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�H�0�M�O�2�)�*�
e�@]72;dIV[VX

F
?2@�LD469DLHIKL�L�72IKg�9D?�{S4 �Y�6�������M��  ¡)¢�£
¤$¥�I�@'=G?�=G?�=�¦]9:8:IVU`I�72[$IV=>9D468DLD4MJ69:IV=)i

L:C){�¦�@]72;dIV[VXd?2@
F
IKL��7�L
[�728:iW4$7�L�¢0[�728:iW468p9:F,72=�LD?�;<4a9:8:IVU`I�72[,IV=>9D468DLD4MJ69:IV=)i§L:C){�¦�@]72;dIV[VX<?2@

F ¨©G?�8�7_�G=)IV9D4LD469
X := {x1, ..., x|X|}

72=Ggª72=�IV=>9D46iW468
k ≥ 2

N>«�4g)4��G=G4
SX,k

9D?�{S4a9:FG4
@]72;dIV[VXª?2@����V¬�S®:¯<�O®6�°�'i*IVUW46=±{>X

SX,k :=
{

{

(x1, a1), ..., (x|X|, a|X|)
}

: ai ∈ [k], i = 1, ..., |X|
}

.

©G?�87�@]72;dIV[VX
F
N)«�4'g)4��G=G4

SF ,k :=
⋃

F∈F SF,k ¨Z�4�JM?�=��:4MJ69:C)8D4�9:F,729�@�?�8§72=>X
F
72=Gg

k ≥ 2
N
SF ,k

IKLf²
^_³�N´72=Gg L:9:8:IKJ69:[VX�LD?±C)=)[K4MLDL
k = 2

72=Gg
F
F,7�LR7§5,728:9:IKJ6C)[�728R5)8D?�5S468:9YX ¨eµ«�46[V[�¦]¶`=G?O«�=�8D4ML:C)[V9'��L:9�729D4Mgª{>X�E�46XW468R72=Gg�5)8D?OUW4MghIV=hg�I�·}468D46=>9a«�7MX�L�{>X�3$46¸�7§72=Gg

©)8�72=)¶`[]N�²B=)iW46[]N¹²B8Dg)º*L'469'72[ ¨ N¹72=Gg#»�?�[V[K?�{,¼�L�72=Gg.½�4O7�g)468�¢$L:C)5)5S?�8:9DL$9:F)IKL'JM?�=��:4MJ69:C)8D4f@�?�8
F =

([n]
r

) ¨ P�FG4<;H72IV=�9:FG4M?�8D46;¾IV=�9:F)IKL�5,725S468'iW46=G468�72[VIKLD4MLf9:F)IKL'8D4ML:C)[V9�{>X�4ML:9�72{)[VIKL:F)IV=)i9:FG4$9:8:C)9:F±?2@09:FG4_JM?�=��:4MJ69:C)8D4$@�?�8�@]72;dIV[VIK4ML
F
9:F,729R728D4_JM?�;d5)8D4MLDLD4Mgª«�IV9:F±8D4ML:5S4MJ69�9D?dLD?�;<4

f∗ ∈
⋃

F∈F F
�°I ¨ 4 ¨ f ∈ F ∈ F , f ∗ /∈ F ⇒ (F\{f}) ∪ {f ∗} ∈ F

¢ ¨ Z�4d72[KLD?hJM?�=��G8:;9:FG4'JM?�=��:4MJ69:C)8D4$@�?�8�@]72;dIV[VIK4ML
F
9:F,729728D4_C)=)I�@�?�8:;¿72=Ggh²
^_³ ¨

À Á¹ÂhÃBÄ�Å�Æ�Ç�ÈRÃ
É�Å�Â

ÊÌËdÍ�ÎMÏ`Ð�Î_Ñ'Ò�Î6Ó#Í�Ô�Õ�ËdÍ�ÎMÏ`ÖS×}Ï`Ð�×�ÖSÔ`ÎMÏ>Î6Ò°Ô�Ö�Ø]Ô�Ð_Í�Ë�Î6Í2Ù
N
Ò°ÍÎ6ÓSËdÍ�Ë�Î�Ô`ØpÚ¹Ô�Í�Ò�Î6Ò�Û�Ë§Ò°Ö)Î6Ë2Ü�Ë2Ð�Í

{1, 2, ...}
Ù

Ý}Ô�Ð
m,n ∈ N Þ m < n Þ Î6ÓSËfÍ�Ë�Î {m,m+ 1, ..., n}

Ò°Í×SË2ÖSÔ`Î6Ë2×.ß)à
[m,n] Þ Ï`ÖS×.Ò�Ø m = 1

Î6ÓSË2Ö.ÑË
Ï`á°Í�Ô�Ñ'Ð�Ò�Î6Ë

[n]
ÙHÝ}Ô�Ð§Ï�Í�Ë�Î

X Þ Î6ÓSËHâ}ã>äå�æ<ç*å�è {A : A ⊆ X}
Ô`Ø
X
Ò°Í§×SË2ÖSÔ`Î6Ë2×�ß)à

2X Þ Ï`ÖS×éÎ6ÓSËÍ�êSß,ëìØYÏ`Õ�Ò°á�à#Ô`Ø
2X
Ü�Ò�Û�Ë2Öéß)à

{Y ⊆ X : |Y | = r}
Ò°Í�×SË2ÖSÔ`Î6Ë2×íß)à (

X

r

) Ùfî_ÓSËíïað`æOè:åMç�ñYð`ò.â¹æ6ã�ó`ô}õ�è
X × Y

Ô`ØpÎ:ÑÔ�Í�Ë�Î6Í
X
Ï`ÖS×

Y
Ò°Í$Î6ÓSË<Í�Ë�Î

{(x, y) : x ∈ X, y ∈ Y }
Ù

ö�ËO÷,Î Þ ÑË$Ð�Ë2ø�Ï`á°á,Í�Ô�Õ�Ë$ß}Ï`Í�Ò°ø×SË�ù}ÖSÒ�Î6Ò°Ô�ÖSÍ
Ø]Ô�ÐpØYÏ`Õ�Ò°á°Ò°Ë2Í F Ô`Ø�Í�Ë�Î6Í2Ù F Ò°Í�Í6Ï`Ò°×�Î6Ô§ß¹Ë§ñ�ò}è:å�æ6ç*åMõ�èYñ�ò,úÒ�Ø
F1 ∩ F2 6= φ

Ø]Ô�Ð�Ï`Ö)à
F1, F2 ∈ F

Ù_ûìØ ⋂
F∈F F 6= φ

Î6ÓSË2Ö
F
Ò°Í'Í6Ï`Ò°×�Î6Ô�ß¹Ë�èYæOñ�ü*ñYð`ý Þ Ô`Î6ÓSË2Ð�Ñ'Ò°Í�Ëò0ã>ò}þ:èYæOñ�ü*ñYð`ýVÙ

F
Ò°Í_Í6Ï`Ò°×#Î6Ô�ß¹Ë�ÿ

r
ë��Oô,ò}ñ ��ã>æ���Ò�Ø$ÿ

r =
�
|F1| = |F2|

Ø]Ô�Ð'Ï`Ö)à
F1, F2 ∈ F

Ù

the electronic journal of combinatorics 14 (2007), #R41 1



û:ÖéÎ6ÓSË�Ø]Ô�á°á°Ô*Ñ'Ò°ÖSÜ Þ êSÖSá°Ë2Í�Í§Ô`Î6ÓSË2Ð�Ñ'Ò°Í�ËªÍ�ÎMÏ>Î6Ë2× Þ ÑËªø2Ô�ÖSÍ�Ò°×SË2Ð§Í�Ë�Î6Í<Ï`ÖS× ØYÏ`Õ�Ò°á°Ò°Ë2Í_Î6Ó}Ï>ÎdÏ`Ð�Ë�ÖSÔ�Ö,ëË2Õ�Ú�Î:à�Ï`ÖS×�ù}ÖSÒ�Î6Ë`Ù
�BË�Î

U(F) :=
⋃

F∈F F
ÙaÝ}Ô�Ð'Ï`Ö)à

f ∈ U(F) Þ á°Ë�Î

F(f) := {F ∈ F : f ∈ F}, F〈f〉 := {F\{f} : F ∈ F(f)},

OF(f) := {f ′ ∈ U(F) : F(f ′) = F(f)}.

ÊÌË<ø�Ï`á°á
F(f)

Ï.ç�èìð`æªÔ`Ø
F
Ï`ÖS×

OF(f)
Î6ÓSË

F
þ�ã>æ��2ñ�è$ã��

f
Ù	�BË�Î

L(F) := {f ∈ U(F) : F(f)
Ò°Í'Ïhá�Ï`Ð�Ü�Ë2Í�Î'Í�ÎMÏ`Ð_Ô`Ø

F}.

ÊÌËd×SË2ÖSÔ`Î6Ë§Î6ÓSËdÍ�Ë�Î�Ô`Ø_å�
�èYæ6å���ð`ýÿ]ÒrÙ Ë`Ù�á�Ï`Ð�Ü�Ë2Í�Î��RÒ°Ö)Î6Ë2Ð�Í�Ë2ø�Î6Ò°ÖSÜ±Í�êSß,ëìØYÏ`Õ�Ò°á°Ò°Ë2ÍaÔ`Ø
F
ß)à

ex(F)
Ù
F
Ò°Í

Í6Ï`Ò°×éÎ6Ô#Ó}Ï�Û�ËªÎ6ÓSË�æ�ó��*ç�þ��hã>þ��_ð)óGã����������â¹æ6ãMâ}å�æOè���Ò�Ø
{F(f) : f ∈ L(F)} ⊆ ex(F) Þ Ï`ÖS×éÎ6ÔÓ}Ï�Û�Ë�Î6ÓSË�ç�èYæOñrõ�è����� â¹æ6ãMâ}å�æOè���Ò�Ø

{F(f) : f ∈ L(F)} = ex(F) � ÑËhÏ`ßSßSÐ�Ë�Û,Ò�Ï>Î6Ë Þ Í6Ï�à,Ò°ÖSÜ�Î6Ó}Ï>Î
F
Ò°Í����� Ô�Ðfç�èYæOñrõ�èYý������� Þ Ð�Ë2Í�Ú¹Ë2ø�Î6Ò�Û�Ë2á�à�Ù ø2á�Ï`Í�Í�Ò°ø�Ï`áRÐ�Ë2Í�êSá�ÎªÒ°Ö Î6ÓSË�á°Ò�Î6Ë2Ð6Ï>Î6êSÐ�Ë�Ô�Ö Ò°Ö)Î6Ë2Ð�Í�Ë2ø�Î6Ò°ÖSÜéÍ�à,Í�Î6Ë2Õ�ÍªÒ°Í<Î6ÓSË"!�#%$ î_ÓSË2Ô�Ð�Ë2Õ'& (*) ÞÑ'ÓSÒ°øMÓ Í6Ï�à,Í'Î6Ó}Ï>Î�Ò�Ø

r ≤ n/2
Î6ÓSË2Ö (

[n]
r

) Ò°Í+!�#%$<Ù-, Ï`Ö)à�Ô`Î6ÓSË2Ð�!�#%$$ëìÎ:à,Ú¹Ë<Ð�Ë2Í�êSá�Î6Í'ÑË2Ð�Ë�ÚSÐ�Ô*Û�Ë2×
Ï>Ø�Î6Ë2Ð$Î6ÓSË<ÚSêSßSá°Ò°ø�Ï>Î6Ò°Ô�Ö#Ô`Ø.& (/) � Î:ÑÔ�Ü�Ô,Ô,×�Í�êSÐ�Û�Ë�à�Ú}Ï`Ú¹Ë2Ð�ÍfÏ`Ð�Ë0& 1*)pÏ`ÖS×2& 3/)rÙÊÌË�ÖSÔ*Ñ ×SË�ù}ÖSË±ç�ñ�ú`ò0å6ó±ç*å�è�çhÏ`ÖS× Ü�Ò�Û�Ë�Ï�ßSÐ�Ò°Ë�Ø�Ð�Ë�Û,Ò°Ë�Ñ Ô`Ø�!�#%$$ëìÎ:à,Ú¹ËHÐ�Ë2Í�êSá�Î6Í'Î6Ó}Ï>Î§Ï`Ð�ËHÕ�Ô�Í�Î
Ð�Ë2á°Ë�Û`Ï`Ö)Î�Î6Ô§Î6ÓSË_Ð�Ë2Í�êSá�Î6ÍaÏ`ÖS×hø2Ô�Ö/4�Ë2ø�Î6êSÐ�Ë'ø2Ô�ÖSø2Ë2Ð�ÖSÒ°ÖSÜdÍ�Ò°Ü�ÖSË2×hÍ�Ë�Î6Í�Î6Ó}Ï>Î�ÑË_ÚSÐ�Ë2Í�Ë2Ö)ÎRÒ°ÖªÎ6ÓSÒ°Í�Ú}Ï`Ú¹Ë2Ð2Ù
î_ÓSË�5 Í�Ò°Ü�ÖSË2×#Í�Ë�Î6Í�5SÎ6Ë2Ð�Õ�Ò°ÖSÔ�á°Ô�Ü`àªÑ$Ï`Í_Ò°Ö)Î6Ð�Ô,×SêSø2Ë2×#Ò°Ö6& 7/) Þ ßSê�Î$Î6ÓSËdÚSÐ�Ë2Í�Ë2Ö)ÎMÏ>Î6Ò°Ô�Ö#ÓSË2Ð�ËdÒ°Í$×SÒ980Ë2Ð�Ë2Ö)ÎÏ`ÖS×�Õ�Ô�Ð�Ë§Ü�Ë2ÖSË2Ð6Ï`árÙ
�BË�Î

X := {x1, ..., x|X|}
Ù0�BË�Î

y1, ..., y|X| ∈ N
ÙªÊÌË±ø�Ï`á°á�Î6ÓSË±Í�Ë�Î

{(x1, y1), ..., (x|X|, y|X|)}Ï
k
þrç�ñ�ú`ò0å6ó

|X|
þrç*å�èdÒ�Ø

|{y1, ..., y|X|}| = k
Ù Ý}Ô�Ð

k ≥ 2 Þ ÑË�×SË�ù}ÖSË SX,k Î6Ôéß¹Ë±Î6ÓSË�ØYÏ`Õ�Ò°á�àéÔ`Ø
(≤ k)

ë:Í�Ò°Ü�ÖSË2×
|X|
ë:Í�Ë�Î6Í'Ü�Ò�Û�Ë2Ö�ß)à

SX,k :=
{

{(x1, a1), ..., (x|X|, a|X|)} : ai ∈ [k], i = 1, ..., |X|
}

.

ÊÌË<ÖSË2Ë2×�Î6Ô�×SË�ù}ÖSË
Sφ,k := φ

ÙaÝ}Ô�Ð'ÏªØYÏ`Õ�Ò°á�à
F
Ô`Ø�Í�Ë�Î6Í Þ ÑËH×SË�ù}ÖSË

SF ,k :=
⋃

F∈F

SF,k.

î_ÓSË<Ø]Ô�á°á°Ô*Ñ'Ò°ÖSÜªÒ°Í$Î6ÓSË<ß}Ï`Í�Ò°ødÐ�Ë2Í�êSá�Î_Ø]Ô�Ð_Í�Ò°Ü�ÖSË2×�Í�Ë�Î6Í2Ù

:<;>=�?A@/=CBEDGF�DIH�JK=�@/LA=IMNDPO�QSR	TVU>T�W>L-X�YZ?-W[MNDADPO]\ �ìñ �
S[r],k

ñ°ç^����`_$ð`ò¹ó
�ìñ�ñ �ªç�èYæOñrõ�èYý��±ç*ã±ô,ò}ý°åMçMç

k = 2 a
bË2Ð�Ü�Ë�Ô�Ð�Ò°Ü�Ò°Ö}Ï`á°á�à�ÚSÐ�Ô*Û�Ë2× î_ÓSË2Ô�Ð�Ë2Õdc�Ù9cGÿ]ÒV� Þ Ï`ÖS×e�BÒ�Û,Ò°ÖSÜ�Í�Î6Ô�Ö ×SË�Î6Ë2Ð�Õ�Ò°ÖSË2×µÎ6ÓSË�ËO÷,Î6Ð�Ë2Õ�Ï`á_ø�Ï`Í�Ë`Ùf Î6ÓSË2Ð'ÚSÐ�Ô,Ô`Ø]Í_Ô`ØpÎ6ÓSÒ°Í_Ð�Ë2Í�êSá�Î'ÑË2Ð�Ë<Ü�Ò�Û�Ë2Ö�ß)àhgdÐ�Ô�Ö}Ï`ê6& i*)pÏ`ÖS×h,�Ô,Ô�Öj&kcZ1/)rÙ
l�Ô�á°Ð�Ô*à,× Ï`ÖS× î�Ï`á°ß¹Ô`Î�& m/)Ð�Ë2ø2Ë2Ö)Î6á�à Í�ÓSÔ*ÑË2× Î6Ó}Ï>Î�Ò�Ø

F
Ò°Í�Ï`ÖI!�#%$�ØYÏ`Õ�Ò°á�àéÔ`Ø_Ò°ÖS×SË2Ú¹Ë2ÖS×SË2Ö)Î

r
ë:Í�Ë�Î6Í�Ô`Ø�Ï±Ü�Ð6Ï`ÚSÓ�Î6ÓSË2Ö

SF ,k
Ò°Í+!�#%$ � ÓSÔ*ÑË�Û�Ë2Ð Þ Î6ÓSË2Ò°Ð_ÚSÐ�Ô,Ô`Ø�ø�Ï`Ð�Ð�Ò°Ë2Í_Ø]Ô�Ð�Ñ$Ï`Ð�×�Î6Ô±Î6ÓSË<Ø]Ô�á°á°Ô*Ñ'Ò°ÖSÜÜ�Ë2ÖSË2Ð6Ï`á°Ò°Í6Ï>Î6Ò°Ô�Ö.Ô`Ø�î_ÓSË2Ô�Ð�Ë2Õnc�Ù9cGÿ]ÒV�OÙ

:<;>=�?A@/=CBEDGFpoeH�qr?-sN@/?Ct>u�Qv:�wGsNxS?GYhM9yzO]\2{ �
F
ñ°ç
r
þ:ô,ò}ñ ��ã>æ�� ð`ò¹ó�����¿èV|}å�ò

SF ,k
ñ°ç^���� a
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î_ÓSË§ÖSËO÷,Î_Ü�Ë2ÖSË2Ð6Ï`á°Ò°Í6Ï>Î6Ò°Ô�Ö±Ô`Ø
î_ÓSË2Ô�Ð�Ë2Õ}c�Ù9cfÒ°Í$Ï<ÑË2á°áKë]~GÖSÔ*Ñ'Ö.Ð�Ë2Í�êSá�ÎÎ6Ó}Ï>ÎÑ$Ï`ÍRù}Ð�Í�Î_Í�ÎMÏ>Î6Ë2×.ß)à
,�Ë�à�Ë2Ð<&kc/7/)
Ï`ÖS×�ÚSÐ�Ô*Û�Ë2× ß)àr�fË���Ï�Ï`ÖS× Ý}Ð6Ï`Ö�~GáS& 1*)rÙ
:<;>=�?A@/=CBEDGFp�eH���=�t-=�@�MNDCozO�QS�"=���w6wGW�u���@/wGW>��s�M9�zO]\2� ã>æ

r ≤ n
ð`ò¹ó

k ≥ 2
_

�ìñ �
S([n]

r ),k
ñ°ç�����`_ð`ò¹ó

�ìñ�ñ �ªç�èYæOñrõ�èYý��±ç*ã±ô,ò}ý°åMçMç
r = n ≥ 3

ð`ò¹ó
k = 2 a

!�ÖSÜ�Ë2á�& ��) Þ !�Ð�×���Í'Ë�ÎfÏ`árÙ�& �/) Þ Ï`ÖS×hbÔ�á°á°Ô�ßG�`Í_Ï`ÖS×r�BË�Ï`×SË2Ð�& 7/)
Ü)Ï�Û�Ë<Ô`Î6ÓSË2Ð'ÚSÐ�Ô,Ô`Ø]Í_Ô`Ø�î_ÓSË2Ô�Ð�Ë2Õ�c�Ù 1ß}Ï`Í�Ë2×�Ô�Ö�Û`Ï`Ð�Ò�Ï`Ö)Î6Í$Ô`ØBÎ6ÓSË§ø2Ò°Ð�ø2á°ËfÕ�Ë�Î6ÓSÔ,×.êSÍ�Ë2×�ß)à"#<Ï>Î6Ô�Ö}Ï�&kcZ�/)´Ò°Ö.ÓSÒ°Í_Ï`á�Î6Ë2Ð�Ö}Ï>Î6Ò�Û�Ë�ÚSÐ�Ô,Ô`Ø
Ô`Ø
Î6ÓSË
!�#%$ î_ÓSË2Ô�Ð�Ë2Õ�Ù
ö�Ô`Î6ËíÎ6Ó}Ï>Î�î_ÓSË2Ô�Ð�Ë2Õ�c�Ù 1}ÿ]ÒV�±Ñ'Ò�Î6Ó

r ≤ n/2
Ø]Ô�á°á°Ô*Ñ'Í�Ø]Ð�Ô�Õ î_ÓSË2Ô�Ð�Ë2Õ�c�Ù�7 Ï`ÖS× Î6ÓSË2!�#%$

î_ÓSË2Ô�Ð�Ë2Õ�Ù  á°Í�Ô�ÖSÔ`Î6Ë#Î6Ó}Ï>ÎhÎ6ÓSË�ø�Ï`Í�Ë
r > n/2

Ò°Öµî_ÓSË2Ô�Ð�Ë2Õdc�Ù 1íÚSÐ�Ô*Û,Ò°×SË2Í�Ï`Ö ËO÷SÏ`Õ�ÚSá°Ë#Ô`Ø§Ï
ØYÏ`Õ�Ò°á�à

F
Í�êSøMÓ�Î6Ó}Ï>Î

SF ,k
Ò°Í`!�#%$ ßSê�Î

F
Ò°Í_ÖSÔ`Î�Ù

î_ÓSÒ°Í�Ú}Ï`Ú¹Ë2ÐHÒ°ÍHÕ�Ô`Î6Ò�Û`Ï>Î6Ë2× ß)à Î6ÓSË��GêSË2Í�Î6Ò°Ô�Ö6���fÔ�ØYÏ`Õ�Ò°á°Ò°Ë2Í
F
Í�êSøMÓ Î6Ó}Ï>Î

SF ,k
Ò°ÍHÖSÔ`ÎK!�#%$

Ø]Ô�Ð�Í�Ô�Õ�Ë
k ≥ 2

ËO÷�Ò°Í�ÎdÏ>Ø�Î6Ë2ÐfÏ`á°áV���MÙÊÌË�ø2Ô�Ö/4�Ë2ø�Î6êSÐ�Ë�Î6Ó}Ï>ÎfÎ6ÓSËªÏ`ÖSÍ�ÑË2Ð§Ò°Í.�DÖSÔ*�MÙ f êSÐ�Õ�Ï`Ò°Ö�Ð�Ë2Í�êSá�Î
ÚSÐ�Ô*Û,Ò°×SË2Í�ÏfÍ�Î6Ð�Ô�ÖSÜ§Ü�Ë2ÖSË2Ð6Ï`á°Ò°Í6Ï>Î6Ò°Ô�ÖHÔ`Ø�î_ÓSË2Ô�Ð�Ë2Õ�c�Ù 1fß)à�Ë2Í�ÎMÏ`ßSá°Ò°Í�ÓSÒ°ÖSÜ�Î6ÓSËRÎ6Ð�ê�Î6ÓhÔ`Ø�Ô�êSÐ�ø2Ô�Ö/4�Ë2ø�Î6êSÐ�Ë
Ø]Ô�Ð´ØYÏ`Õ�Ò°á°Ò°Ë2Í

F
Î6Ó}Ï>ÎpÏ`Ð�Ë§õMã*�fâ¹æ6åMçMç*å6ófä�æOè �ìä�ñ�èV|�æ6åMç:â}åMõ�è¹è:ã¡�<ð`ò�å�ý°å���å�ò}è

f ∗ ∈ U(F) Þ ÒrÙ Ë`Ù
ØYÏ`Õ�Ò°á°Ò°Ë2Í
F
Ø]Ô�Ð'Ñ'ÓSÒ°øMÓ

f ∈ F ∈ F\F(f ∗)
Ò°Õ�ÚSá°Ò°Ë2Í

(F\{f}) ∪ {f ∗} ∈ F(f ∗)
Ù_ÊÌË�Ï`Ð�ËªÏ`á°Í�Ô�ø2Ô�ÖSø2Ë2Ð�ÖSË2×

Ñ'Ò�Î6Ó�Í�Î6Ð�Ò°ø�Î�Ï`ÖS×�ÖSÔ�Ö,ë:Í�Î6Ð�Ò°ø�Î+!�#%$ ø�Ï`Í�Ë2Í2Ù
¢ ?-WC£�=C¤�Y/¥>@/=IDGFk¦¨§ å�è

F
�Oå�ð`òG�`�2ð��hñ�ý��#ã��fç*å�è�ç¡_$ð`ò¹ó�ý°å�è

k ≥ 2 a0© |}å�ò�ìñ �
SF ,k

ñ°ç^����`ª
�ìñ�ñ �

SF ,k
ñ°ç§ç�èYæOñrõ�èYý��0����¿ô,ò}ý°åMçMç

k = 2
ð`ò¹ó

|OF(f)| ≥ 3
��ã>æfç*ã*��å

(f, 1) ∈ L(SF ,2) a
:<;>=�?A@/=CBEDGFp« ïRã>ò¬�åMõ�èYô,æ6å<® a ¯ ñ°ç<èYæOô}å�ñ � F ⊆ 2[n] ñ°çhõMã*�fâ¹æ6åMçMç*å6ó±ä�æOè 1 a
ÊÌËHÏ`á°Í�Ô±ø2Ô�Ö�ù}Ð�Õ±°Ô�Ö/4�Ë2ø�Î6êSÐ�Ë�c�Ù ��ÿ]Ò°ÒV��Ø]Ô�Ð$ØYÏ`Õ�Ò°á°Ò°Ë2Í

F
Ï`Í'Ò°Ö�î_ÓSË2Ô�Ð�Ë2Õnc�Ù�7,Ù

:<;>=�?A@/=CBEDGFp² ïRã>ò¬�åMõ�èYô,æ6å<® a ¯ ñ°ç<èYæOô}å�ñ � F ñ°ç
r
þ:ô,ò}ñ ��ã>æ�� ð`ò¹ó����� a

³ ´ Â¶µHÇ�·.É�¸�É�µdÄ�¹ Ävº`»
Ç"¸OÃ½¼>Å<Ä Ã�¾"º¿»�À�º'ÈÉ�µ%¸ È.µ�»�º
k = 2

Ý}Ô�Ð'ÏhÍ�Ò°Ü�ÖSË2×�Í�Ë�Î
A
Ï`ÖS×�Ò°Ö)Î6Ë2Ü�Ë2Ð�Í

q
Ï`ÖS×

k Þ á°Ë�Î

θqk(A) := {(x, a + q modulo k) : (x, a) ∈ A}.

Ý}Ô�Ð
q = 1 Þ ÑË�Ï`á°Í�ÔªÑ'Ð�Ò�Î6Ë θk(A)

Ù
°á°Ë�Ï`Ð�á�à Þ Ò�Ø k = 2

Î6ÓSË2Ö
θ2(A)

Ò°ÍÎ6ÓSËdêSÖSÒp�GêSËdÍ�Ë�Î�Ò°Ö
SX,2

Î6Ó}Ï>Î'×SÔ,Ë2Í_ÖSÔ`Î_Ò°Ö)Î6Ë2Ð�Í�Ë2ø�Î
A
Ù�î_ÓGêSÍ ÞØ]Ô�Ð

A ⊂ SX,2 Þ
A ∈ ex(SX,2) ⇔ |A ∩ {A, θ2(A)}| = 1

Ø]Ô�Ð'Ï`á°á
A ∈ SX,2.

ÿ�c/�
ö�Ô`Î6Ë'Î6Ó}Ï>ÎRÍ�ÎMÏ`Ð�ÍRÔ`Ø

SX,2
Ï`Ð�Ë�Õ�Ë2Õªß¹Ë2Ð�ÍaÔ`Ø

ex(SX,2) Þ Ï`ÖS×�Î6Ó}Ï>ÎRÖSÔ`ÎÏ`á°á}Õ�Ë2Õªß¹Ë2Ð�ÍaÔ`Ø ex(SX,2)
Ï`Ð�Ë

Í�ÎMÏ`Ð�Í'êSÖSá°Ë2Í�Í
|X| ≤ 2

Ù
ÊÌË<Ü�Ë2ÖSË2Ð6Ï`á°Ò°Í�Ë�ÿ�c/�Ò°Ö#Î6ÓSËdØ]Ô�á°á°Ô*Ñ'Ò°ÖSÜª×SÒ°Ð�Ë2ø�Î6Ò°Ô�Ö´Ù
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:<;>=�?A@/=CBÁoÂF�DÃ§ å�è
I ⊆ N a � ã>æ�å6ðGõ¡| i ∈ I

_�ý°å�è
Xi

�Oå ð0Äaò}ñ�è:å.ç*å�èªð`ò¹ó ý°å�è
Ai ⊂ SXi,2 aÅ ô*â)â}ã*ç*å ⋃

i∈I Ai

ñ°çñ�ò}è:å�æ6ç*åMõ�èYñ�ò,ú a<© |}å�ò Ai ∈ ex(SXi,2)
|}ã>ý�óWçA��ã>æ_ð`ý�ý

i ∈ I
ñ Æ
X :=

⋂

i∈I Xi 6=
φ
ð`ò¹ó/_G��ã>æfç*ã*��å

X ∈ ex(SX,2)
ð`ò¹ó`��ã>æ�ð`ý�ý

i ∈ I
_
Ai = {A ∈ SXi,2 : A ∩ (X × 2) ∈ X} a

Ç @/?Â?AÈÉF î_ÓSËªÍ�êzÊ�ø2Ò°Ë2ÖSø�àéø2Ô�ÖS×SÒ�Î6Ò°Ô�Ö Ò°Í�Í�Î6Ð6Ï`Ò°Ü�Ó)Î�Ø]Ô�Ð�Ñ$Ï`Ð�×éÍ�Ò°ÖSø2ËHÎ6ÓSË2Ö Þ Ø]Ô�Ð§Ï`á°á i ∈ I Þ Ai

Í6Ï>Î6Ò°Í�ù}Ë2Í
ÿ�c/�OÙ_ö�Ô*Ñ Ï`Í�Í�êSÕ�Ë<Î6Ó}Ï>Î�Ø]Ô�Ð�Ï`á°á

i ∈ I Þ Ai ∈ ex(SXi,2)
ÙÊÌËHÚSÐ�Ô*Û�ËHÎ6ÓSËHÖSË2ø2Ë2Í�Í6Ï`Ð�à ø2Ô�ÖS×SÒ�Î6Ò°Ô�Ö�ß)à

Ò°ÖS×SêSø�Î6Ò°Ô�Ö#Ô�Ö
m := min{|Xi| : i ∈ I}

Ù
Ë êSÚSÚ¹Ô�Í�Ë§Î6ÓSË2Ð�Ë§ËO÷�Ò°Í�Î

i1, i2, l ∈ I
Í�êSøMÓ#Î6Ó}Ï>Î

Ai1 ∩Ai2 ∩ (Xl× [2]) = φ
Ø]Ô�ÐÍ�Ô�Õ�Ë

Ai1 ∈ Ai1Ï`ÖS×
Ai2 ∈ Ai2

ÙÌ�BË�Î
Bp := Aip ∩ (Xl × [2]) Þ p = 1, 2

Ù[�BË�Î
Y := Xl\(Xi1 ∪ Xi2)

Ù ûìØ
Y 6= φ

Î6ÓSË2Ö øMÓSÔ,Ô�Í�Ë
C ∈ SY,2 Þ Ô`Î6ÓSË2Ð�Ñ'Ò°Í�Ë�ÎMÏ�~`Ë C := φ

ÙÍ�BË�Î
D := B1\(Xi2 × [2])

Ï`ÖS×
E := B2∪θ2(D)∪C ∈ SXl,2

Ù Ë Ô
E∩Ai1 = φ

Ï`ÖS×
θ2(E)∩Ai2 = φ

Ùpî_ÓSË2Ð�Ë�Ø]Ô�Ð�Ë
E, θ2(E) /∈ Al ÞÏ`ÖS×�ÓSË2ÖSø2Ë Þ ß)à ÿ�c/� Þ ÑËHÓ}Ï�Û�Ë Al /∈ ex(SXl,2) Þ

Ïhø2Ô�Ö)Î6Ð6Ï`×SÒ°ø�Î6Ò°Ô�Ö´Ù�î_ÓGêSÍ Þ
Ø]Ô�Ð'Ï`Ö)à

A,B ∈
⋃

i∈I Ai

Ï`ÖS×
l ∈ I Þ A ∩ B ∩ (Xl × [2]) 6= φ

Ù ÿ�7P�
�BË�Î

X := {A ∩ (X × 2) : A ∈
⋃

i∈I Ai}
ÿ
X :=

⋂

i∈I Xi

�OÙ	�BË�Î
j ∈ I

Í�êSøMÓ�Î6Ó}Ï>Î
|Xj| = m

Ù
Ë êSÚSÚ¹Ô�Í�Ë

X = Xj

Ù Ë Ô
X ⊇ Aj

Ï`ÖS× Þ ß)à ÿ�7P�#ÿ�Ñ'Ò�Î6Ó l = j
� Þ X Ò°ÍhÒ°Ö)Î6Ë2Ð�Í�Ë2ø�Î6Ò°ÖSÜSÙ Ë Ò°ÖSø2Ë

Aj ∈ ex(SXj ,2) Þ
Ò�Î�Ø]Ô�á°á°Ô*Ñ'Í±Î6Ó}Ï>Î

X = Aj Þ Ï`ÖS× ÓSË2ÖSø2ËíÐ�Ë2Í�êSá�Î�Ù ûìÎ�Ñ'Ò°á°á�ß¹Ë ø2á°Ë�Ï`Ð�Ø]Ð�Ô�Õ Î6ÓSËØ]Ô�á°á°Ô*Ñ'Ò°ÖSÜ�Î6Ó}Ï>Î_ÑËHÓ}Ï�Û�Ë�Ï`á°Í�Ô+4�êSÍ�Î�ø2Ô*Û�Ë2Ð�Ë2×�Î6ÓSË<ß}Ï`Í�Ò°Í'Ô`Ø�Ò°ÖS×SêSø�Î6Ò°Ô�Ö
m = 1

Ù
ö�Ô*Ñ Í�êSÚSÚ¹Ô�Í�Ë

X 6= Xj

Ù Ë Ô±Î6ÓSË2Ð�ËHËO÷�Ò°Í�Î6Í
h ∈ I

Í�êSøMÓ Î6Ó}Ï>Î
Xj\Xh 6= φ

Ù.�BË�Î
xj ∈ Xj\Xh

Ù
�BË�Î

X ′
j := Xj\{xj} Þ Ï`ÖS×íØ]Ô�ÐdË�Ï`øMÓ i ∈ I\{j} Þ á°Ë�Î X ′

i := Xi

Ù Ë Ô ⋂

i∈I X
′
i = X

ÙªûìØ
X ′
j = φÎ6ÓSË2Ö

Xj ∩ Xh = φ Þ Ï`ÖS× ÓSË2ÖSø2Ë Aj = φ
Ô�Ð

Ah = φ Þ Ï�ø2Ô�Ö)Î6Ð6Ï`×SÒ°ø�Î6Ò°Ô�Ö´Ùµî_ÓSË2Ð�Ë�Ø]Ô�Ð�Ë m′ :=
min{|X ′

i| : i ∈ I} = |X ′
j| = m− 1 ≥ 1

ÙaÝ}Ô�Ð_Ë�Ï`øMÓ
i ∈ I\{j} Þ ÑËHÓ}Ï�Û�Ë A′

i := Ai ∈ ex(SX′

i ,2
)
Ù

�BË�Î
A′
j := {A\{(xj, 1), (xj, 2)} : A ∈ Aj} ⊆ SX′

j ,2

ÙÎbRà ÿ�7P� Þ Ø]Ô�Ð#Ï`Ö)à A,B ∈
⋃

i∈I Ai Þ
A ∩B ∩ (Xh × [2]) 6= φ � ÓSË2ÖSø2Ë ⋃

i∈I A
′
i

Ò°Í$Ò°Ö)Î6Ë2Ð�Í�Ë2ø�Î6Ò°ÖSÜSÙ Ë êSÚSÚ¹Ô�Í�Ë
A′
j /∈ ex(SX′

j ,2
)
Ùaî_ÓSË2Ö Þ ß)àÿ�c/� Þ A′

j, θ2(A
′
j) /∈ A′

j

Ø]Ô�ÐfÍ�Ô�Õ�Ë
A′
j ∈ SX′

j ,2

Ù Ë Ô
Aj := A′

j ∪ {xj, 1} /∈ Aj

Ï`ÖS×
θ2(Aj) /∈ Aj ÞÑ'ÓSÒ°øMÓ Þ ß)à ÿ�c/� Þ ø2Ô�Ö)Î6Ð6Ï`×SÒ°ø�Î6Í Aj /∈ ex(SXj ,2)

Ùel�Ë2ÖSø2Ë
A′
j ∈ ex(SX′

j ,2
)
ÙÏ°á°Ë�Ï`Ð�á�à Þ Î6ÓSË�Ð�Ë2Í�êSá�ÎØ]Ô�á°á°Ô*Ñ'Í$Ò°Õ�Õ�Ë2×SÒ�Ï>Î6Ë2á�à�Ï>Ø�Î6Ë2Ð'Ï`ÚSÚSá�à,Ò°ÖSÜªÎ6ÓSË<Ò°ÖS×SêSø�Î6Ò�Û�Ë<Ó)à,Ú¹Ô`Î6ÓSË2Í�Ò°Í_Ø]Ô�Ð$Î6ÓSËdØYÏ`Õ�Ò°á°Ò°Ë2Í

A′
i Þ i ∈ I

Ù
�

¢ ?A@/?-s�sNw�@ZteoÂFpo�{ �
f ∈ U(F)

ð`ò¹ó
A ∈ ex(SF(f),2)

èV|}å�ò-Ð
�ìñ �

A = {F ∈ F : F ∩ (OF(f)(f) × [2]) ∈ X}
��ã>æ§ç*ã*��å

X ∈ ex(SOF(f)(f),2)
ª

�ìñ�ñ �±ñ �
|OF(f)(f)| ≤ 2

èV|}å�ò
A = SF ,2((f

′, b))
��ã>æ§ç*ã*��å

(f ′, b) ∈ OF(f)(f) × [2] a
Ç @/?Â?AÈÉF �BË�Î

B := SF ,2((f, 1))
Ù Ë Ë�Î

n := |F(f)| Þ Ï`ÖS×�á°Ë�Î X1, ..., Xn

ß¹Ë'Î6ÓSË�Í�Ë�Î6ÍÒ°Ö
F(f)

Ù�Ý}Ô�Ð
Ë�Ï`øMÓ

i ∈ [n] Þ á°Ë�Î Ai := A∩SXi ,2 Þ Bi := B∩SXi ,2
Ù Ë Ô ⋃n

i=1 Ai

Ï`ÖS× ⋃n

i=1 Bi
Ï`Ð�ËRÚ}Ï`Ð�Î6Ò�Î6Ò°Ô�ÖSÍ
Ô`Ø

AÏ`ÖS×
B
Ð�Ë2Í�Ú¹Ë2ø�Î6Ò�Û�Ë2á�à�Ù+bRà ÿ�c/� Þ Bi ∈ ex(SXi,2) Þ i = 1, ..., n Þ Ï`ÖS× ÓSË2ÖSø2Ë B ∈ ex(SF(f),2)

Ù$î_ÓGêSÍ ÞÒ�Ø
Ai /∈ ex(SXi,2)

Ø]Ô�Ð<Í�Ô�Õ�Ë
i ∈ [n]

Î6ÓSË2Ö
|A| < |B| Þ ßSê�ÎHÎ6ÓSÒ°ÍHø2Ô�Ö)Î6Ð6Ï`×SÒ°ø�Î6Í A ∈ ex(SF(f),2)

Ù
Ë Ô

Ai ∈ ex(SXi,2) Þ i = 1, ..., n
ÙÌbRà î_ÓSË2Ô�Ð�Ë2Õd7,Ù9c Þ Ø]Ô�Ð�Í�Ô�Õ�Ë X ∈ ex(SX,2)

Ï`ÖS× Ø]Ô�Ð�Ï`á°á
i ∈ [n] Þ Ai = {A ∈ SXi,2 : A ∩ (X × 2) ∈ X )} Þ Ñ'ÓSË2Ð�Ë X =

⋂n

i=1Xi 3 f
Ù Ë Ô�ÿ]ÒV�$Ø]Ô�á°á°Ô*Ñ'Í�Ò�Ø

X = OF(f)(f)
Ù<�BË�Î

x ∈ U(F(f))
Ù�ûìØ

x /∈ X
Î6ÓSË2ÖíÎ6ÓSË2Ð�Ë±ËO÷�Ò°Í�Î6Í

j ∈ [n]
Í�êSøMÓ�Î6Ó}Ï>Î

x /∈ Xj ÞÏ`ÖS×�ÓSË2ÖSø2Ë
x /∈ OF(f)(f) � ø2Ô�Ö)Î6Ð6Ï`Ú¹Ô�Í�Ò�Î6Ò�Û�Ë2á�à Þ Ò�Ø x ∈ OF(f)(f)

Î6ÓSË2Ö
x ∈ X

Ù Ë Ô
OF(f)(f) ⊆ X

Ù
ûìØ
x ∈ X

Î6ÓSË2Ö
F(f)(x) = F(f)

Ù Ë Ô
X ⊆ OF(f)(f) Þ Ï`ÖS×�ÓSË2ÖSø2Ë X = OF(f)(f)

Ò°ÖS×SË2Ë2×´Ù
Ë êSÚSÚ¹Ô�Í�Ë

|OF(f)(f)| ≤ 2
Ù Ë Ô

1 ≤ |OF(f)(f)| = |X| ≤ 2 Þ Ï`ÖS×ÌÒ�ÎHÒ°Í<Î6Ð�Ò�Û,Ò�Ï`á�Î6Ó}Ï>Î X ø�Ï`Ö
Ô�ÖSá�à.ß¹ËHÏhÍ�ÎMÏ`Ð'Ò°Ö.Î6ÓSÒ°Í'ø�Ï`Í�Ë`Ù	l�Ë2ÖSø2Ë.ÿ]Ò°ÒV�OÙ

�
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î_ÓSË§Í�Î6Ð�Ò°ø�Î$Ï`ÖS×.ÖSÔ�Ö,ë:Í�Î6Ð�Ò°ø�Î.!�#%$ ø�Ï`Í�Ë2ÍØ]Ô�Ð
k = 2

Ò°Ö�Ë�Ï`øMÓ#Ô`ØBî_ÓSË2Ô�Ð�Ë2Õ�Í�c�Ù��HÏ`ÖS×Ñc�Ù (<Ñ'Ò°á°á�ß¹Ë
×SË�Î6Ë2Ð�Õ�Ò°ÖSË2×�êSÍ�Ò°ÖSÜ�î_ÓSË2Ô�Ð�Ë2Õ±7,Ù9c Þ °Ô�Ð�Ô�á°á�Ï`Ð�à�7,Ù�7hÏ`ÖS×�Î6ÓSËdØ]Ô�á°á°Ô*Ñ'Ò°ÖSÜ�ØYÏ`ø�Î�Ù
Ç @/?AÒS?-XTVY/TN?-WeoÂFp��{ �

|OF(f)| ≥ 3
��ã>æ_ç*ã*��å

(f, 1) ∈ L(SF ,2)
èV|}å�ò

SF ,2
ñ°ç�ò0ã>è
ç�èYæOñrõ�èYý������� a

Ç @/?Â?AÈÉF ÊÌË.Ó}Ï�Û�Ë
F(f1) = F(f2) = F(f3) = F(f)

Ø]Ô�Ð�Í�Ô�Õ�Ë�×SÒ°Í�Î6Ò°ÖSø�Î
f1, f2, f3 ∈ OF(f)ÿ]Ú¹Ô�Í�Í�Ò°ßSá�à Þ f ∈ {f1, f2, f3}

�OÙ ûìÎ#Ø]Ô�á°á°Ô*Ñ'Í�Î6Ó}Ï>Î.Ø]Ô�Ð.Ï`á°á
F ∈ F(f) Þ f1, f2, f3 ∈ F

ÙÓ�fË�ù}ÖSË
Y1 := {(f1, 1), (f2, 1), (f3, 1)} Þ Y2 := {(f1, 1), (f2, 1), (f3, 2)} Þ Y3 := {(f1, 1), (f2, 2), (f3, 1)} Þ
Y4 := {(f1, 2), (f2, 1), (f3, 1)}

ÙS°á°Ë�Ï`Ð�á�à Þ Î6ÓSË'ØYÏ`Õ�Ò°á�à ⋃

F∈F{Yi∪Z : i ∈ [4], Z ∈ SF\{f1,f2,f3},2}Ò°Í_ÖSÔ�Ö,ëìÎ6Ð�Ò�Û,Ò�Ï`á Þ Ò°Ö)Î6Ë2Ð�Í�Ë2ø�Î6Ò°ÖSÜ Þ Ï`ÖS× Ï`Í'á�Ï`Ð�Ü�ËdÏ`Í SF ,2((f, 1)) Þ Ïhá�Ï`Ð�Ü�Ë2Í�Î'Í�ÎMÏ`Ð'Ô`Ø SF ,2
Ù

�

Ô Õ Ä�Å±Å�¼ Å�¼ÍÖdµ<É2Â�Ävº`»
Ç"¸OÃ
î_ÓSÒ°ÍªÍ�Ë2ø�Î6Ò°Ô�Ö Ò°Í�×SË2×SÒ°ø�Ï>Î6Ë2× Î6ÔéÎ6ÓSË.ÚSÐ�Ô,Ô`Ø'Ô`Ø'î_ÓSË2Ô�Ð�Ë2Õ'c�Ù�� Þ Ñ'ÓSÒ°øMÓµÒ°Í�ß}Ï`Í�Ë2×µÔ�ÖÌÎ:ÑÔ�×SÒ980Ë2Ð�Ë2Ö)ÎõMã*�fâ¹æ6åMçMç�ñrã>ò�ëRÏ`á°Í�Ô�~GÖSÔ*Ñ'Ö Ï`Ífç¡|,ñ �OèYñ�ò,ú�Ô�Ðâ¹ô)ç¡|,ñ�ò,ú`þ:ô*â�ëaÕ�Ë�Î6ÓSÔ,×SÍ2Ù�ÊÌË<Ð�Ë�Ø]Ë2Ð$Î6ÓSËdÐ�Ë�Ï`×SË2Ð$Î6Ôr& 3/)
Ø]Ô�Ð'ÏhÍ�êSÐ�Û�Ë�à�Ô�Ö�ø2Ô�Õ�ÚSÐ�Ë2Í�Í�Ò°Ô�Ö Ï`ÚSÚSá°Ò°ø�Ï>Î6Ò°Ô�ÖSÍÒ°Ö�ËO÷,Î6Ð�Ë2Õ�Ï`áBÍ�Ë�Î'Î6ÓSË2Ô�Ð�à�Ù
î_ÓSË�ù}Ð�Í�Î±ø2Ô�Õ�ÚSÐ�Ë2Í�Í�Ò°Ô�ÖµÔ�Ú¹Ë2Ð6Ï>Î6Ò°Ô�Ö Ñ$Ï`Í�êSÍ�Ë2× Ò°ÖÃ& 1*)$Ø]Ô�ÐªÎ6ÓSË�ÚSÐ�Ô,Ô`Ø�Ô`Øfî_ÓSË2Ô�Ð�Ë2Õ×c�Ù 1�ÙµÝ}Ô�Ð

(a, b) ∈ [n] × [2, k] Þ á°Ë�Î ∆a,b : 2
S

2[n],k → 2
S

2[n],k
ß¹Ë<×SË�ù}ÖSË2× ß)à

∆a,b(A) := {δa,b(A) : A ∈ A} ∪ {A ∈ A : δa,b(A) ∈ A},

Ñ'ÓSË2Ð�Ë
δa,b : S2[n],k → S2[n],k

Ò°Í_×SË�ù}ÖSË2× ß)à

δa,b(A) :=

{

A\{(a, b)} ∪ {(a, 1)}
Ò�Ø

(a, b) ∈ A;
A

Ô`Î6ÓSË2Ð�Ñ'Ò°Í�Ë
ÊÌË<Í6Ï�à

A ⊆ S2[n],k

Ò°Í
∆
þ�õMã*�fâ¹æ6åMçMç*å6ó.Ò�ØpØ]Ô�Ð'Ï`á°á

(a, b) ∈ [n] × [2, k] Þ ∆a,b(A) = A
Ù

î_ÓSËdØ]Ô�á°á°Ô*Ñ'Ò°ÖSÜHá°Ë2Õ�Õ�ÏHÔ�ê�Î6á°Ò°ÖSË2ÍÎ6ÓSË§ÑË2á°áKë]~GÖSÔ*Ñ'Ö.Ø]êSÖS×}Ï`Õ�Ë2Ö)ÎMÏ`á0ÚSÐ�Ô�Ú¹Ë2Ð�Î6Ò°Ë2Í$Ô`Ø
Î6ÓSËdø2Ô�Õ�ÚSÐ�Ë2ÍDë
Í�Ò°Ô�Ö

∆a,b Þ Ñ'ÓSÒ°øMÓ Ï`Ð�Ë<ÖSÔ`Î'×SÒ9Ê�ø2êSá�Î_Î6Ô±ÚSÐ�Ô*Û�Ë`ÙR�=CBIBjwj�ÂF�DÃ§ å�è
A ⊆ S2[n],k a § å�è (a, b) ∈ [n] × [2, k] a0© |}å�ò-Ð�ìñ �

|∆a,b(A)| = |A|
ª

�ìñ�ñ �±ñ �
A
ñ°çHñ�ò}è:å�æ6ç*åMõ�èYñ�ò,ú�èV|}å�ò

∆a,b(A)
ñ°ç<ñ�ò}è:å�æ6ç*åMõ�èYñ�ò,ú/ª

�ìñ�ñ�ñ ��ñ �
A
ñ°çñ�ò}è:å�æ6ç*åMõ�èYñ�ò,údð`ò¹ó

∆
þ�õMã*�fâ¹æ6åMçMç*å6ófèV|}å�ò

A1∩A2∩([n]×[1]) 6= φ
��ã>æ$ð`òG�

A1, A2 ∈ A a
ÊÌËéÖSËO÷,Î#Ò°Ö)Î6Ð�Ô,×SêSø2Ë Ô�êSÐ�Í�Ë2ø2Ô�ÖS× ø2Ô�Õ�ÚSÐ�Ë2Í�Í�Ò°Ô�Ö Ô�Ú¹Ë2Ð6Ï>Î6Ò°Ô�Ö´Ù ÊÌË�ÎMÏ�~`Ë

K := {(1, b) : b ∈
[k]} ∪ {(n, 1)}

Ï`ÖS×�×SË�ù}ÖSË
λ : S2[n],k → S2[n],k

ß)à

λ(A) :=







A\{(n, 1)} ∪ {(1, 1)}
Ò�Ø
A ∩K = {(n, 1)};

A\{(1, b), (n, 1)} ∪ {(1, 1), (n, b)}
Ò�Ø
A ∩K = {(1, b), (n, 1)};

A
Ô`Î6ÓSË2Ð�Ñ'Ò°Í�Ë`Ù

Ë Ò°Õ�Ò°á�Ï`Ð�á�àªÎ6Ô
∆a,b Þ ÑËH×SË�ù}ÖSË Λ: 2

S
2[n],k → 2

S
2[n],k

ß)à

Λ(A) := {λ(A) : A ∈ A} ∪ {A ∈ A : λ(A) ∈ A}.
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 Î'Î6ÓSÒ°Í_Ú¹Ô�Ò°Ö)Î Þ ÑËHÖSË2Ë2×�Î6Ô±Ò°Ö)Î6Ð�Ô,×SêSø2Ë<Í�Ô�Õ�Ë§Ø]êSÐ�Î6ÓSË2Ð'ÖSÔ`ÎMÏ>Î6Ò°Ô�Ö´Ù�Ý}Ô�Ð A ∈ SF,k Þ á°Ë�Î

γ(A) := F.

Ý}Ô�Ð
A ⊆ SF ,k Þ á°Ë�Î Γ(A)

ß¹ËdÎ6ÓSË<Í�êSß,ëìØYÏ`Õ�Ò°á�à�Ô`Ø
F
Ü�Ò�Û�Ë2Ö�ß)à

Γ(A) := {γ(A) : A ∈ A} = {F ∈ F : A ∩ SF,k 6= φ}.

R�=CBIBjwj�ÂFpoØ§ å�è
F ⊆ 2[n] �Oå õMã*�fâ¹æ6åMçMç*å6óéä�æOè<® a § å�è A ⊂ SF ,k

�Oå#ñ�ò}è:å�æ6ç*åMõ�èYñ�ò,úÌð`ò¹ó
∆
þ

õMã*�fâ¹æ6åMçMç*å6ó a�© |}å�ò-Ð�ìñ �
|Λ(A)| = |A|

ª
�ìñ�ñ �

Λ(A) ⊂ SF ,k
ª

�ìñ�ñ�ñ �
B1 ∩B2 ∩ ([n] × [1]) 6= φ

��ã>æHð`òG�
B1, B2 ∈ Λ(A) a

Ç @/?Â?AÈÉF ÿ]ÒV�Ò°Í_Í�Î6Ð6Ï`Ò°Ü�Ó)Î�Ø]Ô�Ð�Ñ$Ï`Ð�×´Ù
ûìØ
A ∈ SF ,k

Ï`ÖS×
γ(λ(A)) 6= γ(A)

Î6ÓSË2Ö
n ∈ γ(A) Þ 1 /∈ γ(A)

Ï`ÖS×
γ(λ(A)) = (γ(A)\{n})∪

{1}
Ù Ë Ò°ÖSø2Ë

F
Ò°Í'ø2Ô�Õ�ÚSÐ�Ë2Í�Í�Ë2×�Ñ'Ð�Î�c Þ Ò�Î$Ø]Ô�á°á°Ô*Ñ'ÍÎ6Ó}Ï>Î Γ(Λ(A)) ⊆ F

Ù�l�Ë2ÖSø2Ë.ÿ]Ò°ÒV�OÙ
bRàÙ�BË2Õ�Õ�Ï�1�Ù9c Þ A ∩ A′ ∩ ([n] × [1]) 6= φ

Ø]Ô�Ð_Ï`Ö)à
A,A′ ∈ A

Ù��BË�Î
B1, B2 ∈ Λ(A)

Ù�î_ÓSË2Ö ÞØ]Ô�ÐHË�Ï`øMÓ
p ∈ [2] Þ Bp = Ap

Ô�Ð
Bp = λ(Ap)

Ø]Ô�ÐHÍ�Ô�Õ�Ë
Ap ∈ A

Ù�ûìÎªÒ°ÍHÍ�Î6Ð6Ï`Ò°Ü�Ó)Î�Ø]Ô�Ð�Ñ$Ï`Ð�× Î6Ó}Ï>Î
ÿ]Ò°Ò°ÒV�dÓSÔ�á°×SÍhÒ�Ø

Bp = Ap Þ p = 1, 2 Þ Ô�Ð Bp = λ(Ap) Þ p = 1, 2
Ù Ê Ò�Î6ÓSÔ�ê�Îhá°Ô�Í�ÍhÔ`ØfÜ�Ë2ÖSË2Ð6Ï`á°Ò�Î:à ÞÍ�êSÚSÚ¹Ô�Í�Ë

B1 = A1 Þ B2 = λ(A2) 6= A2
Ï`ÖS×

B1 ∩ B2 ∩ ([n] × [1]) = φ
Ù ûìÎ�Ø]Ô�á°á°Ô*Ñ'ÍhÎ6Ó}Ï>Î

A1∩A2∩ ([n]× [1]) = {(n, 1)}
Ï`ÖS×

A1 6= λ(A1) ∈ A
Ù bê�ÎaÎ6ÓSË2Ö

λ(A1)∩A2∩ ([n]× [1]) = φ ÞÏhø2Ô�Ö)Î6Ð6Ï`×SÒ°ø�Î6Ò°Ô�Ö´ÙSl�Ë2ÖSø2Ë.ÿ]Ò°Ò°ÒV�OÙ
�

:<;>=�?A@/=CBÁ�ÂFp�Ø§ å�è
1 ∈ J ⊆ [n] a § å�è F ⊆ 2[n] ç�ô}õ¡|�èV|Sð`è F ñ°ç�õMã*�fâ¹æ6åMçMç*å6ó�ä�æOè

j ∈ [n]
ñ Æ

j ∈ J a § å�è A∗ ⊂ SF ,k
�OåHñ�ò}è:å�æ6ç*åMõ�èYñ�ò,ú a0© |}å�ò�ìñ �

|A∗| ≤ |SF ,k((1, 1))|
_Rð`ò¹ó

�ìñ�ñ �µåÉÚ2ôSð`ýVñ�è��2|}ã>ý�óWç ñ Æ
A∗ = SF ,k((j, b))

_
(j, b) ∈ J × [k]

_#ã>æ
k = 2

_
|OF(1)| > 1

ð`ò¹ó
A∗ = {F ∈ F : F ∩ (OF(1) × [2]) ∈ X}

_
X ∈ ex(SOF (1),2) a

Ç @/?Â?AÈ%?AÈ<:<;>=�?A@/=CBÛ�ÂFp�>H�TÜ\/F î_ÓSË±ø�Ï`Í�Ë
n = 2

Ò°ÍfÎ6Ð�Ò�Û,Ò�Ï`á Þ Í�Ô#ÑË�Ï`Í�Í�êSÕ�Ë n > 2
Ù��BË�Î

A′ ß¹ËÏ
∆
ë:ø2Ô�Õ�ÚSÐ�Ë2Í�Í�Ë2×ÌØYÏ`Õ�Ò°á�àéÐ�Ë2Í�êSá�Î6Ò°ÖSÜ#Ø]Ð�Ô�Õ

A∗ Î6ÓSÐ�Ô�êSÜ�ÓÌÐ�Ë2Ú¹Ë�Ï>Î6Ë2× Ï`ÚSÚSá°Ò°ø�Ï>Î6Ò°Ô�Ö Þ Ò�Ø$ÖSË2ø2Ë2Í�Í6Ï`Ð�à Þ Ô`Øø2Ô�Õ�ÚSÐ�Ë2Í�Í�Ò°Ô�ÖSÍ
∆a,b

Ù��BË�Î
A := Λ(A′)

Ù�bRàÙ�BË2Õ�Õ�Ï`Í`1�Ù9cHÏ`ÖS×h1�Ù�7 Þ A ⊂ SF ,k Þ |A| = |A∗|
Ï`ÖS×

Ø]Ô�Ð'Ï`Ö)à
A,B ∈ A Þ A ∩ B ∩ Z 6= φ Þ ÿ�1��

Ñ'ÓSË2Ð�Ë
Z := [n] × [1]

Ù
�BË�Î

B := {A ∈ A((n, 1))((1, 1)) : A ∩ B ∩ Z = {(n, 1)}
Ø]Ô�Ð_Í�Ô�Õ�Ë

B ∈ A((n, 1))}
ÙÝ�BË�Î

A1 := A((n, 1))\B
ÙéÝ}Ô�Ð

l ∈ [2, k] Þ á°Ë�Î Bl := {(A\{(n, 1)}) ∪ {n, l} : A ∈ B}
Ï`ÖS×

Al :=
A((n, l))∪Bl

ÙpûìØ
A((n, l))∩Bl 6= φ

Ï`ÖS×
A ∈ A((n, l))∩Bl

Î6ÓSË2Ö
δn,l(A)∩B∩Z = {(n, 1)}

Ø]Ô�Ð
Í�Ô�Õ�Ë

B ∈ A((n, 1)) Þ Ï`ÖS×ªÓSË2ÖSø2Ë A∩B∩Z = φ Þ Ï�ø2Ô�Ö)Î6Ð6Ï`×SÒ°ø�Î6Ò°Ô�Ö<Î6Ôhÿ�1��OÙ Ë Ô A((n, l))∩Bl = φ
Ù

î_ÓSË2Ð�Ë�Ø]Ô�Ð�Ë

k
∑

i=1

|A((n, i))| ≤ (|A((n, 1))| − |B|) +
k

∑

l=2

(|A((n, l))| + |B|) =
k

∑

i=1

|Ai|.
ÿN���
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�BË�Î
Z ′ := [n− 1]× [1]

Ù Ë êSÚSÚ¹Ô�Í�ËdÎ6Ó}Ï>Î$Ø]Ô�Ð_Í�Ô�Õ�Ë
i ∈ [k]

Ï`ÖS×
A,B ∈ Ai Þ A ∩B ∩ Z ′ = φ

Ù
ûìÎfÒ°Í'Ò°Õ�Õ�Ë2×SÒ�Ï>Î6Ë§ß)àÌÿ�1��$Î6Ó}Ï>Î

i /∈ [2, k]
Ù Ë Ô

A,B ∈ A1
Ï`ÖS×

A ∩ B = {(n, 1)}
Ù.bRà�×SË�ù}ÖSÒ�Î6Ò°Ô�Ö

Ô`Ø
A1 Þ (1, 1) /∈ A∪B

Ù�bê�Î
λ(A) ∈ A

Ï`ÖS×
λ(A)∩B ∩Z = φ Þ ÏHø2Ô�Ö)Î6Ð6Ï`×SÒ°ø�Î6Ò°Ô�Ö±Î6Ô#ÿ�1��OÙ�î_ÓGêSÍ Þ

Ø]Ô�Ð'Ï`Ö)à
i ∈ [k]

Ï`ÖS×
A,B ∈ Ai Þ A ∩B ∩ Z ′ 6= φ

Ù ÿ��P�
�BË�Î

F0 := F\F(n)
Ï`ÖS×

F1 := F〈n〉
Ù0°á°Ë�Ï`Ð�á�à Þ F0

Ï`ÖS×
F1
Ï`Ð�Ëhø2Ô�Õ�ÚSÐ�Ë2Í�Í�Ë2× Ñ'Ð�Î0c�Ù0�BË�Î

A0 := A ∩ SF0,k

Ù<bRàµÿ�1�� Þ A0
Ò°ÍdÏ`Ö�Ò°Ö)Î6Ë2Ð�Í�Ë2ø�Î6Ò°ÖSÜ#Í�êSß,ëìØYÏ`Õ�Ò°á�à�Ô`Ø

SF0,k

ÙKbRàµÿ��P� Þ Ai〈(n, i)〉
Ò°Í

Ï`Ö�Ò°Ö)Î6Ë2Ð�Í�Ë2ø�Î6Ò°ÖSÜ±Í�êSß,ëìØYÏ`Õ�Ò°á�à�Ô`Ø
SF1,k Þ i = 1, ..., k

Ùaî_ÓSË<Ð�Ë2Í�êSá�Î�ÖSÔ*Ñ Ø]Ô�á°á°Ô*Ñ'Í$ß)à�Ò°ÖS×SêSø�Î6Ò°Ô�Ö#Ô�Ö
nÍ�Ò°ÖSø2Ë

|A∗| = |A| = |A0| +
k

∑

i=1

|A((n, i))| ≤ |A0| +
k

∑

i=1

|Ai〈(n, i)〉|

≤ |SF0,k((1, 1))|+ k|SF1 ,k((1, 1))| = |SF ,k((1, 1))|,
ÿ�(��

Ñ'ÓSË2Ð�Ë<Î6ÓSËdù}Ð�Í�Î�Ò°ÖSË��Gê}Ï`á°Ò�Î:à�Ò°Í_Ô�ß�ÎMÏ`Ò°ÖSË2×#Ø]Ð�Ô�Õ ÿN���OÙ
�

ÊÌË�ÖSË2Ë2×éÎ6Ô�×SÔ.Õ�Ô�Ð�Ë<ÑÔ�Ð�~#Î6Ô.ÚSÐ�Ô*Û�Ë�Î6ÓSË�ËO÷,Î6Ð�Ë2Õ�Ï`á
Í�Î6Ð�êSø�Î6êSÐ�Ë2ÍdÜ�Ò�Û�Ë2Ö Ò°Ö î_ÓSË2Ô�Ð�Ë2ÕÞ1�Ù 1}ÿ]Ò°ÒV�OÙ
ÊÌË<Í�ÎMÏ`Ð�Î_Ñ'Ò�Î6Ó ÏhÍ�Ò°Õ�ÚSá°Ë§á°Ë2Õ�Õ�ÏHÎ6Ó}Ï>Î_ÑË<Ñ'Ò°á°á0êSÍ�ËHÔ`Ø�Î6Ë2Ö´Ù
R�=CBIBjwj�ÂFk¦¨§ å�è

A ⊆ SF ,k
�Oå�ñ�ò}è:å�æ6ç*åMõ�èYñ�ò,ú a Å ô*â)â}ã*ç*å#èV|Sð`è���ã>æ.ç*ã*��å (a, b) ∈ U(F)

ð`ò¹ó
F ∈ F

_
SF,k((a, b)) ⊆ A a0© |}å�ò A ⊆ SF ,k((a, b)) aÇ @/?Â?AÈÉF ûìÎ�Í�êzÊ�ø2Ë2Í Î6Ô Í�ÓSÔ*Ñ Î6Ó}Ï>Î�Ò�Ø

B ∈ SF ,k\SF ,k((a, b))
Î6ÓSË2Ö

A ∩ B = φ
Ø]Ô�Ð�Í�Ô�Õ�Ë

A ∈ SF,k((a, b))
Ù��BË�Î

C ∈ SF,k\SF,k((a, b))
Í�êSøMÓ#Î6Ó}Ï>Î

B ∩ (F × [k]) ⊆ C
Ù	°á°Ë�Ï`Ð�á�à Þ Ø]Ô�ÐÍ�Ô�Õ�Ë

q ∈ [k − 1] Þ θqk(C) ∈ SF,k((a, b))
Ï`ÖS×

B ∩ θqk(C) = φ
Ù

�R�=CBIBjwj�ÂFp«Ø§ å�è
F ⊆ 2[n] a § å�è A ⊂ SF ,k

�OåHñ�ò}è:å�æ6ç*åMõ�èYñ�ò,ú/_aäv|}å�æ6å
k ≥ 3 a { � A 6= ∆a,b(A) =

SF ,k((a
′, b′))

èV|}å�ò
A = SF ,k((a, b)) aÇ @/?Â?AÈÉF Ë Ò°ÖSø2Ë

A 6= ∆a,b(A) = SF ,k((a
′, b′)) Þ Î6ÓSË2Ð�Ë�ËO÷�Ò°Í�Î6Í A ∈ A

Í�êSøMÓ�Î6Ó}Ï>Î
A /∈ SF ,k((a

′, b′))Ï`ÖS×
δa,b(A) ∈ SF ,k((a

′, b′))
Ù î_ÓSÒ°Í.Ò°Õ�ÚSá°Ò°Ë2Í±Î6Ó}Ï>Î

(a′, b′) = (a, 1)
ÙØ�BË�Î

F := γ(A)
ÙÓ�BË�Î

AF := A∩SF,k
Ù °á°Ë�Ï`Ð�á�à Þ ∆a,b(AF ) = ∆a,b(A)∩SF,k = SF,k((a, 1))

Ï`ÖS×
|AF | = |∆a,b(AF )| =

|SF,k((a, 1))|
Ù�î_ÓGêSÍ Þ ß)àíî_ÓSË2Ô�Ð�Ë2Õßc�Ù9c Þ AF = SF,k((c, d))

Ø]Ô�ÐdÍ�Ô�Õ�Ë
(c, d) ∈ F × [k]

Ù Ë Ò°ÖSø2Ë
A ∈ AF\SF,k((a, 1))

Ï`ÖS×
∆a,b(AF ) = SF,k((a, 1)) Þ Ò�Î#Ø]Ô�á°á°Ô*Ñ'Í�Î6Ó}Ï>Î (c, d) = (a, b)

ÙàbRà
�BË2Õ�Õ�Ï�1�Ù � Þ A ⊆ SF ,k((a, b))

Ù Ë Ò°ÖSø2Ë
|A| = |∆a,b(A)| = |SF ,k((a, b))| Þ A = SF ,k((a, b))

Ù
�

Ý}Ô�Ð
F ∈ F

Ï`ÖS×
f, g ∈ U(F) Þ á°Ë�Î ψf,g(F ) := (F\{g}) ∪ {f}

Ù
Ç @/?AÒS?-XTVY/TN?-We�ÂFp²Ø§ å�è

F
ð`ò¹ó

J
�OåªðWç<ñ�ò © |}åMã>æ6å��½á a á a0© |}å�ò L(SF ,k) = J × [k] aÇ @/?Â?AÈÉF �BË�Î

j ∈ J
Ï`ÖS×

h ∈ [n]
Ùaî_ÓSË2Ö Þ Í�Ò°ÖSø2Ë F Ò°Í_ø2Ô�Õ�ÚSÐ�Ë2Í�Í�Ë2×�Ñ'Ð�Î j Þ

|SF ,k((h, b))| =
∑

H∈F(h)(j)

|SH,k((h, b))| +
∑

G∈F(h)\F(j)

|SG,k((h, b))|

=
∑

H∈F(j)(h)

|SH,k((j, b))| +
∑

G∈F(h)\F(j)

|Sψj,h(G),k((j, b))| ≤ |SF ,k((j, b))|
ÿ�3P�
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Ñ'Ò�Î6Ó<Ë��Gê}Ï`á°Ò�Î:àfÒ98�Ø]Ô�ÐBÏ`á°á
F ∈ F(j)\F(h) Þ ψh,j(F ) ∈ F(h)

Ùpî_ÓSÒ°Í
Ï`á°Ð�Ë�Ï`×�àfÜ�Ò�Û�Ë2Í
J×[k] ⊆ L(F)

Ù
ö�Ô*Ñ ø2Ô�ÖSÍ�Ò°×SË2ÐRË��Gê}Ï`á°Ò�Î:àªÒ°Ö ÿ�3P�OÙ Ë êSÚSÚ¹Ô�Í�Ë

h /∈ J
Ù Ë Ô<Î6ÓSË2Ð�Ë'ËO÷�Ò°Í�Î

F ∈ F\F(h)
Ï`ÖS×

f ∈ F
Í�êSøMÓ

Î6Ó}Ï>Î
F1 := ψh,f(F ) /∈ F(h)

Ù_î_ÓSË2Ð�Ë�Ø]Ô�Ð�Ë
f 6= j

Ù'ûìØ
j /∈ F

Î6ÓSË2Ö
F2 := ψj,f(F ) ∈ F(j)\F(h) Þ

ψh,j(F2) = F1 Þ Ï`ÖS×�ÓSË2ÖSø2Ë ψh,j(F2) /∈ F(h) � ßSê�Î'Î6ÓSÒ°Í'Ò°Í�Ï±ø2Ô�Ö)Î6Ð6Ï`×SÒ°ø�Î6Ò°Ô�Ö�Ï`Í�Ò�Î_à,Ò°Ë2á°×SÍ�Ï±Í�Î6Ð�Ò°ø�ÎÒ°ÖSË��Gê}Ï`á°Ò�Î:à Ò°Ö ÿ�3P�OÙ Ë Ô
F ∈ F(j)\F(h) Þ Ï`ÖS× ÓSË2ÖSø2Ë F3 := ψh,j(F ) ∈ F(h)\F(j)

Ù î_ÓGêSÍ
F4 := ψj,f(F3) ∈ F(h)(j)

Ùíö�Ô*Ñ
ψh,f(F ) = ψj,f(ψh,j(F )) Þ Ï`ÖS× ÓSË2ÖSø2Ë F1 = F4 � ßSê�Î�Î6ÓSÒ°Íø2Ô�Ö)Î6Ð6Ï`×SÒ°ø�Î6Í

F4 ∈ F(h)
Ï`ÖS×

F1 /∈ F(h)
Ù Ë Ô

h ∈ J
Ù î_ÓSË2Ð�Ë�Ø]Ô�Ð�Ë

L(F) ⊆ J × [k]
Ù î_ÓSÒ°Í

Ë2Í�ÎMÏ`ßSá°Ò°Í�ÓSË2Í_Î6ÓSË<Ð�Ë2Í�êSá�Î'Í�Ò°ÖSø2ËdÑËHÚSÐ�Ë�Û,Ò°Ô�êSÍ�á�à.Ô�ß�ÎMÏ`Ò°ÖSË2×
J × [k] ⊆ L(F)

Ù
�

R�=CBIBjwj�ÂFãâ�§ å�è
A′ �OåµðWçÌñ�ò èV|}å2äæ6ã*ã�� ã�� © |}åMã>æ6å��åá a áG�ìñ � a Å ô*â)â}ã*ç*å

A′ 6= Λ(A′) =
SF ,k((a, 1)) a0© |}å�ò n ∈ J

ð`ò¹ó
A′ = SF ,k((n, 1)) a

Ç @/?Â?AÈÉF Ë Ò°ÖSø2Ë
A′ 6= Λ(A′) = SF ,k((a, 1)) Þ Î6ÓSË2Ð�Ë�ËO÷�Ò°Í�Î6Í A′ ∈ A′ Í�êSøMÓéÎ6Ó}Ï>Î A′ /∈ SF ,k((a, 1))Ï`ÖS×

λ(A′) ∈ SF ,k((a, 1))
Ù Ë Ô

a = 1
Ï`ÖS×

γ(A′) ∩ {1, n} = {n}
ÙÌ�BË�Î

A := {(n, 1)} ∪
{(c, 2) : c ∈ γ(A′)\{n}}

Ù Ë Ò°ÖSø2Ë
Λ(A′) = SF ,k((1, 1)) Þ ËO÷SÏ`ø�Î6á�àªÔ�ÖSË_Ô`Ø A Ï`ÖS× λ(A) (6= A)

Ò°Í�Ò°Ö
A′ Ùv$'Ë2ø�Ï`á°á)Î6Ó}Ï>Î
ÑË$Ï`Ð�Ð�Ò�Û�Ë2×ªÏ>Î$ÿ�1��BêSÍ�Ò°ÖSÜ'Î6ÓSËRØYÏ`ø�Î
Î6Ó}Ï>Î Þ ß)à��BË2Õ�Õ�Ï+1�Ù9c Þ A1∩A2∩([n]×[1]) 6= φØ]Ô�ÐBÏ`Ö)à

A1, A2 ∈ A′ Ù Ë Ò°ÖSø2Ë λ(A)∩A′∩([n]×[1]) = φ Þ Ò�Î´Ø]Ô�á°á°Ô*Ñ'Í¹Î6Ó}Ï>Î A ∈ A′ Þ Ï`ÖS×<ÓSË2ÖSø2Ë Þ Í�Ò°ÖSø2Ë
A∩([n]×[1]) = {(n, 1)} Þ A′ ⊆ SF ,k((n, 1))

Ù Ë Ò°ÖSø2Ë
1 ∈ J

Ï`ÖS×
|A′| = |Λ(A′)| = |SF ,k((1, 1))| ÞÒ�Î_Ø]Ô�á°á°Ô*Ñ'Í$ß)àÙæ�Ð�Ô�Ú¹Ô�Í�Ò�Î6Ò°Ô�ÖÙ1�Ù (ªÎ6Ó}Ï>Î

n ∈ J
Ï`ÖS×

A′ = SF ,k((n, 1))
Ù

�

bË�Ø]Ô�Ð�Ë$ø2Ô�Õ�Ò°ÖSÜ�Î6ÔfÎ6ÓSË$ÚSÐ�Ô,Ô`Ø}Ô`Ø�î_ÓSË2Ô�Ð�Ë2ÕÎ1�Ù 1}ÿ]Ò°ÒV� Þ ÑËù}Ö}Ï`á°á�àH×SË�Î6Ë2Ð�Õ�Ò°ÖSËRÎ:ÑÔdÖSÒ°ø2ËÚSÐ�Ô�Ú¹Ë2Ð�Î6Ò°Ë2ÍÔ`Ø
F
ë:Ô�Ð�ßSÒ�Î6Í<Ô`Ø'Ë2á°Ë2Õ�Ë2Ö)Î6Í

j ∈ U(F)
Í�êSøMÓ Î6Ó}Ï>Î

F
Ò°Í�ø2Ô�Õ�ÚSÐ�Ë2Í�Í�Ë2× Ñ'Ð�Î

j
Ùéî_ÓSÒ°ÍHÑ'Ò°á°áaß¹Ë�Û�Ë2Ð�à

êSÍ�Ë�Ø]êSáBÑ'ÓSË2Ö�×SË�Ï`á°Ò°ÖSÜªÑ'Ò�Î6Ó#Î6ÓSË<ø�Ï`Í�Ë
k = 2

Ô`Ø�î_ÓSË2Ô�Ð�Ë2Õ±1�Ù 1}ÿ]Ò°ÒV�OÙ
Ç @/?AÒS?-XTVY/TN?-We�ÂFpçØ§ å�è

F
ð`ò¹ó

J
�OåªðWç<ñ�ò © |}åMã>æ6å��½á a á a § å�è j∗ ∈ J a�ìñ � { �

OF(j∗)\{j∗} 6= φ
èV|}å�ò

F(j∗) = F
ð`ò¹ó

OF(j∗) = J a�ìñ�ñ � { �
OF(j∗) = {j∗}

èV|}å�ò
OF(j) = {j}

��ã>æ�ð`ý�ý
j ∈ J a

Ç @/?Â?AÈÉF Ë êSÚSÚ¹Ô�Í�Ë
OF(j∗)\{j∗} 6= φ

Ù Ë êSÚSÚ¹Ô�Í�Ë
F(j∗) 6= F

Ù6�BË�Î
F ∈ F\F(j∗)

Ï`ÖS×
j ′ ∈

OF(j∗)\{j∗}
Ù Ë Ô

j ′ /∈ F
Í�Ò°ÖSø2Ë

F /∈ F(j∗) = F(j ′)
Ù�bê�Î§Î6ÓSË2Ö Þ Í�Ò°ÖSø2Ë F Ò°Ífø2Ô�Õ�ÚSÐ�Ë2Í�Í�Ë2×íÑ'Ð�Î

j∗ Þ Ø]Ô�ÐpÏ`Ö)à f ∈ F
ÑËRÓ}Ï�Û�Ë

(F\{f})∪{j∗} ∈ F(j∗)\F(j ′) Þ Ñ'ÓSÒ°øMÓHø2Ô�Ö)Î6Ð6Ï`×SÒ°ø�Î6Í F(j∗) = F(j ′)
Ù

Ë Ô
F(j∗) = F

Ù
�BË�Î

j ∈ J
Ù Ë êSÚSÚ¹Ô�Í�Ë

j /∈ OF(j∗)
Ù Ë Ô

F(j) ( F(j∗)
Ï`Í

F(j∗) = F
Ùè�BË�Î

F ∗ ∈
F(j∗)\F(j)

Ù Ë Ò°ÖSø2Ë
F
Ò°Ídø2Ô�Õ�ÚSÐ�Ë2Í�Í�Ë2×ÌÑ'Ð�Î

j Þ ÑË�Ó}Ï�Û�Ë (F ∗\{j∗}) ∪ {j} ∈ F\F(j∗) Þ Ñ'ÓSÒ°øMÓø2Ô�Ö)Î6Ð6Ï`×SÒ°ø�Î6Í
F(j∗) = F

Ù�î_ÓSË2Ð�Ë�Ø]Ô�Ð�Ë
J ⊆ OF(j∗)

Ù  á°Í�Ô Þ OF(j∗) ⊆ J
ß¹Ë2ø�Ï`êSÍ�ËªÒ�Ø

j ∈ OF(j∗)Î6ÓSË2Ö
F(j) = F(j∗) = F

Ù�l�Ë2ÖSø2Ë�ÿ]ÒV�OÙ
ö�Ô*Ñ Í�êSÚSÚ¹Ô�Í�Ë

OF(j∗) = {j∗}
Ï`ÖS×

OF(j)\{j} 6= φ
Ø]Ô�Ð<Í�Ô�Õ�Ë

j ∈ J
ÙrbRà ÿ]ÒV� Þ OF(j) =

J
Ù Ë Ô

j∗ ∈ OF(j) Þ Ï`ÖS× ÓSË2ÖSø2Ë Þ ß)à ×SË�ù}ÖSÒ�Î6Ò°Ô�Ö Þ OF(j∗) = OF(j) � ßSê�Î�Î6ÓSÒ°Í�ø2Ô�Ö)Î6Ð6Ï`×SÒ°ø�Î6Í
OF(j)\{j} 6= φ = OF(j∗)\{j∗}

Ù�l�Ë2ÖSø2Ë.ÿ]Ò°ÒV�OÙ
�

Ç @/?Â?AÈ�?AÈ^:<;>=�?A@/=CBé�ÂFp�>H�T�TÜ\/F bRàræ�Ð�Ô�Ú¹Ô�Í�Ò�Î6Ò°Ô�Ör1�Ù ( Þ |SF ,k((j, b))| = |SF ,k((1, 1))|
Ò98

(j, b) ∈
J×[k]

Ù  á°Í�Ô Þ Ò�Ø k = 2
Ï`ÖS×

A∗ = {F ∈ F : F ∩(OF(1)×[2]) ∈ X}
Ø]Ô�ÐpÍ�Ô�Õ�Ë

X ∈ ex(SOF (1),2)Î6ÓSË2Ö
|A∗| = |SF ,2((1, 1))|

Ï`Í
SF ,2((1, 1)) = {F ∈ F : F ∩ (OF(1) × [2]) ∈ X ∗} Þ Ñ'ÓSË2Ð�Ë

X ∗ = SOF (1),2((1, 1)) ∈ ex(SOF (1),2)
Ù�bRà#î_ÓSË2Ô�Ð�Ë2Õ±1�Ù 1}ÿ]ÒV� Þ Î6ÓSË<Í�êzÊ�ø2Ò°Ë2ÖSø�à�ø2Ô�ÖS×SÒ�Î6Ò°Ô�Ö.Ø]Ô�á°á°Ô*Ñ'Í2Ù
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ÊÌË#ÖSÔ*Ñ¾ø2Ô�Ö)Î6Ò°ÖGêSË#Ô�Ö Î6ÓSËÙæ�Ð�Ô,Ô`Ø�Ô`Ø�î_ÓSË2Ô�Ð�Ë2Õß1�Ù 1}ÿ]ÒV�dÎ6ÔíÚSÐ�Ô*Û�Ë#Î6ÓSË#ÖSË2ø2Ë2Í�Í6Ï`Ð�à ø2Ô�ÖS×SÒ�Î6Ò°Ô�Ö´Ù
î_ÓSË2Ð�Ë�Ø]Ô�Ð�Ë Þ ÑË�ÖSÔ*Ñ ø2Ô�ÖSÍ�Ò°×SË2ÐHË��Gê}Ï`á°Ò�Î:àíÒ°Ö ÿ�(��OÙ.î_ÓSÒ°ÍHÜ�Ò�Û�Ë2ÍHêSÍ�Ë��Gê}Ï`á°Ò�Î:àíÒ°Ö ÿN���fÎ6Ô�Ü�Ë�Î6ÓSË2Ð<Ñ'Ò�Î6Ó
|A0| = |SF0,k((1, 1))|

Ï`ÖS×
|Ai〈(n, i)〉| = |SF1,k((1, 1))| Þ i = 1, ..., k

Ù
Ë Ò°ÖSø2Ë�ÑËdÏ`Ð�ËfÚSÐ�Ô*Û,Ò°ÖSÜ�Î6ÓSËfÐ�Ë2Í�êSá�Î$ß)à�Ò°ÖS×SêSø�Î6Ò°Ô�Ö�Ô�Ö

n Þ ÑË§Õ�Ï�à�Ï`Í�Í�êSÕ�ËfÎ6Ó}Ï>Î F(n) 6= φ
Ï`ÖS×

n ∈ γ(A∗)
Ø]Ô�Ð'Í�Ô�Õ�Ë

A∗ ∈ A∗ ÙRûìØ |U(F(n))| = 1
Î6ÓSË2Ö

γ(A∗) = {n}
Ï`ÖS×

A∗ = {A∗}
Ù Ë Ô±ÑË

Ï`Í�Í�êSÕ�ËfÎ6Ó}Ï>Î
|U(F(n))| ≥ 2 Þ Ñ'ÓSÒ°øMÓ#Ò°Õ�ÚSá°Ò°Ë2Í |U(F〈n〉)| ≥ 1

Ù�î_ÓGêSÍ Þ Ø]Ô�ÐË�Ï`øMÓ i ∈ [k] Þ ÑËdÓ}Ï�Û�Ë
|Ai〈(n, i)〉| = |SF1,k((1, 1))| > 0

Ù
�BË�Î

J0 := {j0 ∈ [n− 1] : F0
Ò°Í_ø2Ô�Õ�ÚSÐ�Ë2Í�Í�Ë2×�Ñ'Ð�Î

j0}
Ï`ÖS×

J1 := {j1 ∈ [n − 1] : F1
Ò°Í

ø2Ô�Õ�ÚSÐ�Ë2Í�Í�Ë2×�Ñ'Ð�Î
j1}
Ù�°á°Ë�Ï`Ð�á�à Þ 1 ∈ J0 ∩ J1

Ù
°Ô�ÖSÍ�Ò°×SË2Ð�ù}Ð�Í�Î

k ≥ 3
Ù Ë Ò°ÖSø2Ë�ÑË Ó}Ï�Û�ËÌË��Gê}Ï`á°Ò�Î:à Ò°Ö�ÿN��� Þ Ò�Î#Ø]Ô�á°á°Ô*Ñ'Í#Î6Ó}Ï>Î B = φ

Ï`ÖS×
Ai = A((n, i)) Þ i = 1, ..., k

Ù î_ÓGêSÍ Þ ß)à�ÿ�1���Ï`ÖS×�ÿ��P� Þ A− := A0 ∪
⋃k

i=1 A〈(n, i)〉
Ò°Í#Ï`Ö

Ò°Ö)Î6Ë2Ð�Í�Ë2ø�Î6Ò°ÖSÜ�Í�êSß,ëìØYÏ`Õ�Ò°á�à�Ô`Ø
SF0∪F1,k

Ù�ö�Ô*Ñ Þ ß)àdÎ6ÓSËaÒ°ÖS×SêSø�Î6Ò�Û�ËaÓ)à,Ú¹Ô`Î6ÓSË2Í�Ò°ÍpÏ`ÖS×.ÿ��P� Þ A1〈(n, 1)〉 =
SF1,k((j1, 1))

Ø]Ô�Ð§Í�Ô�Õ�Ë
j1 ∈ J1

Ù Ë Ò°ÖSø2Ë
A((n, 1)) = A1 Þ ÑËhÓ}Ï�Û�Ë A〈(n, 1)〉 = SF1 ,k((j1, 1)) ÞÏ`ÖS× ÓSË2ÖSø2Ë

A− ⊆ SF0∪F1,k((j1, 1))
ß)àI�BË2Õ�Õ�Ïh1�Ù �SÙ Ë Ô

A ⊆ SF ,k((j1, 1))
Ù Ë Ò°ÖSø2Ë�ÑË#Ó}Ï�Û�Ë

Ë��Gê}Ï`á°Ò�Î:à Ò°Ö ÿ�(�� Þ æ�Ð�Ô�Ú¹Ô�Í�Ò�Î6Ò°Ô�Öe1�Ù (ÌÜ�Ò�Û�Ë2Í.êSÍ j1 ∈ J
Ï`ÖS×

A = SF ,k((j1, 1)
Ù î_ÓSË2Ð�Ë�Ø]Ô�Ð�Ë Þ ß)à�BË2Õ�Õ�Ï`Í`1�Ù��hÏ`ÖS×r1�Ù�3 Þ A∗ Ò°Í'Ï`Í'Ð�Ë��GêSÒ°Ð�Ë2×´Ùö�ËO÷,Î Þ ø2Ô�ÖSÍ�Ò°×SË2Ð k = 2

Ï`ÖS×
|OF(1)| > 1

Ù<bRàÑæ�Ð�Ô�Ú¹Ô�Í�Ò�Î6Ò°Ô�Ö�1�Ù i}ÿ]ÒV� Þ F = F(1)
Ù�bRà6°Ô�Ð�Ô�áKë

á�Ï`Ð�àÙ7,Ù�7Sÿ]ÒV� Þ A∗ = {F ∈ F : F ∩ (OF(1) × [2]) ∈ X}
Ø]Ô�Ð_Í�Ô�Õ�Ë

X ∈ ex(SOF (1),2)
Ù

Ý�Ò°Ö}Ï`á°á�à Þ ø2Ô�ÖSÍ�Ò°×SË2Ð k = 2
Ï`ÖS×

OF(1) = {1}
Ù Ë êSÚSÚ¹Ô�Í�Ë

F0 = φ
ÙÌî_ÓSË2Ö

F = F(n)
Ù ûìØ

F(n)\F(1) 6= φ
Ï`ÖS×

F ∈ F(n)\F(1)
Î6ÓSË2Ö Þ Ü�Ò�Û�Ë2Ö±Î6Ó}Ï>Î 1 ∈ J Þ ÑË�Ó}Ï�Û�Ë (F\{n})∪{1} ∈ F0 ÞÏ�ø2Ô�Ö)Î6Ð6Ï`×SÒ°ø�Î6Ò°Ô�Ö´Ù Ë Ô

F(n)\F(1) = φ Þ Ï`ÖS×éÓSË2ÖSø2Ë Þ Í�Ò°ÖSø2Ë F(n) = F Þ F(n) = F(1) � ßSê�ÎfÎ6ÓSÒ°Íø2Ô�Ö)Î6Ð6Ï`×SÒ°ø�Î6Í
OF(1) = {1}

Ù Ë Ô
F0 6= φ Þ Ï`ÖS×ÌÓSË2ÖSø2Ë |A0| > 0

Ï`Í
|A0| = |SF0,2((1, 1))|

Ï`ÖS×
1 ∈ J0

Ù�ûìÎ�Ð�Ë2Õ�Ï`Ò°ÖSÍ$Î6Ô±ø2Ô�ÖSÍ�Ò°×SË2Ð_Î6ÓSË§Ø]Ô�á°á°Ô*Ñ'Ò°ÖSÜ�Î6ÓSÐ�Ë2ËHø�Ï`Í�Ë2Í2Ù
ïaðWç*å"®�Ð

|OF0(1)| = 1
ÙÑbRà Î6ÓSË�Ò°ÖS×SêSø�Î6Ò�Û�Ë�Ó)à,Ú¹Ô`Î6ÓSË2Í�Ò°Í±Ï`ÖS× ÿ�1�� Þ A0 = SF0,2((j0, 1))

Ø]Ô�Ð
Í�Ô�Õ�Ë

j0 ∈ J0
Ù�°á°Ë�Ï`Ð�á�à Þ A0 ∪A1

Ï`ÖS×
A0∪A2

Ï`Ð�Ë�Ò°Ö)Î6Ë2Ð�Í�Ë2ø�Î6Ò°ÖSÜSÙSbRà��BË2Õ�Õ�Ï%1�Ù � Þ ÑË'Î6ÓSË2Ð�Ë�Ø]Ô�Ð�ËÓ}Ï�Û�Ë
A0 ∪ A1,A0 ∪ A2 ⊆ SF ,2((j0, 1)) Þ Ï`ÖS× ÓSË2ÖSø2Ë A ⊆ SF ,2((j0, 1))

Ù Ë Ò°ÖSø2ËíÑË Ó}Ï�Û�Ë
Ë��Gê}Ï`á°Ò�Î:àÌÒ°Ö ÿ�(�� Þ æ�Ð�Ô�Ú¹Ô�Í�Ò�Î6Ò°Ô�ÖI1�Ù ( Ü�Ò�Û�Ë2ÍhêSÍ j0 ∈ J

Ï`ÖS×
A = SF ,k((j0, 1)

Ù6bRàê�BË2Õ�Õ�Ïh1�Ù�3 Þ
A′ = SF ,k((j, 1)) Þ Ñ'ÓSË2Ð�Ë j ∈ {j0, n}∩J

Ù Ë Ò°ÖSø2Ë
1 ∈ J

Ï`ÖS×
OF(1) = {1} Þ æ�Ð�Ô�Ú¹Ô�Í�Ò�Î6Ò°Ô�Ö01�Ù i}ÿ]Ò°ÒV�Ü�Ò�Û�Ë2ÍdêSÍ

OF(j) = {j}
Ù Ë Ò°ÖSø2Ë

Γ(A∗) = Γ(A′) = F(j) Þ Ò�Î§Ø]Ô�á°á°Ô*Ñ'Ífß)à6°Ô�Ð�Ô�á°á�Ï`Ð�àh7,Ù�7Sÿ]Ò°ÒV�$Î6Ó}Ï>Î
A∗ = SF ,k(j, b)

Ø]Ô�Ð_Í�Ô�Õ�Ë
b ∈ [2]

Ù
ïaðWç*å%ëCÐ

|OF1(1)| = 1
Ù�bRà�Î6ÓSËdÒ°ÖS×SêSø�Î6Ò�Û�ËdÓ)à,Ú¹Ô`Î6ÓSË2Í�Ò°Í�Ï`ÖS×Ìÿ��P� Þ A1〈(n, 1)〉 = SF1,2((j1, 1))Ø]Ô�Ð
Í�Ô�Õ�Ë

j1 ∈ J1
Ù Ë Ò°ÖSø2Ë

A0∪A1〈(n, 1)〉
Ò°Í�Ï`ÖHÒ°Ö)Î6Ë2Ð�Í�Ë2ø�Î6Ò°ÖSÜfÍ�êSß,ëìØYÏ`Õ�Ò°á�àfÔ`Ø

SF0∪F1,k Þ
�BË2Õ�Õ�Ï`1�Ù �

Ü�Ò�Û�Ë2ÍíêSÍ
A0 ∪ A1〈(n, 1)〉 ⊆ SF0∪F1,2((j1, 1))

Ù Ë Ô
A0 ⊆ SF0 ,2((j1, 1))

Ù Ë Ò°ÖSø2Ë
|A0| =

|SF0,2((1, 1))| Þ Ò�Î�Ø]Ô�á°á°Ô*Ñ'Í�ß)àÏæ�Ð�Ô�Ú¹Ô�Í�Ò�Î6Ò°Ô�Öe1�Ù ( Î6Ó}Ï>Î j1 ∈ J0
Ï`ÖS×

A0 = SF0 ,2((j1, 1))
Ù  Í

Ò°Öh°$Ï`Í�Ë0c Þ Î6ÓSÒ°Í_á°Ë�Ï`×SÍ_êSÍ_Î6Ô±Î6ÓSË<×SË2Í�Ò°Ð�Ë2×�Ð�Ë2Í�êSá�Î�ÙïaðWç*å�á�Ð
|OF0(1)| > 1

_
|OF1(1)| > 1

Ù%bRàÑæ�Ð�Ô�Ú¹Ô�Í�Ò�Î6Ò°Ô�ÖÑ1�Ù i}ÿ]ÒV� Þ F0(1) = F0
Ï`ÖS×

F1(1) =
F1
Ù Ë Ô

F(1) = F
Ù�î_ÓGêSÍ Þ ß)àh°Ô�Ð�Ô�á°á�Ï`Ð�à"7,Ù�7Sÿ]Ò°ÒV� Þ A∗ = SF ,2((1, b))

Ø]Ô�Ð_Í�Ô�Õ�Ë
b ∈ [2]

Ù
�

Ç @/?Â?AÈ�?AÈ�:<;>=�?A@/=CBéDGFp«ÂF bRà�î_ÓSË2Ô�Ð�Ë2Õ�1�Ù 1 Þ (1, 1) ∈ L(SF ,k)
Ï`ÖS× Þ Õ�Ô�Ð�Ë2Ô*Û�Ë2Ð Þ SF ,k((1, 1)) ∈

ex(SF ,k) � ÓSË2ÖSø2Ë SF ,k
Ò°Í	!�#%$<ÙCbRà�î_ÓSË2Ô�Ð�Ë2Õè1�Ù 1}ÿ]Ò°ÒV� Þ Ò�Ø k ≥ 3

Î6ÓSË2Ö
SF ,k

Ò°ÍRÍ�Î6Ð�Ò°ø�Î6á�à0!�#%$<Ù,ö�Ô*Ñ
ø2Ô�ÖSÍ�Ò°×SË2Ð

k = 2
Ù�ûìØ

SF ,2
Ò°ÍRÖSÔ`ÎÍ�Î6Ð�Ò°ø�Î6á�à0!�#%$ Î6ÓSË2Ö Þ ß)à�î_ÓSË2Ô�Ð�Ë2Õè1�Ù 1}ÿ]Ò°ÒV��Ï`ÖS×"°Ô�Ð�Ô�á°á�Ï`Ð�à07,Ù�7Sÿ]Ò°ÒV� Þ

|OF(1)| ≥ 3 � Î6ÓSË<ø2Ô�Ö)Û�Ë2Ð�Í�Ë�ÓSÔ�á°×SÍ_ß)àræ�Ð�Ô�Ú¹Ô�Í�Ò�Î6Ò°Ô�Ör7,Ù 1ªÑ'Ò�Î6Ó f = 1
Ù

�
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ì Õ Ä�Å±Å�¼ Å�¼ÃíÓ¾"º_Å<Ävº`Ö À�î�ï
ÊÌË�ÖSÔ*Ñ�Ü�Ò�Û�ËªÏ�Í�Ò°Õ�ÚSá°ËHÚSÐ�Ô,Ô`Ø�Ô`Ø�î_ÓSË2Ô�Ð�Ë2Õðc�Ù�7�Ï`ÖS×éÚSÐ�Ô*Û�Ë�Î6ÓSË�Í�Î6Ð�Ô�ÖSÜ�Ë2Ðfî_ÓSË2Ô�Ð�Ë2Õðc�Ù (�Ù�î_ÓGêSÍ ÞÒ°Ö#Î6ÓSËdØ]Ô�á°á°Ô*Ñ'Ò°ÖSÜ Þ F Ò°Í$ÎMÏ�~`Ë2Ö�Î6Ô±ß¹Ë r ë:êSÖSÒ�Ø]Ô�Ð�Õ�Ù f êSÐ$ù}Ð�Í�Î�Í�Ò°Õ�ÚSá°Ë§Ô�ßSÍ�Ë2Ð�Û`Ï>Î6Ò°Ô�Ö�Ò°Í$Î6Ó}Ï>Î

f ∗ ∈ L(F) ⇔ (f ∗, 1) ∈ L(SF ,k)
ÿ�i��

Í�Ò°ÖSø2ËdØ]Ô�Ð'Ï`á°á
f ∈ U(F) Þ kr−1|F(f)| = kr−1|Γ(SF ,k((f, 1)))| = |SF ,k((f, 1))|

Ù
Ý}Ô�Ð

A ⊆ SF ,k Þ á°Ë�Î Θq(A) := {θqk(A) : A ∈ A}
Ù Ë êSÚSÚ¹Ô�Í�Ë

F = {F}
Ï`ÖS×

A
Ò°ÍaÒ°Ö)Î6Ë2Ð�Í�Ë2ø�Î6Ò°ÖSÜSÙ

ûìØ
A ∈ A

Ï`ÖS×
q ∈ [k − 1]

Î6ÓSË2Ö
θqk(A) /∈ A

Ï`Í
θqk(A) ∩A = φ

Ù Ë Ô
A,Θ1(A), ...,Θk−1(A)

Ï`Ð�Ë
k
×SÒ°ÍV4�Ô�Ò°Ö)Î$ø2Ô�ÚSÒ°Ë2Í$Ô`Ø
Î6ÓSË§Í6Ï`Õ�Ë§Ò°Ö)Î6Ë2Ð�Í�Ë2ø�Î6Ò°ÖSÜªØYÏ`Õ�Ò°á�à Þ Ï`ÖS×#ÓSË2ÖSø2Ë k|A| ≤ |SF,k| = kr

Ù�î_ÓSË2Ð�Ë�Ø]Ô�Ð�Ë

A ⊂ SF,k
Ò°Ö)Î6Ë2Ð�Í�Ë2ø�Î6Ò°ÖSÜ

⇒ |A| ≤ kr−1 Þ ÿ�m��
Ñ'ÓSÒ°øMÓ�ÚSÐ�Ô*Û�Ë2Í�î_ÓSË2Ô�Ð�Ë2Õnc�Ù9cGÿ]ÒV�RÍ�Ò°ÖSø2Ë

|SF,k((f, 1))| = kr−1 Ù

Ç @/?Â?AÈ0?AÈ�:<;>=�?A@/=CBñDGFpoÂF �BË�Î
F
ß¹Ë"!�#%$ Þ Ï`ÖS×µá°Ë�Î A ⊂ SF ,k

ß¹Ë.Ò°Ö)Î6Ë2Ð�Í�Ë2ø�Î6Ò°ÖSÜSÙI°á°Ë�Ï`Ð�á�à Þ
Γ(A)

Ò°Í�Ò°Ö)Î6Ë2Ð�Í�Ë2ø�Î6Ò°ÖSÜSÙ î_ÓGêSÍ Þ Ø]Ô�Ð f ∗ ∈ L(F) Þ |Γ(A)| ≤ |F(f ∗)|
Ù Ý}Ô�ÐhÏ`Ö)à

F ∈ Γ(A) Þ á°Ë�Î
AF := A ∩ SF,k

Ù�bRà ÿ�m�� Þ |AF | ≤ kr−1 Ùaî_ÓGêSÍ Þ Ø]Ô�Ð'Ï`Ö)à b ∈ [k] Þ

|A| =
∑

F∈Γ(A)

|AF | ≤ kr−1|Γ(A)| ≤ kr−1|F(f ∗)| = |SF ,k((f
∗, b))|,

ÿ�cZ���

Ï`ÖS×�ÓSË2ÖSø2ËHÐ�Ë2Í�êSá�Î�Ù
�

Ç @/?Â?AÈ	?AÈ�:<;>=�?A@/=CBÁDGFp² Ù�ÊÌË�ø2Ô�Ö)Î6Ò°ÖGêSËfÔ�Ö±Î6ÓSËfÚSÐ�Ô,Ô`Ø´Ô`Ø´î_ÓSË2Ô�Ð�Ë2Õ}c�Ù�7 Þ Ï`ÖS×�ÑËfÖSÔ*Ñ ø2Ô�ÖSÍ�Ò°×SË2ÐË��Gê}Ï`á°Ò�Î:à.Ò°ÖÌÿ�cZ���OÙ Ë Ô
Γ(A) = F(f ∗)

Ï`ÖS×#Ø]Ô�Ð'Ï`á°á
F ∈ Γ(A) Þ |AF | = kr−1 Ùaî_ÓGêSÍ Þ ß)à ÿ�m�� Þ

Ø]Ô�Ð'Ï`á°á
F ∈ Γ(A) Þ AF ∈ ex(SF,k)

Ù ÿ�cPc/�
ïaðWç*åK®�Ð

k ≥ 3
Ù��BË�Î

F ∗ ∈ Γ(A)
Ù.bRà ÿ�cPc/�_Ï`ÖS×�î_ÓSË2Ô�Ð�Ë2Õòc�Ù9cGÿ]Ò°ÒV� Þ AF = SF,k((a

∗, b∗))
Ø]Ô�Ð

Í�Ô�Õ�Ë
(a∗, b∗) ∈ F ∗ × [k]

Ù	bRàÙ�BË2Õ�Õ�Ï�1�Ù � Þ A ⊆ SF ,k((a
∗, b∗))

Ù Ë Ô
SF ,k

Ò°Í_Í�Î6Ð�Ò°ø�Î6á�à"!�#%$<Ù
ïaðWç*å�ëCÐ

k = 2
ð`ò¹ó<��ã>æ#ð`ý�ý

f ∈ L(F)
_
|OF(f)| ≤ 2

Ùh�BË�Î
X :=

⋂

F∈Γ(A) F
ÙhbRà ÿ�cPc/�

Ï`ÖS×�î_ÓSË2Ô�Ð�Ë2Õð7,Ù9c Þ |X| ≥ 1
Ù0�BË�Î

f ′ ∈ X � Í�Ô Γ(A) ⊆ F(f ′)
Ù Ë Ò°ÖSø2Ë

|Γ(A)| = |F(f ∗)|
Ï`ÖS×

f ∗ ∈ L(F) Þ Γ(A) = F(f ′)
Ï`ÖS×

f ′ ∈ L(F)
Ù Ë Ô

|OF(f ′)| ≤ 2
Ù Ë Ò°ÖSø2Ë

A ∈ ex(SF(f ′),2)
ÿ]ß)à

ÿ�cPc/��� Þ Ò�Î$Ø]Ô�á°á°Ô*Ñ'Í_ß)àr°Ô�Ð�Ô�á°á�Ï`Ð�à"7,Ù�7Sÿ]Ò°ÒV��Î6Ó}Ï>Î A Ò°Í'Ï±Í�ÎMÏ`Ð_Ô`Ø SF ,2
Ù Ë Ô

SF ,2
Ò°Í_Í�Î6Ð�Ò°ø�Î6á�à�!�#%$<Ù

ïaðWç*å�á�Ð
k = 2

ð`ò¹ó
|OF(f)| ≥ 3

��ã>æ<ç*ã*��å
f ∈ L(F)

Ù�bRà ÿ�i�� Þ (f, 1) ∈ L(SF ,2)
Ùfî_ÓGêSÍ Þß)àÙæ�Ð�Ô�Ú¹Ô�Í�Ò�Î6Ò°Ô�Ör7,Ù 1 Þ SF ,2

Ò°Í_ÖSÔ`Î�Í�Î6Ð�Ò°ø�Î6á�à"!�#%$<Ù
�

ó ¤/��W>?Cô�sN=Cu>LA=CBj=CW-Y/X�F î_ÓSËfÏ`ê�Î6ÓSÔ�ÐRÒ°ÍaÒ°ÖS×SË2ß�Î6Ë2×�Î6ÔªÏ`Ö�Ï`ÖSÔ�Ö)à,Õ�Ô�êSÍRÐ�Ë�Ø]Ë2Ð�Ë2Ë�Ø]Ô�Ðaø�Ï`Ð�Ë�Ø]êSá�øMÓSË2ø¡~�ë
Ò°ÖSÜdÔ`Ø�Î6ÓSË_Ú}Ï`Ú¹Ë2Ð�Ï`ÖS×±Í�êSÜ�Ü�Ë2Í�Î6Ò°Ô�ÖSÍ�Î6Ó}Ï>Î�á°Ë2×hÎ6Ô<Ï§Í�Ò°Ü�ÖSÒ�ù}ø�Ï`Ö)Î�Ò°Õ�ÚSÐ�Ô*Û�Ë2Õ�Ë2Ö)Î�Ô`Ø�Î6ÓSË'ÚSÐ�Ë2Í�Ë2Ö)ÎMÏ>Î6Ò°Ô�Ö´Ù
î_ÓSËHÏ`ê�Î6ÓSÔ�Ð�Ï`á°Í�ÔªÑ'Ò°Í�ÓSË2Í'Î6ÔhÎ6Ó}Ï`Ö�~#Ý}Ð�Ë2×Ñ°fÙAl�Ô�á°Ð�Ô*à,×#Ø]Ô�Ð_ÓSË2á°Ú�Ø]êSá´ø2Ô�Õ�Õ�Ë2Ö)Î6Í2Ù
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