal in C*. So u(C* — vpy1 — vopyn) >

u(Ch). O

11.4 Proof of result

We shall now use the lower bounds obtained for u(,C**1 — vi. o), u(C* — vy —
Vakra), and pu(PET —uy) in terms of p(,CH*1) 1(CF), and (P respectively to prove
Theorem 11.1.13.

Lemma 11.4.1 Let G be a graph containing an edge vw and a singleton x. Suppose
2 <r < u(G). Then |I3(v)| < TS (z)].

Proof. Since z is a singleton, A\{y} U {z} € Ig) for any A € Ig)}x[ and y € A.
Setting J := {A\{v} U {z}: A € Ig)(v)]x[}, it follows that J C Ig)(x)]v[. Given
that vw € E(G), we have Zg(v)(w) = 0, and hence actually J C Ig)(w)]v[\fg)(:c)(w);
also, Ig) (x)(w) C Ig)(x)]v[, and hence |J| < |Ig)(93)]v[| - |Ig)(x)(w)| We therefore

have

28 ()] = 128 () ()] + |25 ()] = |28 (0) ()| + | T
< |5 () ()] + 28 (@)]o]] — |28 () (w)]

= |28 (2)| — |25 () (w).

Now, since {z,w} € I(GQ) and 2 <r < p(G), there exists I € Ig) such that {z,w} C I,
Le. Ig) (z)(w) # 0. Hence result. O
Lemma 11.4.2 Let G be a graph, and let v < u(G)/2. Let A be an intersecting
sub-family of Ig) such that A{v) = Ig@l)(y) # 0 for some y € V(G | v). Then
ACIP(y).

Proof. Suppose there exists A € AJv[ such that y ¢ A. We are given that Igl_vl)(y) +

0, and so Zg(v)(y) # 0. Therefore there exists a maximal independent set Y of G
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such that v,y € Y. Given that 2r < p(G), we have 2r < |Y|. Since y,v € Y\ A4, it
follows that (Y>A) {y,v}] # 0. Let A" € (Y>A) {y,v}]. So A\{v} € Igl_vl)(y), and

hence A" € A(v). But AN A" = (), which contradicts A intersecting. Hence result. O

Proof of Theorem 11.1.13. By induction on |E(G)|. If |[E(G)| = 0 then the
result is given by Theorem 11.1.1, so we assume that |E(G)| > 0. This means that
G contains a non-singleton component. If G consists solely of complete multipartite
graphs and singletons then the result is given by Theorem 11.1.6. We now consider
the case when G contains a component GG; that is neither a singleton nor a complete
mulitpartite graph.

Let GGy be the graph obtained by removing G, from G. Note that

w(G) = p(Gr) + p(Go). (11.1)

By our definition of component, Gy is connected, and hence GG; contains no sin-
gletons. Thus, since GG contains at least one singleton, G5 contains some singleton
x.

Let r < u(G)/2, and let A* € ex(Ig)). Let J = Ig)(m). So |J| < |A*|. By
Lemma 11.4.1, J is a largest star of Ig), and for any v € V(Gy), J(v) and J]v[ are
largest stars of Ig l_vl) and I(Grlv respectively.

Now (7 is a tree or a copy of an mnd graph or a modified power of a cycle or a
power of a cycle. We consider each of these four possibilities separately and in the
order we have listed them. We will actually show that in each of the first three cases,

Ig) is in fact strictly EKR even if r = p(G)/2.

Case I: Gy is a tree T, |V(T)| > 2. So there exists u € V(G;) such that Ng, (u)
consists solely of one vertex v (see the preceding section). Let A := A, ,(A*). Since
Ng(u) = Ng, (u) = {v}, it follows by Lemma 11.2.1(i) that A(v) U AJv[ is intersecting.

Since Gy contains no cycles, G; —v and GG; | v contain no cycles, and hence G| —v
and G | v are disjoint unions of trees and singletons. So G — v and G | v belong to

the class of graphs specified in the theorem.
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By Corollary 11.3.2(i), r — 1 < u(G | v)/2. By Lemma 11.3.3, p(G1 — v) > pu(Gy);
s0 (G —v) = p(Gr —v) + p(Ga) 2 p(Gr) + p(G2) = p(G) = 2r.

Therefore, since A(v) C Ig@l) and AJv[C Igzv, the inductive hypothesis gives us
|A(v)] < |T(v)| and |AJo[] < |TJ[|. So |A] < |J|. Since |A*| = |A| and A* €
ex(I0)), |AW)| = |T ()| and |AJo[| = |J)v[|. Since r —1 < u(G | v)/2, it follows
by the inductive hypothesis that A(v) = Iglzl)(y) for some y € V(G | v). Thus, by
Lemma 11.4.2, A C Ig) (y). If y is not a singleton of G then Lemma 11.4.1 gives us
|Ig) (y)| < |J|, but this leads to the contradiction that [A*| < |J|. So y is a singleton

of G, and hence A* C Ig) (y) (as AC Ig) (y)). Therefore Ig) is strictly EKR.

Case II: Gy is a copy of an mnd graph M, = M, ({d;}ien). We may assume that
G, = M, Since G| contains no singletons, n > 2 and d; > 1. Let v := 2 and u := 1,
and let A := A, ,(A*). By definition of M, and d; > 1, N¢, (u) C Ng, (v)U{v}. Since
Ng(u) = Ng, (v), it follows by Lemma 11.2.1(i) that A(v) U AJv| is intersecting.

Clearly, G; — v is a copy of M,,_1({d}}ien), where d} = d; — 1 and d, = d;;; for all
i>2. Also, if n <24 dy then G; | v = (0,0), and if n > 2+ dy then G | v is a copy
of My,—o_a,({d!}ien), where d = d;j 944, for all i > 1. So G —v and G | v belong to
the class of graphs specified in the theorem.

The rest follows as in the preceding case, except that we get u(G; —v) > u(Gy) by
Lemma 11.3.4.

Case III: Gy is a modified k’th power of a cycle ,C***1. Soq > 0. Let v;,i =1,...,n,
be as in Definition 11.1.9. Let u := v44; and v := vp40, and let A = A, ,(A%).
Since ¢ < n (by definition), (vs,u) ¢ E(,DE*1) for all s > k + 1. Since ¢ > 0,
(vs,v) € E(,DF*+1) for all s < k+ 1. Therefore Ng(u) = Ng, (u) C Ng, (v) U{v}, and
hence, by Lemma 11.2.1(i), A(v) U AJv[ is intersecting.

It is also not difficult to check that

ntah2Cu " g <k+1;

G1 — v is a copy of ck . if g=Fk+1;

ek 2OFE i g > k4L
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If Ng,(v) U{v} =V(Gy) then Gy | v = (0,0). Suppose Ng, (v) U{v} # V(Gy). Then
V(Gy | v) ={vm,...,vn}, where

2k+3 ifqg<k+2;

2k +4 if g >k +2.

Let n’ := n —m + 1. By considering the bijection #: V(G; | v) — [n] defined by
B(v;) =n—1i+1 (i € [m,n]), it is easy to see that G; | v is a copy of M, ({d;};en),

where

p k if j <n—(¢+k+1);

J

k41 ifj>n—(qg+k—+1).

So G —wv and G | v belong to the class of graphs specified in the theorem.

The rest follows as in Case I, except that we get p1(G1—v) > pu(G1) by Lemma 11.3.5.

Case IV: Gy is a power of a cycle C*. Tet v;, i = 1,...,n, be as in Definition 11.1.9,
and let u := vy and v := vg41. If n < 2k+42 then Ng(v)U{v} = Ng, (v)U{v} = V(Gy),
Gy | v=(0,0), Gy —vis a copy of n_r1C"_1* w(Gy —v) = u(Gy) = 1, and
hence, by the same line of argument for each of the preceding cases, we conclude
that Ig) is strictly EKR. Now suppose n > 2k + 2. Let A := A, ,(A*). Since
N(u)\(N(v) U{v}) = {v,}, it follows by Lemma 11.2.1(ii) that A(v) and AJv| are
intersecting.

Clearly, G; | v is a power of a path. As in Case I, it follows that [A(v)| < | T (v)].

Now Gy — v is a path (if K = 1) or a copy of ,_,_1C"_ 1" (if k& > 1); however, we
are not guaranteed that u(G; —v) = u(Gy) (this is the case if, for example, G; = C}).
Let B* := AJv[. Let «' := vory1 and v’ := vy, and let B := Ay (B*). Clearly,
Ng_o(u') = Ng,—(u') C Ng, (v') U {v'}. Thus, by Lemma 11.2.1(ii), B(v") U BJv'[ is
intersecting.

If k=1 then G; —v — v is a disjoint union of a path and a singleton, and if k& > 1
then Gy — v — ' is a copy of n_gk_zCS:;’k. It is easy to see that G; —v | v/ is a power
of a path. So G —v — v and G — v | v/ belong to the class of graphs specified in the

theorem.
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By Corollary 11.3.2(ii), r—1 < p(G—wv | v')/2. By Lemma 11.3.3, u(G; —v—1") >
1(Gh); so (G —v =) = p(Gr — v =) + p(Ga) = p(Gr) + p(Ga) = p(G) = 2r.

Therefore, since B(v') C Ig:jl)v, and BJv'[C Igzva,, the inductive hypothesis gives
us [B(v)| < |TJo[(v")] and [BJ'[| < [T]e[Jv']]. So [B*| = [B] < |TJ]v[|. Since [A] =
|A@W)| + |B*| < |T(v)] + |T]v[|, we have |A| < |7], and hence Z is EKR.

Now suppose r < u(G)/2. Since |A*| = |A| and A* € ex(Z3)), we must have
|A(W)| = |T (v)] and |B*| = |T]v[|. By Corollary 11.3.2(i), we have r — 1 < u(G | v)/2,
and hence, by the inductive hypothesis, A(v) = Ig@l)(yl) for some y; € V(G | v) C
V(G)\{u, v}. Since |B*| = |Tv[|, we have |B{v")| = |T]v[(v")] and [BJv'[| = |T]o[lv]
Since r < u(G)/2, r =1 < (W(G) —2)/2 < u(G —v | v')/2 by Lemma 11.3.1. Thus,
by the inductive hypothesis, B(v') = Ig;)ll)v, (y2) for some yo € V(G —v | v'). By
Lemma 11.4.2, B C Igzv(yg). We next show that y; = ys.

If y5 is not a singleton of G — v then Lemma 11.4.1 gives us |Iglv(y2)| < |TIW|,
but this leads to the contradiction that |B*| < |J]v[|. So vy, is a singleton of G — v,
and hence, since G; —v contains no singletons, y, € V(G)\V(G;) C V(G)\{u, v, v, v'}.
Note that, by definition of B, B(v") C B*. Thus, since B(v') = Ig:;l)v/ (y2), Zgzv(gﬁ)(v’) -
Alv[. Suppose y; # ya. Let Ay € Igzv(yg)(v’)]{u,yl}[. So Ay € A, {u,v}NA =
(), and hence A; € A*. Let Y be a maximal independent set of G containing y;
and v. Since 2r < p(G) < |Y] and {y;,v} N A = 0, (Y\1j41)[{y1,v}] # (. Let
Ay € (Y\T,Al)[{yl,v}]. Since A(v) = Igfvl)(yl), Ay € A(v). Now, by definition of A,
A(v) C A*. Hence Ay € A*. But A; N Ay = (), which contradicts A* intersecting. So
Y1 = Yo indeed.

Since yy ¢ {u/,v'} and B C Igl (y2), we clearly have B* C Igzv(yQ). So we have

v

A= A(v)uB* C Ig) (y2). This proves that Ig) is strictly EKR. O
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