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D%EHM[9;>[M�JLM6M^<%JLg�>[D�e!9����2�]���^�P�? N�¡���k¢TJ�E2<%BC\�>]£�D+M[9;>[M�JVB

A
JVBC>[9;=[M[9NK;>P¤¦¥2<%@�JVUVJL9NM

A1, ...,Ap

<%=[9YM^<%JLgA>[D�e!9§ ;�?¨%�^��©]���2�]���^�P�? N�¡���k¢AJ�E?O0EªD�=�<%BC\
i, j ∈ {1, ..., p}

M?RHK[GI>?G2<%>
i 6= j
O

<%BC\�M[9;>�JVB
Ai

JVBC>[9;=[M[9NK;>[M<%BC\�M[9;>�JVB
Aj

¤
¥HD�=

k = (k1, ..., kn) ∈ N
n O 2 ≤ k1 ≤ ... ≤ kn

O'UL9;>
Lk

e!9�>?GH9�Et<%@�JVUV\AD%E�«V¬C[��«L�?®
n
©t�P�;���

W0JVZ'9;B¯eC\
Lk := {{(1, l1), ..., (n, ln)} : li ∈ {1, ..., ki}, i = 1, ..., n}

¤�°±9²:!D�JVBC>AD�R/>A<
=[9;U�<%>?JLD�BHM?G/JV:�e!9;>]£�9N9;B�JVBC>[9;=[M[9NK;>?JVB/W³Et<%@�JVUVJL9NM§<%BHg±K;=[D0M[Mµ´tJVBC>[9;=[M[9NK;>?JVB/W�Et<%@�JVUVJL9NM�D%E�U�<%e!9;UL9Ng
M[9;>[MPOH<%BHg�£�9�M?GHDP£¶>?G2<%>PO/J�E

A1, ...,Ap

<%=[9TK;=[D0M[Mµ´tJVBC>[9;=[M[9NK;>?JVB/W�M?R/ep´ªEt<%@�JVUVJL9NMYD%E
Lk

Op>?GH9;B
p

∑

j=1

|Aj| ≤

{

k1k2...kn

J�E
p ≤ k1;

pk2...kn

J�E
p ≥ k1.

°±9Y<%ULM[DTg/9;>[9;=?@�JVBH9Y>?GH9�KP<�M[9NM
D%E�9N·CR2<%UVJV>]\'¤¦°±9�>?GH9;B�D�e/>^<%JVB�<+@AD�=[9�W'9;BH9;=^<%U2JVBH9N·CR2<%UVJV>]\'Op<
M?:!9NK;J�<%UHKP<�M[9�D%E!£�G/JLK[GAJLMx<+M?G2<%=?:Ae!D�R/BHghEªD�=
K;=[D0M[Mµ´tJVBC>[9;=[M[9NK;>?JVB/W�Et<%@�JVUVJL9NM
D%E2¸H����¹hºp�t¬0�¡�ª¨��/�;¤

» ¼¾½%¿ÁÀIÂ±¿ÃÂjÄ+Å Æ%Â�Ç
Ä+È�É�Ä�ÊYÇ
ÆbË�ÂÁÈ�Ä�É
Ìj½PÇxÉÎÍCËAÈÏ½%ÀAÐ¯ÄT½bÄ�¿*É�Ä+ÇxÉ
ÑÓÒ�Ô^ÕNÖk×^ÕTØ�Ù�Õ;ÚjÔ�ÛpÜ�Ò�Ô^ÕNÖkÝ!Þ�Ök×�Þ±Ý!ÛkÕNÖCÕ;Ù�ÛpÝfßtÛp×TÔ�ÒbÕ;Ô%à

N
Ù�ÔÕ;Ú!Ò�Ô�ÒbÕ�Ûkßxá�ÛpÔ�Ù�Õ;Ù�âpÒhÙ�Ý/Õ;Ò%ãpÒ%×�Ô

{1, 2, ...}
à

ä�Ûp×
m, n ∈ N å m < n å Õ;Ú!Ò§Ô�ÒbÕ {m, m + 1, ..., n}

Ù�ÔÞ!Ò%Ý!ÛkÕ;Ò%Þ4æ/ç
[m, n] å ÖkÝ!Þ4Ù�ß m = 1

Õ;Ú!Ò%Ý4ØÒ
Ökè�Ô�ÛfØ�×�Ù�Õ;Ò

[n]
àIéTÚ!Ò²ê�ëCìíbîAï0íbð

{A : A ⊆ X}
ÛkßÖ4Ô�ÒbÕ

X
Ù�ÔhÞ!Ò%Ý!ÛkÕ;Ò%Þñæ/ç

2X å ÖkÝ!ÞñÖ¯ò2ó�ô õ�ëCîPöÔ�÷!æ2øµß]ÖkÜ�Ù�è�ç
{Y ⊆ X : |Y | = r}

Ûkß
2X
Ù�ÔTÞ!Ò%Ý!ÛkÕ;Ò%Þ�æ/ç (

X

r

) à
ÑÓÒ�Þ!Ò%Ý!ÛkÕ;ÒIÕ;Ú!Ò�÷!Ý!Ù�ÛpÝ�Ûkß�Ökè�è�Ô�ÒbÕ;Ô§Ù�Ý�Ö³ß]ÖkÜ�Ù�è�ç

F
æ/ç

U(F)
à�ä�Ûp×

u ∈ U(F) å Õ;Ú!ÒIß]ÖkÜ�Ù�è�çfÛkßÔ�ÒbÕ;Ô�Ù�Ý
F
Õ;Ú�ÖCÕ�ù%ÛpÝ/ÕNÖkÙ�Ý

u
Ù�ÔTù�Ökè�è�Ò%Þ±Ö4ïbðµúkî²ë[õ

F
Ø�Ù�Õ;ÚüûNíbó�ð]î;í

u
à

ý ß]ÖkÜ�Ù�è�ç
A
Ù�Ô�Ô;ÖkÙ�Þ�Õ;Ûfæ�Òfôªó�ð?íbî;ï0íNûbð]ôªó2þjÙ�ß�ÖkÝ/ç±Õ?ØÛ4Ô�ÒbÕ;ÔhÙ�Ý

A
Ù�Ý/Õ;Ò%×�Ô�Ò%ùbÕ�à§ÿ�ÛkÕ;ÒAÕ;Ú�ÖCÕ�Ö�Ô^ÕNÖk×

Ûkß�Ö²ß]ÖkÜ�Ù�è�ç�Ù�Ô+Õ;×�Ù�â2Ù¡Ökè�è�ç�Ù�Ý/Õ;Ò%×�Ô�Ò%ùbÕ;Ù�Ý!ã!à
éTÚ!Ò�ù%è¡ÖkÔ�Ô�Ù�ù�Ökè���×�Þ��pÔ[ø���ÛCø���ÖkÞ!Û��	�
����YéTÚ!Ò%Ûp×�Ò%Ü�� ���¦Ô;Ö�ç2Ô+Õ;Ú�ÖCÕ å ßtÛp× r ≤ n/2 å ÖkÝjÙ�Ý/Õ;Ò%×�Ô�Ò%ùbÕ^øÙ�Ý!ã�Ô�÷!æ2øµß]ÖkÜ�Ù�è�ç

A
Ûkß ([n]

r

) Ú�ÖkÔ�Ô�Ù��%ÒfÖCÕ�Ü�ÛpÔ^Õ (

n−1
r−1

) å Ùzà ÒkàjÕ;Ú!ÒfÔ�Ù��%Ò�Ûkß�Ö�Ô^ÕNÖk×�Ûkß ([n]
r

) à��YçñÕ;Ú!Ò
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��Ù�è�Õ;ÛpÝ2ø���Ù�è�Ý!Ò%×�éTÚ!Ò%Ûp×�Ò%Ü�� ��� å Ù�ß r < n/2
Õ;Ú!Ò%Ý

A
ÖCÕ�ÕNÖkÙ�Ý!ÔYÕ;Ú!Òhæ�Ûp÷!Ý!Þ±Ù�ß
ÖkÝ!ÞjÛpÝ!è�çfÙ�ß

A
Ù�Ô+Ö²Ô^ÕNÖk×

Ûkß ([n]
r

) à���ÖkÝ/çj×�Ò%Ô�÷!è�Õ;ÔTØÒ%×�ÒIÙ�Ý!Ô�á!Ù�×�Ò%Þ±æ/çjÕ;Ú!Ò��
��� éTÚ!Ò%Ûp×�Ò%Ü���Ô�Ò%Ò�� � �zà
ä�ÖkÜ�Ù�è�Ù�Ò%Ô

A1, ...,Ap

Ök×�Ò+Ô;ÖkÙ�Þ²Õ;ÛAæ�ÒIûbî;ë0ïNï"!?ôªó�ð?íbî;ï0íNûbð]ôªó2þIÙ�ß å ßtÛp×�ÖkÝ/ç i, j ∈ [p]
Ô�÷!ùNÚ³Õ;Ú�ÖCÕ

i 6= j åÖkÝ/çjÔ�ÒbÕ�Ù�Ý
Ai

Ù�Ý/Õ;Ò%×�Ô�Ò%ùbÕ;Ô§ÖkÝ/ç±Ô�ÒbÕ�Ù�Ý
Aj

à
��Ù�è�Õ;ÛpÝ#� $��Þ!ÒbÕ;Ò%×�Ü�Ù�Ý!Ò%ÞüÕ;Ú!ÒfßtÛpè�è�Û0Ø�Ù�Ý!ã±Ý!Ù�ù%Ò%�
���+øµÕ?ç2á�Òf×�Ò%Ô�÷!è�Õ²ßtÛp×�ù%×�ÛpÔ�Ô[ø?Ù�Ý/Õ;Ò%×�Ô�Ò%ùbÕ;Ù�Ý!ã¯Ô�÷!æ2ø

ß]ÖkÜ�Ù�è�Ù�Ò%ÔYÛkß ([n]
r

) �
r ≤ n/2

�Pà
&('*),+.-/)103254	27698;:	<>= +@?BADCFEHGJI íbð

r ≤ n/2
úkó@K

p ≥ 2 L I íbð
A1, ...,Ap M í³ûbî;ë0ïNï"!?ôªó�ð?íbî;ï0íNûbð]ôªó2þïbò M !�õ%úkö�ô>NVôzíNï�ë[õ ([n]

r

) LPORQ íbó
p

∑

j=1

|Aj| ≤

{
(

n

r

) ô õ
p ≤ n

r
;

p
(

n−1
r−1

) ô õ
p ≥ n

r
.

S
ó5N�íNïNï
p = 2 = n/r T ð Q í M ëCò2ó@K�ô�ï²úkð]ðµúkôªó6íUK�ô õ�úkó@KjëCó5NWV�ô õ�ëCó6í�ë[õ�ð Q í�õ�ë�N>N�ëCì�ôªó2þ Q ë�NDK'ïYXZ ô [

p < n/r
úkó@K T õ�ëCîhï0ëCöfí q ∈ [p] T Aq =

(

[n]
r

) úkó@K
Aj = ∅

õ�ëCîIú\N>N
j ∈ [p]\{q} ]Z ôªô [

p > n/r
úkó@K

|A1| = ... = |Ap| =
(

n−1
r−1

) ]Z ôªôªô [
p = n/r

úkó@K
A1, ...,Ap

úkî;í�ú'ïIôªó Z ô [4ëCî Z ôªô [ L
éTÚ!Ò^�
��� éTÚ!Ò%Ûp×�Ò%Ü ßtÛpè�è�Û0Ø�Ô�ßt×�ÛpÜ Õ;Ú!Ù�Ô§×�Ò%Ô�÷!è�ÕY_�Ô�ÒbÕ

p > n/r
ÖkÝ!Þ

A1 = ... = Ap

à�`?Ýa� b/��Ù�Õ§Ù�Ô
Ô�Ú!Û0Ø�ÝjÕ;Ú�ÖCÕ+Ù�Ý4ù�ÖkÔ�ÒP�tÙ�Ù>��ØÒ�Ü²÷!Ô^ÕTÚ�Ö�âpÒ

A1 = ... = Ap = {A ∈
(

[n]
r

)

: i ∈ A}
ßtÛp×Ô�ÛpÜ�Ò

i ∈ [n]
à

ä�Ûp×
k = (k1, ..., kn) å k1, ..., kn ∈ N\{1} å ØÒAÞ!Ò"c�Ý!ÒAÕ;Ú!Ò�ß]ÖkÜ�Ù�è�ç Lk

Ûkß�N�ú M í"N�íUK n
!zï0íbðªï�æ/ç

Lk := {{(1, l1), ..., (n, ln)} : li ∈ [ki], i = 1, ..., n}.

ý ÝÓÒedH÷!Ù�âkÖkè�Ò%Ý/ÕIßtÛp×�Ü²÷!è¡ÖCÕ;Ù�ÛpÝ�ßtÛp×
Lk

Ù�Ô
[k1] × [k2] × ... × [kn] å æ!÷�Õ�Ù�ÕAÙ�ÔIÜ�Ûp×�Ò³ù%ÛpÝ/âpÒ%Ý!Ù�Ò%Ý/Õ�Õ;ÛØÛp×9fjØ�Ù�Õ;Ú

n
ø?Ô�ÒbÕ;Ô§Õ;Ú�ÖkÝ�ØÛp×9f±Ø�Ù�Õ;Ú

n
øµÕ;÷!á!è�Ò%Ôg�ªÕ;Ú!Ò²Ökè�Õ;Ò%×�Ý�ÖCÕ;Ù�âpÒ�ßtÛp×�Ü²÷!è¡ÖCÕ;Ù�ÛpÝ±Þ!Ò%ÜfÖkÝ!Þ!Ô�Õ;Ú�ÖCÕ�ØÒ

ùNÚ�ÖkÝ!ãpÒ�Õ;Ú!ÒAÔ�ÒbÕ�Õ;Ù�Ý!ã�Ûkßxß]ÖkÜ�Ù�è�Ù�Ò%ÔYÛkß�Ô�ÒbÕ;Ô�Õ;Û³ÛpÝ!ÒAÛkß�Ô�ÒbÕ;Ô�Ûkß
n
øµÕ;÷!á!è�Ò%Ôh�Pà

`?Ý Õ;Ú!Ù�ÔjÝ!ÛkÕ;Ò�ØÒ)Ök×�Ò¯ù%ÛpÝ!ù%Ò%×�Ý!Ò%Þ Ø�Ù�Õ;Ú Õ;Ú!ÒñÔ�Ù��%Ò%Ô±ÛkßIÙ�Ý/Õ;Ò%×�Ô�Ò%ùbÕ;Ù�Ý!ã ÖkÝ!Þ ù%×�ÛpÔ�Ô[ø?Ù�Ý/Õ;Ò%×�Ô�Ò%ùbÕ;Ù�Ý!ã
ß]ÖkÜ�Ù�è�Ù�Ò%Ô�Ûkß�è¡Ökæ�Ò%è�Ò%Þ

n
ø?Ô�ÒbÕ;Ô%à�ÿ�ÛkÕ;Ò�Õ;Ú�ÖCÕ å Ù�ß6ØÒhÖkè�è�Û0Ø ki = 1

ßtÛp×�Ô�ÛpÜ�Ò
i ∈ [n] å Õ;Ú!Ò%ÝfÕ;Ú!Ò�á!×�Ûpæ!è�Ò%Üæ�Ò%ù%ÛpÜ�Ò%ÔTÕ;×�Ù�â2Ù¡Ökè6æ�Ò%ù�Ök÷!Ô�ÒAØÒAãpÒbÕ�Õ;Ú�ÖCÕ�Ökè�è¦Ô�ÒbÕ;Ô�ù%ÛpÝ/ÕNÖkÙ�ÝjÕ;Ú!ÒAá�ÛpÙ�Ý/Õ

(i, 1)
à

éTÚ!ÒIÛpæ/â2Ù�Ûp÷!Ôi�
���+øµÕ?ç2á�Ò�á!×�Ûpæ!è�Ò%Ü ßtÛp×Tè¡Ökæ�Ò%è�Ò%ÞjÔ�ÒbÕ;Ô�Ø+ÖkÔTÕ;×�Ò�ÖCÕ;Ò%Þ�æ/ç��Ò%×�ãpÒP�kje�zà
&('*),+.-/)103254�lm69ng),-/o.)7Ap2qEHGJI íbð

m ∈ [n]
ïbò�û Q ð Q úkð km = min{ki : i ∈ [n]} L7r õ A ô�ï±úkóôªó�ð?íbî;ï0íNûbð]ôªó2þfïbò M !�õ%úkö�ô>NWV±ë[õ Lk T ð Q íbóÓð Q íIïbôDs'í�ë[õ A ô�ï³úkðTöfë0ïbð |Lk|/km = k1k2...kn/km T ô L í Lð Q í�ïbôDs'í²ë[õ�ú�ïbðµúkî²ë[õ Lk

ì�ôªð Q ûNíbó�ð]î;í (m, 1) L
ÑÓÒAÔ�Ú�Ökè�è¦×�Ò%á!×�Û2Þ!÷!ù%Ò�Õ;Ú!ÒA×�Ò%ÜfÖk×9fCÖkæ!è�ç4Ô�Ú!Ûp×^Õ�á!×�Û2Ûkß�ÛkßxÕ;Ú!Ù�ÔT×�Ò%Ô�÷!è�Õ�à
ä�Ûp×�ÖkÝ±Ù�Ý/Õ;Ò%ãpÒ%×

q å è�ÒbÕ θq

k
: Lk → Lk

æ�Ò�Õ;Ú!Ò³ð]î�úkó�ï"N�úkð]ôzëCó)ëNê�íbî�úkð]ôzëCó�Þ!Ò"c�Ý!Ò%Þ�æ/ç

θq

k
(A) := {(a, b + q mod ka) : (a, b) ∈ A},

ÖkÝ!Þ�Þ!Ò"c�Ý!Ò
Θq

k
: 2Lk → 2Lk

æ/ç

Θq

k
(F) := {θq

k
(A) : A ∈ F}.
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ÿ�Û0ØÎè�ÒbÕ
m
ÖkÝ!Þ

A
æ�Ò�ÖkÔ³Ù�Ý éTÚ!Ò%Ûp×�Ò%Ütjpàub2à¶ä�Ûp×³ÖkÝ/ç

A ∈ A
ÖkÝ!Þ

q ∈ [km − 1] å ØÒ�Ú�Ö�âpÒ
θq

k
(A) ∩ A = ∅

ÖkÝ!Þ¯Ú!Ò%Ý!ù%Ò
θq

k
(A) /∈ A

àIéTÚ!Ò%×�ÒbßtÛp×�Ò
A, Θ1

k
(A), ..., Θkm−1

k
(A)
Ök×�Ò

km

Þ!Ù�Ô>v�ÛpÙ�Ý/Õ
Ô�÷!æ2øµß]ÖkÜ�Ù�è�Ù�Ò%ÔÛkß

Lk

àxw2Û
km|A| ≤ |Lk| = k1k2...kn

ÖkÝ!Þ±Ú!Ò%Ý!ù%ÒIéTÚ!Ò%Ûp×�Ò%Üyjpàub2à
z�Ù�â2Ù�Ý!ãpÔ^Õ;ÛpÝ{�kj |��¦Þ!ÒbÕ;Ò%×�Ü�Ù�Ý!Ò%ÞjØ�Ú!Ù�ùNÚjß]ÖkÜ�Ù�è�Ù�Ò%Ô

A
ÖCÕ�ÕNÖkÙ�ÝfÕ;Ú!Ò�æ�Ûp÷!Ý!Þ±Ù�ÝjéTÚ!Ò%Ûp×�Ò%Ü�jpàubIßtÛp×+Õ;Ú!Ò

ù�ÖkÔ�Ò�Ø�Ú!Ò%Ý�Õ;Ú!Ò
ki } Ô�Ök×�ÒIÖkè�è�Õ;Ú!ÒAÔ;ÖkÜ�Òkà

&('*),+.-/)103254�~m69�x:>�*:	?*o@�"= +@?�Ap2,�5EHG r õ 3 ≤ k1 = k2 = ... = kn

úkó@K
A
ô�ï�úPN�úkîzþHíNïbð�ôªó�ð?íbî;ï0íNûbð	!

ôªó2þ�ïbò M !�õ%úkö�ô>NWV4ë[õ Lk T ð Q íbó A ô�ï�ú³ïbðµúkî²ë[õ Lk L
��Ô�Ù�Ý!ã�Õ;Ú!Ò�Ô�Ú!Ù�ßªÕ;Ù�Ý!ãTÕ;Ò%ùNÚ!Ý!Ù�dH÷!Ò��tÔ�Ò%Ò� �/�>�¦Ù�ÝIÖkÝIÙ�Ý!Þ!÷!ùbÕ;Ù�âpÒYÖk×�ãp÷!Ü�Ò%Ý/Õ å ØÒYù�ÖkÝ�Ò��2Õ;Ò%Ý!Þ�éTÚ!Ò%Ûp×�Ò%Ü�jpà �
Õ;Û�Õ;Ú!Ò�ßtÛpè�è�Û0Ø�Ù�Ý!ã²×�Ò%Ô�÷!è�Õ�à
&('*),+.-/)103254k��I íbð

m ∈ [n]
ïbò�û Q ð Q úkð km = min{ki : i ∈ [n]} L�� ò0ê/ê�ë0ï0í km ≥ 3

úkó@K
A
ô�ïÓú�N�úkîzþHíNïbð�ôªó�ð?íbî;ï0íNûbð]ôªó2þ ïbò M !�õ%úkö�ô>NWV ë[õ Lk L�ORQ íbó A

ô�ïÓú ïbðµúkîÓë[õ
Lk

ì�ôªð Q ûNíbó�ð]î;í¯ôªó
C := {(i, l) : i ∈ [n], ki = km, l ∈ [km]} L
� -/+R+.�U4 ÑÓÒ�÷!Ô�Ò�Ù�Ý!Þ!÷!ùbÕ;Ù�ÛpÝ�ÛpÝ ∑n

i=1 ki

àAéTÚ!Ò³ù�ÖkÔ�Ò
ki = km

ßtÛp×
i = 1, ..., n

Ù�ÔhéTÚ!Ò%Ûp×�Ò%Ü�jpà � åÔ�Û³ØÒ�ÖkÔ�Ô�÷!Ü�ÒAÕ;Ú!Ò%×�ÒIÒ���Ù�Ô^Õ;Ô
h ∈ [n]

Ô�÷!ùNÚ�Õ;Ú�ÖCÕ
kh > km

à�ÑÓÒIÜfÖ�ç±ÖkÔ�Ô�÷!Ü�Ò
m = 1

ÖkÝ!Þ
h = n
à

z�ÒbÕ
δ : A → Lk

æ�Ò�Õ;Ú!ÒAÔ�Ú!Ù�ßªÕ�Ûpá�Ò%×;ÖCÕ;Ù�ÛpÝjÞ!Ò"c�Ý!Ò%Þ�æ/ç

δ(A) :=

{

(A\{(n, kn)}) ∪ {(n, 1)}
Ù�ß

(n, kn) ∈ A;
A

ÛkÕ;Ú!Ò%×^Ø�Ù�Ô�Ò å
ÖkÝ!Þ�è�ÒbÕ

B := {δ(A) : A ∈ A, δ(A) /∈ A} ∪ {A ∈ A : δ(A) ∈ A}
àx�è�Ò�Ök×�è�ç

|B| = |A|
à

ÑÓÒ�Ý!Û0Ø Ô�Ú!Û0Ø Õ;Ú�ÖCÕ å Ô�Ù�Ý!ù%Ò A Ù�Ô�Ù�Ý/Õ;Ò%×�Ô�Ò%ùbÕ;Ù�Ý!ã å B Ù�Ô�Ù�Ý/Õ;Ò%×�Ô�Ò%ùbÕ;Ù�Ý!ãIÖkÝ!Þ å Ü�Ûp×�Ò%Û0âpÒ%× å Ý!ÛhÕ?ØÛIÔ�ÒbÕ;ÔÙ�Ý
B
Ù�Ý/Õ;Ò%×�Ô�Ò%ùbÕAÛpÝ!è�ç�ÛpÝ

(n, kn)
à�z�ÒbÕ

B1
ÖkÝ!Þ

B2
æ�Ò²Õ?ØÛ�Ök×�æ!Ù�Õ;×;Ök×^ç�Ô�ÒbÕ;ÔAÙ�Ý

B
àg`µßÝ!Ò%Ù�Õ;Ú!Ò%×�Ô�ÒbÕ

ù%ÛpÝ/ÕNÖkÙ�Ý!Ô
(n, kn)

Õ;Ú!Ò%Ý²Ò%Ù�Õ;Ú!Ò%×
Õ;Ú!Òbç�Ù�Ý/Õ;Ò%×�Ô�Ò%ùbÕ�ÛpÝ
(n, 1)
Ûp×�ÖCÕ�è�Ò�ÖkÔ^Õ�ÛpÝ!ÒÛkß!Õ;Ú!Ò%Ü Þ!Û2Ò%Ô�Ý!ÛkÕ�ù%ÛpÝ/ÕNÖkÙ�Ý

(n, 1)
Ò%Ù�Õ;Ú!Ò%×�ÖkÝ!Þ�Ú!Ò%Ý!ù%Ò�Ü²÷!Ô^Õ§Ù�Ý/Õ;Ò%×�Ô�Ò%ùbÕ§Õ;Ú!Ò�ÛkÕ;Ú!Ò%×%à�ÿ�Û0ØmÔ�÷!á!á�ÛpÔ�Ò�Ø�Ù�Õ;Ú!Ûp÷�Õ�è�ÛpÔ�Ô�Ûkß�ãpÒ%Ý!Ò%×;Ökè�Ù�Õ?ç

(n, kn) ∈ B1
à éTÚ!Ò%Ý

B1, δ(B1) ∈ A
àB`µß

(n, kn) ∈ B2
Õ;Ú!Ò%Ý

B2
Ù�ÔfÖkè�Ô�ÛÓÙ�Ý

A
ÖkÝ!Þ Ú!Ò%Ý!ù%Ò

∅ 6= δ(B1) ∩ B2 = (B1 ∩ B2)\{(n, kn)}
à(w2÷!á!á�ÛpÔ�Ò

(n, kn) /∈ B2
à�`µß

B2 ∈ A
Õ;Ú!Ò%Ý

(n, kn) /∈
B1∩B2 6= ∅

Ù�Ô�Ûpæ/â2Ù�Ûp÷!Ô%à�`µß
B2 /∈ A

Õ;Ú!Ò%Ý
(n, 1) ∈ B2 å Õ;Ú!ÒTÔ�ÒbÕ A2 := (B2\{(n, 1)})∪{(n, kn)}Ù�ÔTÙ�Ý

A å ÖkÝ!Þ�Ú!Ò%Ý!ù%ÒAØÒAÚ�Ö�âpÒ (n, kn) /∈ B1 ∩ B2 = δ(B1) ∩ A2 6= ∅
à

�§Ò"c�Ý!Ù�Ý!ã
B1 := {B ∈ B : (n, kn) /∈ B} å B2 := {B ∈ B : (n, kn) ∈ B}

ÖkÝ!Þ
B′

2 :=
{B\{(n, kn)} : B ∈ B2} å Ù�Õ4ßtÛpè�è�Û0Ø�Ô4Õ;Ú�ÖCÕ B1 ∪ B′

2

Ù�ÔjÙ�Ý/Õ;Ò%×�Ô�Ò%ùbÕ;Ù�Ý!ã!à ÿ�Û0Ø
B1 ⊂ Lk1

ÖkÝ!Þ
B′

2 ⊂ Lk2
å Ø�Ú!Ò%×�Ò k1 = (k1, ..., kn−1, kn − 1)

ÖkÝ!Þ
k2 = (k1, ..., kn−1)

à�z�ÒbÕ
S := {S ∈

Lk : (1, 1) ∈ S} å ÖkÝ!Þ�Þ!Ò"c�Ý!Ò S1 å S2
ÖkÝ!Þ

S ′
2

Ô�Ù�Ü�Ù�è¡Ök×�è�ç²Õ;Û
B1 å B2

ÖkÝ!Þ
B′

2

×�Ò%Ô�á�Ò%ùbÕ;Ù�âpÒ%è�çpà��Yç4Õ;Ú!Ò
Ù�Ý!Þ!÷!ùbÕ;Ù�âpÒAÚ/ç2á�ÛkÕ;Ú!Ò%Ô�Ù�Ô å |B1| ≤ |S1|

ÖkÝ!Þ
|B′

2| ≤ |S ′
2|
à�w2Û

|A| ≤ |S|
ÖkÔ

|A| = |B| = |B1| + |B′
2|ÖkÝ!Þ

|S| = |S1|+ |S ′
2|
àxw2Ù�Ý!ù%Ò

A
Ù�ÔTÖ²è¡Ök×�ãpÒ%Ô^ÕTÙ�Ý/Õ;Ò%×�Ô�Ò%ùbÕ;Ù�Ý!ã�Ô�÷!æ2øµß]ÖkÜ�Ù�è�ç³Ûkß

Lk å ØÒIÖkùbÕ;÷�Ökè�è�ç�Ú�Ö�âpÒ
|A| = |S| å Ø�Ú!Ù�ùNÚ¯Ù�Ü�á!è�Ù�Ò%Ô |B1| = |S1|

ÖkÝ!Þ
|B′

2| = |S ′
2|
à��Yç�Ý!ÛkÕ;Ù�Ý!ãfÕ;Ú�ÖCÕ

C ⊆ U(Lk2
)
�tÔ�Ù�Ý!ù%Ò

kn > k1
�§ÖkÝ!ÞñÖká!á!è�ç2Ù�Ý!ãfÕ;Ú!Ò²Ù�Ý!Þ!÷!ùbÕ;Ù�âpÒ²Ú/ç2á�ÛkÕ;Ú!Ò%Ô�Ù�Ô å ØÒ�ãpÒbÕ B′

2 = {B ∈ Lk2
: (a, b) ∈ B}

ßtÛp×
Ô�ÛpÜ�Ò

(a, b) ∈ C
à�éTÚH÷!Ô å ßtÛp×§ÖkÝ/ç�Ô�ÒbÕhÙ�Ý {A ∈ Lk1

: (a, b) /∈ A} å Õ;Ú!Ò%×�Ò�ù%è�Ò�Ök×�è�ç±Ò���Ù�Ô^Õ;ÔhÖ�Ô�ÒbÕ�Ù�Ý
B′

2

Õ;Ú�ÖCÕ�Þ!Û2Ò%Ô�Ý!ÛkÕ�Ù�Ý/Õ;Ò%×�Ô�Ò%ùbÕ�Ø�Ù�Õ;Ú±Ù�Õ�à
w2Ù�Ý!ù%Ò
B1 ∪ B′

2

Ù�ÔTÙ�Ý/Õ;Ò%×�Ô�Ò%ùbÕ;Ù�Ý!ã å Ù�Õ+ßtÛpè�è�Û0Ø�ÔÕ;Ú�ÖCÕ�Ökè�è6Ô�ÒbÕ;Ô�Ù�Ý
B1 ∪ B′

2

ù%ÛpÝ/ÕNÖkÙ�Ý
(a, b)
à�w2Û

B ⊆ C := {A ∈ Lk : (a, b) ∈ A}
à�w2Ù�Ý!ù%Ò

(a, b) /∈ {(n, 1), (n, kn)} åØÒIÞ!Ò%Þ!÷!ù%ÒAÕ;Ú�ÖCÕ
A ⊆ C

àx�YçjÜfÖ/��Ù�ÜfÖkè�Ù�Õ?ç³Ûkß
A å A = C

àx��Ò%Ý!ù%ÒI×�Ò%Ô�÷!è�Õ�à
2
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ÑÓÒ�Ø�Ù�è�è¦Ý!Û0Ø&÷!Ô�ÒIéTÚ!Ò%Ûp×�Ò%Ü�Ô�jpàub�ÖkÝ!Þ�jpà ��Õ;Û³Ûpæ�ÕNÖkÙ�ÝjÕ;Ú!Ò�ßtÛpè�è�Û0Ø�Ù�Ý!ã�� è¡Ökæ�Ò%è�Ò%ÞjÔ�ÒbÕ;Ô } ÖkÝ�Ökè�Ûpãp÷!ÒÛkß�éTÚ!Ò%Ûp×�Ò%ÜyjpàDjpà
&('*),+.-/)103254���I íbð

m ∈ [n]
ïbò�û Q ð Q úkð km = min{ki : i ∈ [n]} T úkó@K N�íbð

C := {(i, l) : i ∈
[n], ki = km, l ∈ [km]} L I íbð

A1, ...,Ap M í�ûbî;ë0ïNï"!?ôªó�ð?íbî;ï0íNûbð]ôªó2þ²ïbò M !�õ%úkö�ô>NVôzíNï²ë[õ Lk LPORQ íbó
p

∑

j=1

|Aj| ≤

{

|Lk| = k1k2...kn

ô õ
p ≤ km;

p|{A ∈ Lk : (m, 1) ∈ A}| = pk1k2...kn

km

ô õ
p ≥ km.

r õ km ≥ 3 T ð Q íbó¯ð Q í M ëCò2ó@Kfô�ï�úkð]ðµúkôªó6íUKfô õ�úkó@KjëCó5NWV³ô õ²ëCó6í²ë[õAð Q í�õ�ë�N>N�ëCì�ôªó2þ Q ë�NDK'ïYXZ ô [
p < km

úkó@K T õ�ëCîhï0ëCöfí q ∈ [p] T Aq = Lk

úkó@K
Aj = ∅

õ�ëCîIú\N>N
j ∈ [p]\{q} ]Z ôªô [

p > km

úkó@K
A1 = ... = Ap = {A ∈ Lk : (a, b) ∈ A}

õ�ëCî§ï0ëCöfí
(a, b) ∈ C ]Z ôªôªô [

p = km

úkó@K
A1, ...,Ap

úkî;í�ú'ïIôªó Z ô [jëCî Z ôªô [ L
� -/+R+.�U4 z�ÒbÕ

kn+1 := p
ÖkÝ!Þ

k
′ := (k1, ..., kn, kn+1)

à�ä�Ûp×TÒ�ÖkùNÚ
j ∈ [kn+1] å è�ÒbÕ

A′
j := {A ∪ {(n + 1, j)} : A ∈ Aj}.

ÿ�Û0Ø è�ÒbÕ
A
æ�ÒÕ;Ú!ÒYÕ;Ú!Ò+Þ!Ù�Ô>v�ÛpÙ�Ý/Õ�÷!Ý!Ù�ÛpÝ

A′
1∪A

′
2∪...∪A′

kn+1
å Ø�Ú!Ù�ùNÚ�Ù�Ô�Ö§Ô�÷!æ2øµß]ÖkÜ�Ù�è�ç�Ûkß Lk′

à�é�Ö\fkÒ
Õ?ØÛ�Ök×�æ!Ù�Õ;×;Ök×^ç�Ô�ÒbÕ;Ô

A1
ÖkÝ!Þ

A2
Ù�Ý

A
àgw2Û

A1 ∈ A′
j1

ÖkÝ!Þ
A2 ∈ A′

j2

ßtÛp×hÔ�ÛpÜ�Ò
j1, j2 ∈ [kn+1]

à
ý è�Ô�Û

B1 := A1\{(n + 1, j1)}
Ù�ÔÙ�Ý

Aj1

ÖkÝ!Þ
B2 := A2\{(n + 1, j2)}

Ù�ÔYÙ�Ý
Aj2

à�`µß
j1 = j2

Õ;Ú!Ò%Ý
A1
ÖkÝ!Þ

A2
Ù�Ý/Õ;Ò%×�Ô�Ò%ùbÕ�ÛpÝ

(n + 1, j1)
à¡`µß

j1 6= j2
Õ;Ú!Ò%Ý

Aj1

ÖkÝ!Þ
Aj2

Ök×�Òhù%×�ÛpÔ�Ô[ø?Ù�Ý/Õ;Ò%×�Ô�Ò%ùbÕ;Ù�Ý!ã å ÖkÝ!ÞÕ;Ú!Ù�Ô§ãpÙ�âpÒ%Ôh÷!Ô
B1 ∩ B2 6= ∅

ÖkÝ!Þ¯Ú!Ò%Ý!ù%Ò
A1 ∩ A2 6= ∅

à�w2Û
A
Ù�ÔhÖkÝ�Ù�Ý/Õ;Ò%×�Ô�Ò%ùbÕ;Ù�Ý!ã4Ô�÷!æ2øµß]ÖkÜ�Ù�è�çjÛkß

Lk′

à�w2Ù�Ý!ù%Ò
|A| =

∑kn+1

j=1 |Aj| å Ù�Õ+ßtÛpè�è�Û0Ø�Ô+æ/ç±éTÚ!Ò%Ûp×�Ò%Üyjpàub��ªØ�Ù�Õ;Ú
k
′ Ù�Ý!Ô^Õ;Ò�ÖkÞ±Ûkß

k
�Õ;Ú�ÖCÕ

kn+1
∑

j=1

|Aj| ≤
|Lk′|

min{ki : i ∈ [n + 1]}
=

k1k2...kn+1

min{km, kn+1}
,

Ø�Ú!Ù�ùNÚ�Ù�Ü�Ü�Ò%Þ!Ù¡ÖCÕ;Ò%è�ç�ç2Ù�Ò%è�Þ!ÔTÕ;Ú!ÒAÞ!Ò%Ô�Ù�×�Ò%Þ�÷!á!á�Ò%×�æ�Ûp÷!Ý!Þ¦à
ÿ�Û0Ø Ô�÷!á!á�ÛpÔ�Ò

km ≥ 3
ài`µÕhÙ�Ô§Ô^Õ;×;ÖkÙ�ãpÚ/Õ�ßtÛp×^Ø+Ök×�Þ�Õ;Ú�ÖCÕ§Õ;Ú!Ò�÷!á!á�Ò%×§æ�Ûp÷!Ý!Þ�Ù�ÔhÖCÕ�ÕNÖkÙ�Ý!Ò%Þ�Ù�Ý�Ò�ÖkùNÚ

Ûkß¦Õ;Ú!Ò�ù�ÖkÔ�Ò%Ô��tÙ>� å �tÙ�Ù>��ÖkÝ!Þ{�tÙ�Ù�Ù>�Pà�ÑÓÒ�Ý!Û0Ø ÖkÔ�Ô�÷!Ü�Ò�Õ;Ú�ÖCÕ�Õ;Ú!Ò§÷!á!á�Ò%×æ�Ûp÷!Ý!ÞfÙ�ÔYÖCÕ�ÕNÖkÙ�Ý!Ò%Þ4ÖkÝ!Þfá!×�Û0âpÒ
Õ;Ú!ÒAù%ÛpÝ/âpÒ%×�Ô�ÒkàYÑÓÒAÛpæ/â2Ù�Ûp÷!Ô�è�ç4Þ!Ù�â2Ù�Þ!ÒhÕ;Ú!ÒAá!×�Ûpæ!è�Ò%Ü Ù�Ý/Õ;Û�Õ;Ú!Ò�ßtÛpè�è�Û0Ø�Ù�Ý!ã²ù�ÖkÔ�Ò%Ô%à

¢ ú'ï0í
1
_
kn+1 < km

àxw2Û³ØÒAÚ�Ö�âpÒ
|A| =

|L
k′ |

kn+1

à
w2÷!á!á�ÛpÔ�Ò;c�×�Ô^Õ4Õ;Ú�ÖCÕ

kn+1 ≥ 3
à£w2Ù�Ý!ù%Ò

kn+1 < km ≤ ki

ßtÛp×fÖkè�è
i ∈ [n] å Ù�Õ�ßtÛpè�è�Û0Ø�Ô³æ/çéTÚ!Ò%Ûp×�Ò%Üyjpà ��Õ;Ú�ÖCÕ

A = {A ∈ Lk′ : (n + 1, q) ∈ A}
ßtÛp×TÔ�ÛpÜ�Ò

q ∈ [kn+1]
àx�Yçjù%ÛpÝ!Ô^Õ;×�÷!ùbÕ;Ù�ÛpÝ±Ûkß

A å ØÒIãpÒbÕ Aq = Lk

ÖkÝ!Þ
Aj = ∅

ßtÛp×�Ökè�è
j ∈ [kn+1]\{q}

à
ÿ�Û0Ø Ô�÷!á!á�ÛpÔ�Ò

kn+1 = 2
à�z�ÒbÕ

k′
n+1 := km å ÖkÝ!Þ³è�ÒbÕ k′′ := (k1, ..., kn, k

′
n+1)
à¡w2Ù�Ý!ù%Ò

k′
n+1 ≥ 3ÖkÝ!Þ

|A| =
|L

k′ |

kn+1
=

|L
k′′ |

k′

n+1

å éTÚ!Ò%Ûp×�Ò%Ü�jpàub�Õ;Ò%è�è�Ôh÷!ÔhÕ;Ú�ÖCÕ
A
Ù�ÔAÖ4è¡Ök×�ãpÒ%Ô^Õ�Ù�Ý/Õ;Ò%×�Ô�Ò%ùbÕ;Ù�Ý!ã±Ô�÷!æ2øµß]ÖkÜ�Ù�è�ç

Ûkß
Lk′′

à�éTÚH÷!Ô å æ/çüéTÚ!Ò%Ûp×�Ò%Ü¤jpà � å A = {A ∈ Lk′′ : (a, b) ∈ A}
ßtÛp×�Ô�ÛpÜ�Ò

(a, b) ∈ U(Lk′′)
à

w2Ù�Ý!ù%Ò
A ⊆ Lk′ å ØÒAÖkùbÕ;÷�Ökè�è�ç�Ú�Ö�âpÒ (a, b) ∈ U(Lk′)

àxw2÷!á!á�ÛpÔ�Ò
a 6= n + 1

��Õ;Ú!Ò%Ý
|A| =

|L
k′ |

ka

ÖkÝ!Þ
Ú!Ò%Ý!ù%Ò å Ô�Ù�Ý!ù%Ò |A| =

|L
k′ |

kn+1
å ØÒ�ãpÒbÕ ka = kn+1 å Ø�Ú!Ù�ùNÚñù%ÛpÝ/Õ;×;ÖkÞ!Ù�ùbÕ;Ô ka ≥ k′

n+1 ≥ 3 > kn+1
à�w2Û

a = n + 1
à
�Yçjù%ÛpÝ!Ô^Õ;×�÷!ùbÕ;Ù�ÛpÝ�Ûkß

A å ØÒAãpÒbÕ Ab = Lk

ÖkÝ!Þ
Aj = ∅

ßtÛp×�Ökè�è
j ∈ [kn+1]\{b}

à
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¢ ú'ï0í
2
_

kn+1 > km

à�w2Û
km = min{k1, ..., kn, kn+1}

à%�YçñéTÚ!Ò%Ûp×�Ò%Ü¥jpà � å ØÒfÜ²÷!Ô^Õ�Ú�Ö�âpÒ
A = {A ∈ Lk′ : (a, b) ∈ A}

ßtÛp×�Ô�ÛpÜ�Ò
(a, b) ∈ D := {(i, l) : i ∈ [n + 1], ki = km, l ∈ [km]}

à
w2Ù�Ý!ù%Ò

kn+1 > km å a 6= n + 1
ÖkÝ!Þ

D = C
à+éTÚH÷!Ô å æ/ç�ù%ÛpÝ!Ô^Õ;×�÷!ùbÕ;Ù�ÛpÝ�Ûkß A å ßtÛp×�Ò�ÖkùNÚ j ∈ [kn+1]ØÒIÚ�Ö�âpÒ

A′
j = {A ∪ {(n + 1, j)} : (a, b) ∈ A ∈ Lk}

ÖkÝ!Þ�Ú!Ò%Ý!ù%Ò
Aj = {A ∈ Lk : (a, b) ∈ A}

à
¢ ú'ï0í

3
_

kn+1 = km

à¦�YçñéTÚ!Ò%Ûp×�Ò%Ü¥jpà � å A = {A ∈ Lk′ : (a, b) ∈ A}
ßtÛp×AÔ�ÛpÜ�Ò

(a, b) ∈
C ∪ ({n + 1} × [kn+1])

à�éTÚ!Ò%×�ÒbßtÛp×�Ò å Ù�ß (a, b) ∈ {n + 1} × [kn+1]
Õ;Ú!Ò%Ý

A1, ...,Akn+1

Ök×�ÒAÖkÔ�Ù�Ý
�+ÖkÔ�Ò

1 å ÖkÝ!Þ�Ù�ß (a, b) ∈ C
Õ;Ú!Ò%Ý

A1, ...,Akn+1

Ök×�ÒAÖkÔ�Ù�Ý;�+ÖkÔ�Ò
2
à

2

§ ¨)È�ÀIÂ±É�½%À�Ç
ÆbË�Â�Æ%Â�©�À�È�Æ%ÀIÂ�Ç ÍkÀ�ª Æb½bÆbÄ�ÉÎËIÍ ½%ÀAÐ¯ÄT½bÄ�¿�É�Ä+ÇxÉ
`?Ý±Õ;Ú!Ù�ÔTÔ�Ò%ùbÕ;Ù�ÛpÝ å ØÒAãpÒ%Ý!Ò%×;Ökè�Ù��%ÒhÕ;Ú!ÒAÔ�Ú�Ök×�á�æ�Ûp÷!Ý!Þ!Ô�Ù�ÝjÕ;Ú!ÒIÖkæ�Û0âpÒA×�Ò%Ô�÷!è�Õ;Ô%à
« )¬�?®:>=/:p+@?#lR4	2°¯ í§ï�ú\V�ð Q úkð F ô�ï�ð]î�úkó�ï"N�úkð]ôzëCó�ôªó5±CúkîPô]úkó�ð�ì�ôªð Q î;íNï?ê�íNûbð�ð?ë Lk

ô õ
F ⊆ Lk

úkó@K
Θ1

k
(F) = F L
Ñ Ú!Ò%Ý¯Ù�Õ�Ù�Ô§ù%è�Ò�Ök×�ßt×�ÛpÜÎÕ;Ú!Ò�ù%ÛpÝ/Õ;Ò��2ÕhÕ;Ú�ÖCÕ§ØÒ²Ök×�Ò�ù%ÛpÝ!Ô�Ù�Þ!Ò%×�Ù�Ý!ã

F ⊆ Lk å Õ;Ú!Ò%Ý å Ù�ß Θ1
k
(F) = F åØÒIÔ�Ù�Ü�á!è�çfÔ;Ö�ç4Õ;Ú�ÖCÕ

F
Ù�ÔAð]î�úkó�ï"N�úkð]ôzëCó�ôªó5±CúkîPô]úkó�ð]à

ä�Ûp×�ÖkÝ/ç
r, s ∈ N

Ø�Ù�Õ;Ú
r ≤ s å è�ÒbÕ

Pr,s := {{(1, l1), ..., (r, lr)} : l1, ..., lr
Ök×�ÒPKkô�ïbð]ôªó6ûbð+Ò%è�Ò%Ü�Ò%Ý/Õ;Ô�Ûkß

[s]}.

Pr,s

Ù�Ô�ÖkÝ±Ò��!ÖkÜ�á!è�Ò�Ûkß�Ö²Õ;×;ÖkÝ!Ô�è¡ÖCÕ;Ù�ÛpÝjÙ�Ý/âkÖk×�Ù¡ÖkÝ/ÕTÔ�÷!æ2øµß]ÖkÜ�Ù�è�çfÛkß
Lk

Ø�Ù�Õ;Ú±Õ;Ú!Ò
n = r

Ò%Ý/Õ;×�Ù�Ò%Ô�Ûkß
kæ�Ò%Ù�Ý!ã�Ökè�è

s
à�éTÚ!ÒAÔ�á�Ò%ù%Ù¡Ökè¦ß]ÖkÜ�Ù�è�ç

Pn,n

Þ!Ò%Ô�ù%×�Ù�æ�Ò%Ô+ê�íbîPö�ò2ðµúkð]ôzëCó�ï�ë[õ
[n]
à

² Ý!ÒAù�ÖkÝ�c�Ý!ÞjâkÖk×�Ù�Ûp÷!ÔTÛkÕ;Ú!Ò%×TÒ��!ÖkÜ�á!è�Ò%ÔTÛkßxÕ;×;ÖkÝ!Ô�è¡ÖCÕ;Ù�ÛpÝjÙ�Ý/âkÖk×�Ù¡ÖkÝ/Õß]ÖkÜ�Ù�è�Ù�Ò%Ô%à�ä�Ûp×+Ò��!ÖkÜ�á!è�Ò å Ù�ß
k1 = ... = km ≤ km+1 = ... = kn å Õ;Ú!Ò%Ý�ù%è�Ò�Ök×�è�ç {{(1, l1), ..., (m, l1), (m + 1, l2), ..., (n, l2)} :
l1 ∈ [k1], l2 ∈ [km+1]}

Ù�Ô�Ö�Õ;×;ÖkÝ!Ô�è¡ÖCÕ;Ù�ÛpÝ4Ù�Ý/âkÖk×�Ù¡ÖkÝ/ÕTÔ�÷!æ2øµß]ÖkÜ�Ù�è�çfÛkß
Lk

à
éTÚ!ÒAßtÛpè�è�Û0Ø�Ù�Ý!ã²Ù�Ô�Ö�Ô^Õ;×;ÖkÙ�ãpÚ/Õ�ßtÛp×^Ø+Ök×�Þ±×�Ò%Ô�÷!è�Õ�à

� -/+.³¡+@�Y:>=/:p+@?mlR4�l�I íbð
F ⊆ Lk L F ô�ï²ð]î�úkó�ï"N�úkð]ôzëCóñôªó5±CúkîPô]úkó�ðô õ²úkó@K�ëCó5NWV4ô õ Θq

k
(F) = F

õ�ëCî
úkó5V

q ∈ N L
&('*),+.-/)10´lR4�~�I íbð

F M í�ð]î�úkó�ï"N�úkð]ôzëCó)ôªó5±CúkîPô]úkó�ð+ì�ôªð Q î;íNï?ê�íNûbð+ð?ë Lk L I íbð
m ∈ [n]

ïbò�û Q ð Q úkð
km = min{ki : i ∈ [n]} L�ORQ íbó³ð Q íYïbôDs'í�ë[õTúkó�ôªó�ð?íbî;ï0íNûbð]ôªó2þ�ïbò M !�õ%úkö�ô>NWVAë[õ F ô�ï�úkð¦öfë0ïbð |F|/km Tì Q ôzû Q ô�ïAð Q í�ïbôDs'í�ë[õIú³ïbðµúkî²ë[õ F ì�ôªð Q ûNíbó�ð]î;í (m, 1) L
� -/+R+.�U4 ä�Ûp×�Ò�ÖkùNÚ

j ∈ [km] å è�ÒbÕ Fj := {F ∈ F : (m, j) ∈ F}
�tÙzà Òkà¶Õ;Ú!Ò�Ô^ÕNÖk×�Ûkß

F
Ø�Ù�Õ;Ú

ù%Ò%Ý/Õ;×�Ò
(m, j)

�Pà�w2ÛjÕ;Ú!Ò³ß]ÖkÜ�Ù�è�Ù�Ò%Ô
F1, ...,Fkm

á�Ök×^Õ;Ù�Õ;Ù�ÛpÝ
F
à��è�Ò�Ök×�è�ç å ßtÛp×AÖkÝ/ç q ∈ N å θq

k

Ù�ÔAÖkÝ
Ù�Ý/v�Ò%ùbÕ;Ù�âpÒ�ßt÷!Ý!ùbÕ;Ù�ÛpÝ¦à{�ÛpÝ!Ô�Ù�Þ!Ò%×

j1, j2 ∈ [km] å j1 < j2
à

θj2−j1
k

ÜfÖká!Ô²ÖkÝ/çÓÔ�ÒbÕ
Fj1 ∈ Fj1

Õ;Û¯Ö
Ô�ÒbÕ

Fj2 ∈ {A ∈ Lk : (m, j2) ∈ A} å ÖkÝ!Þ Fj2 ∈ Fj2

æ/ç¶µ�×�Ûpá�ÛpÔ�Ù�Õ;Ù�ÛpÝab2àub1�YÔ�Û
|Fj1| ≤ |Fj2|

à
w2Ù�Ü�Ù�è¡Ök×�è�ç å æ/ç³ù%ÛpÝ!Ô�Ù�Þ!Ò%×�Ù�Ý!ãIÕ;Ú!Ò�ÜfÖká!á!Ù�Ý!ã θkm−j2+j1

k
å ØÒ§Ûpæ�ÕNÖkÙ�Ý |Fj2| ≤ |Fj1|

à
w2Û
|Fj1| = |Fj2|

à
éTÚ!Ù�Ô�Ù�Ü�á!è�Ù�Ò%Ô

|F1| = ... = |Fkm
|
ÖkÝ!Þ±Ú!Ò%Ý!ù%Ò

|F| = km|F1|
à

ÿ�Û0Ø è�ÒbÕ
A
æ�Ò�ÖkÝÓÙ�Ý/Õ;Ò%×�Ô�Ò%ùbÕ;Ù�Ý!ã�Ô�÷!æ2øµß]ÖkÜ�Ù�è�ç�Ûkß

F
à¦z�ÒbÕ

A ∈ A
ÖkÝ!Þ

q ∈ [km − 1]
à�w2Ù�Ý!ù%Ò

θq

k
(A)∩A = ∅ å θq

k
(A) /∈ A

à¡�Yç¦µ�×�Ûpá�ÛpÔ�Ù�Õ;Ù�ÛpÝ�b2àub å θq

k
(A) ∈ F

à�éTÚH÷!Ô
A, Θ1

k
(A), ..., Θkm−1

k
(A)Ök×�Ò

km

Þ!Ù�Ô>v�ÛpÙ�Ý/Õ�Ô�÷!æ2øµß]ÖkÜ�Ù�è�Ù�Ò%ÔYÛkß
F
à
w2Û³ØÒAÚ�Ö�âpÒ

km|A| ≤ |F| = km|F1|
àx��Ò%Ý!ù%ÒA×�Ò%Ô�÷!è�Õ�à

2
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· )10J¸�-/¹�4 �§Òe��Ö¯ÖkÝ!Þ¶ä�×;ÖkÝ�fHè�� �\�á!×�Û0âpÒ%Þ¶Õ;Ú!ÒjÖkæ�Û0âpÒ4×�Ò%Ô�÷!è�Õ²ßtÛp×IÕ;Ú!Ò4Ô�á�Ò%ù%Ù¡Ökèù�ÖkÔ�Ò
F = Pn,n

à
�+ÖkÜ�Ò%×�ÛpÝ ÖkÝ!Þ¶��÷º� ���á!×�Û0âpÒ%ÞüÕ;Ú�ÖCÕ�Õ;Ú!ÒfÒ��2Õ;×�Ò%ÜfÖkèYÙ�Ý/Õ;Ò%×�Ô�Ò%ùbÕ;Ù�Ý!ã�Ô�÷!æ2øµß]ÖkÜ�Ù�è�Ù�Ò%Ô�Ûkß

Pn,n

Ök×�Ò�Õ;Ú!Ò
Ô^ÕNÖk×�ÔTÛkß

Pn,n

à
��Û0ØÒbâpÒ%× å Õ;Ú!Ò%×�ÒAÖk×�ÒhÕ;×;ÖkÝ!Ô�è¡ÖCÕ;Ù�ÛpÝfÙ�Ý/âkÖk×�Ù¡ÖkÝ/Õß]ÖkÜ�Ù�è�Ù�Ò%Ô F Ø�Ú!ÛpÔ�Ò�è¡Ök×�ãpÒ%Ô^ÕTÙ�Ý/Õ;Ò%×�Ô�Ò%ùbÕ^øÙ�Ý!ã�Ô�÷!æ2øµß]ÖkÜ�Ù�è�Ù�Ò%ÔTÖk×�ÒIÝ!ÛkÕ§Ökè�è�Ô^ÕNÖk×�Ô�Ûkß
F
àTä�Ûp×�Ò��!ÖkÜ�á!è�Ò å Ô�÷!á!á�ÛpÔ�Ò n ≥ 3

ÖkÝ!Þ�Ökè�è¦Õ;Ú!Ò
n
Ò%Ý/Õ;×�Ù�Ò%Ô

Ûkß
k
Ök×�Ò

n
à�z�ÒbÕ

E := {E ∈ Pn,n : |E ∩ {(1, 1), (2, 2), (3, 3)}| ≥ 2}
ÖkÝ!ÞñÕNÖ\fkÒ

F
Õ;Û�æ�Ò³Õ;Ú!Ò

Õ;×;ÖkÝ!Ô�è¡ÖCÕ;Ù�ÛpÝfÙ�Ý/âkÖk×�Ù¡ÖkÝ/ÕÔ�÷!æ2øµß]ÖkÜ�Ù�è�ç³Ûkß
Lk

ãpÙ�âpÒ%Ýjæ/ç
E ∪Θ1

k
(E)∪ ...∪Θn−1

k
(E)
àx�è�Ò�Ök×�è�ç

E
Ù�Ô+ÖkÝ

Ù�Ý/Õ;Ò%×�Ô�Ò%ùbÕ;Ù�Ý!ã�Ô�÷!æ2øµß]ÖkÜ�Ù�è�ç³Ûkß
F
Õ;Ú�ÖCÕTÙ�Ô+Ý!ÛkÕ�Ö²Ô^ÕNÖk×+Ûkß

F å ÖkÝ!Þ |E| = |F|/n
à¡�Yç4éTÚ!Ò%Ûp×�Ò%Ü»b2à � å EÙ�Ô�Ö�è¡Ök×�ãpÒ%Ô^Õ�Ù�Ý/Õ;Ò%×�Ô�Ò%ùbÕ;Ù�Ý!ã�Ô�÷!æ2øµß]ÖkÜ�Ù�è�ç�Ûkß

F
à

éTÚ!Ò%Ûp×�Ò%Ü¼b2à ��Ò%Ý�Ökæ!è�Ò%Ô�÷!ÔTÕ;Û³ãpÒ%Ý!Ò%×;Ökè�Ù��%ÒhÕ;Ú!Ò�c�×�Ô^Õ�á�Ök×^Õ�Ûkß�éTÚ!Ò%Ûp×�Ò%Ü�jpàu�2à
&('*),+.-/)10´lR4k��I íbð

F
úkó@K

m M í4ú'ï�ôªó ORQ íNëCî;íbö�½ L¿¾,L I íbð
A1, ...,Ap M íjûbî;ë0ïNï"!?ôªó�ð?íbî;ï0íNûbð]ôªó2þïbò M !�õ%úkö�ô>NVôzíNï�ë[õ F L^ORQ íbó

p
∑

j=1

|Aj| ≤

{

|F|
ô õ

p ≤ km;

p |F|
km

= p|{F ∈ F : (m, 1) ∈ F}|
ô õ

p ≥ km.

� -/+R+.�U4 w2Ù�Ü�Ù�è¡Ök×�è�çjÕ;Û±Õ;Ú!Ò�á!×�Û2ÛkßÛkß+éTÚ!Ò%Ûp×�Ò%ÜÀjpàu� å ØÒ�Ô�ÒbÕ kn+1 := p å k′ := (k1, ..., kn, kn+1)ÖkÝ!Þ
A :=

⋃p

j=1{A ∪ {(n + 1, j)} : A ∈ Aj} å ÖkÝ!Þ±ØÒ�Ú�Ö�âpÒIÕ;Ú�ÖCÕ A Ù�Ô§ÖkÝ�Ù�Ý/Õ;Ò%×�Ô�Ò%ùbÕ;Ù�Ý!ã�ß]ÖkÜ�Ù�è�çÛkß§Ô�Ù��%Ò ∑p

j=1 |Aj|
àaz�ÒbÕ

F ′ := {F ∪ {(n + 1, j)} : F ∈ F , j ∈ [p]}
à�w2Û

A ⊂ F ′ ⊆ Lk′ÖkÝ!Þ
|F ′| = p|F|

àjÿ�Û0Ø¾ù%è�Ò�Ök×�è�ç
F ′ Ù�ÔAÕ;×;ÖkÝ!Ô�è¡ÖCÕ;Ù�ÛpÝñÙ�Ý/âkÖk×�Ù¡ÖkÝ/Õ�à4éTÚH÷!Ô�Õ;Ú!Ò�×�Ò%Ô�÷!è�ÕIßtÛpè�è�Û0Ø�Ô�ßt×�ÛpÜéTÚ!Ò%Ûp×�Ò%Ü¼b2à ���ªØ�Ù�Õ;Ú

k
′ Ù�Ý!Ô^Õ;Ò�ÖkÞ±Ûkß

k
�Pà

2

ä�Ûp×�Õ;Ú!Ò�á�Ök×^Õ;Ù�ù%÷!è¡Ök×�è�ç4Ù�Ý/Õ;Ò%×�Ò%Ô^Õ;Ù�Ý!ãfù�ÖkÔ�ÒIØ�Ú!Ò%Ý
F
Ù�Ý�Õ;Ú!Ò²Ökæ�Û0âpÒIÕ;Ú!Ò%Ûp×�Ò%Ü Ù�Ô

Pr,s

�ªØ�Ú!Ù�ùNÚ�Ú�ÖkÔ
Ô�Ù��%Ò s!

(s−r)!

� å ØÒIÔ�÷!ãpãpÒ%Ô^Õ�Õ;Ú!Ò�ßtÛpè�è�Û0Ø�Ù�Ý!ã²ù%ÛpÝ/v�Ò%ùbÕ;÷!×�ÒIÖkæ�Ûp÷�ÕTÕ;Ú!ÒAÒ��2Õ;×�Ò%ÜfÖkè�Ô^Õ;×�÷!ùbÕ;÷!×�Ò%Ô%à
Á +@?1Âe)1Ã\=/Ä*-/) lR4�� r õ A1, ...,Ap

úkî;í�ûbî;ë0ïNï"!?ôªó�ð?íbî;ï0íNûbð]ôªó2þIïbò M !�õ%úkö�ô>NVôzíNïAë[õ Pr,s

úkó@K ∑p

j=1 |Aj|
ô�ï

úfö�úYÅpôªö�ò2ö T ð Q íbóÓëCó6í²ë[õAð Q í�õ�ë�N>N�ëCì�ôªó2þ Q ë�NDK'ïYXZ ô [
p < s

úkó@K T õ�ëCî§ï0ëCöfí q ∈ [p] T Aq = Pr,s

úkó@K
Aj = ∅

õ�ëCî�ú\N>N
j ∈ [p]\{q} ]Z ôªô [

p > s
úkó@K

A1 = ... = Ap = {A ∈ Pr,s : (a, b) ∈ A}
õ�ëCîhï0ëCöfí

(a, b) ∈ [r] × [s] ]Z ôªôªô [
p = s

úkó@K
A1, ...,Ap

úkî;í²ú'ïAôªó Z ô [4ëCî Z ôªô [ L
`µßxÕ;Ú!Ù�Ô+ù%ÛpÝ/v�Ò%ùbÕ;÷!×�ÒAÙ�ÔÕ;×�÷!Ò å Õ;Ú!Ò%Ý±Õ;Ú!Ò�è¡Ök×�ãpÒ%Ô^ÕTÙ�Ý/Õ;Ò%×�Ô�Ò%ùbÕ;Ù�Ý!ã�Ô�÷!æ2øµß]ÖkÜ�Ù�è�Ù�Ò%ÔYÛkß Pr,s

Ök×�ÒhÕ;Ú!Ò�Ô^ÕNÖk×�ÔTÛkß
Pr,s

à³éxÛ�Ô�Ò%Ò³Õ;Ú!Ù�Ô å ù%ÛpÝ!Ô�Ù�Þ!Ò%× A1 = ... = Ap

�tÔ�Û±Õ;Ú!Ò�ß]ÖkÜ�Ù�è�Ù�Ò%Ô
Aj

Ü²÷!Ô^ÕIæ�Ò³Ù�Ý/Õ;Ò%×�Ô�Ò%ùbÕ;Ù�Ý!ã,��ÖkÝ!Þ
p > s

Ù�Ý4Õ;Ú!ÒIÖkæ�Û0âpÒIù%ÛpÝ/v�Ò%ùbÕ;÷!×�Òkà
Æ Ã/¹Ç?*+1È�<p)1É*o.)10J)1?@=/�\4 éTÚ!Ò§Ök÷�Õ;Ú!Ûp×YÙ�Ô�Ù�Ý!Þ!Ò%æ�Õ;Ò%Þ�Õ;Û²ÖkÝfÖkÝ!ÛpÝ/ç2Ü�Ûp÷!ÔY×�ÒbßtÒ%×�Ò%Ò�ßtÛp×�ù�Ök×�Òbßt÷!è�ùNÚ!Ò%ùhfpø
Ù�Ý!ã³ÛkßxÕ;Ú!ÒAá�Öká�Ò%×�ÖkÝ!Þ�Ô�÷!ãpãpÒ%Ô^Õ;Ù�ÛpÝ!ÔTÕ;Ú�ÖCÕ�è�Ò%ÞjÕ;Û�ÖkÝ�Ù�Ü�á!×�Û0âpÒ%Ü�Ò%Ý/Õ�Ù�ÝjÕ;Ú!ÒAá!×�Ò%Ô�Ò%Ý/ÕNÖCÕ;Ù�ÛpÝ¦à

Ê ÄTÍCÄ+È�Ä�Â±ÊÄ�É
�kje�g�§àË�Ò%×�ãpÒ å ÿ�ÛpÜ²æ!×�Ò%ÔIÞ!Òfù%Ûpè�Ûp×;ÖCÕ;Ù�ÛpÝñÞ!Ò4è } Ú/ç2á�Ò%×�ãp×;Öká!Ú!Ò�Ú2ø?á�Ök×^Õ;ÙYù%ÛpÜ�á!è�ÒbÕ å Ù�ÝR_g��ç2á�Ò%×�ãp×;Öká!Ú

w2Ò%Ü�Ù�Ý�Ök×P�Ì�Ûpè�÷!Ü²æ!÷!Ô å ² Ú!Ù�Û{j ��qbq� å z�Ò%ùbÕ;÷!×�Ò4ÿ�ÛkÕ;Ò%ÔIÙ�Ý7��ÖCÕ;Ú¦à å®Í ÛpèzàÇ��jqj å w2á!×�Ù�Ý!ãpÒ%× å �Ò%×�è�Ù�Ý åj ���� å j �'ø�b\|�à
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� b/�(µxà.�Ûp×�ã å ý Ô�Ú!Ûp×^Õ�á!×�Û2Ûkß�Ûkß�Ö�ù%×�ÛpÔ�Ô[ø?Ù�Ý/Õ;Ò%×�Ô�Ò%ùbÕ;Ù�ÛpÝ±Õ;Ú!Ò%Ûp×�Ò%ÜÎÛkß���Ù�è�Õ;ÛpÝ å Ô�÷!æ!Ü�Ù�Õ�Õ;Ò%Þ¦à� ���(µxàuÎ�à@�+ÖkÜ�Ò%×�ÛpÝ�ÖkÝ!Þ;�§à Ï�à@��÷ å `?Ý/Õ;Ò%×�Ô�Ò%ùbÕ;Ù�Ý!ã�ß]ÖkÜ�Ù�è�Ù�Ò%ÔYÛkß�á�Ò%×�Ü²÷�ÕNÖCÕ;Ù�ÛpÝ!Ô å ��÷!×�Ûpá�Ò�ÖkÝ;Î�à@�ÛpÜ�ø
æ!Ù�Ý¦à.b��;�Ìb\|q|q���$q$Fjbø�$q�q|�à

� �\�g�)à\�§Òe��Ö�ÖkÝ!Þ�µxàpä�×;ÖkÝ�fHè å ² Ý�Õ;Ú!Ò+ÜfÖ/��Ù�Ü²÷!Ü&ÝH÷!Ü²æ�Ò%×�Ûkß�á�Ò%×�Ü²÷�ÕNÖCÕ;Ù�ÛpÝ!Ô
Ø�Ù�Õ;Ú²ãpÙ�âpÒ%Ý²ÜfÖ/��Ù�ÜfÖkèÛp×TÜ�Ù�Ý!Ù�ÜfÖkè�Þ!Ù�Ô^ÕNÖkÝ!ù%Ò å Î�à@�ÛpÜ²æ!Ù�Ý¦à!éTÚ!Ò%Ûp×^ç�w2Ò%×%à ý bqb���j ��q�q����qb0ø��q�q|�à
� �/�g�)à.�§Òe��ÖfÖkÝ!Þ;µxà�ä�×;ÖkÝ�fHè å éTÚ!Ò(��×�Þ��pÔ[ø���ÛCø���ÖkÞ!Û�Õ;Ú!Ò%Ûp×�Ò%Ü ø�bqb�çpÒ�Ök×�Ô§è¡ÖCÕ;Ò%× å w1` ý ��Î�à ý è�ãpÒPø
æ!×;ÖkÙ�ù��§Ù�Ô�ù%×�ÒbÕ;Ò(��ÒbÕ;Ú!Û2Þ!Ôi�;��j �q$q��x��j �'øH��Fjpà

� ���(µxà5��×�Þ��pÔ å �§à.��Û�ÖkÝ!Þ;�Aà5��ÖkÞ!Û å `?Ý/Õ;Ò%×�Ô�Ò%ùbÕ;Ù�ÛpÝ±Õ;Ú!Ò%Ûp×�Ò%Ü�Ô+ßtÛp×TÔ^ç2Ô^Õ;Ò%Ü�Ô�Ûkß®c�Ý!Ù�Õ;Ò�Ô�ÒbÕ;Ô å@Ð ÷�Ök×^Õ�àÎ�à@��ÖCÕ;Ú¦à ² �2ßtÛp×�Þ7�Ìbq�j/b���j �q�Fj/���Fj �'ø��b\|�à
� �/�(µxàä�×;ÖkÝ�fHè å éTÚ!Ò�Ô�Ú!Ù�ßªÕ;Ù�Ý!ãñÕ;Ò%ùNÚ!Ý!Ù�dH÷!Ò�Ù�Ý Ò��2Õ;×�Ò%ÜfÖkè�Ô�ÒbÕfÕ;Ú!Ò%Ûp×^ç å Ù�ÝR_{�§àYÑ Ú!Ù�Õ;Ò%Ú!Ò�ÖkÞÑ�	��Þ¦àu� å�ÛpÜ²æ!Ù�Ý�ÖCÕ;Ûp×�Ù¡ÖkèRw2÷!×^âpÒbç2Ô å �+ÖkÜ²æ!×�Ù�Þ!ãpÒ���Ý!Ù�â�à5µ�×�Ò%Ô�Ô å z�ÛpÝ!Þ!ÛpÝ.Òkÿ�ÒbØ�ÏYÛp×9f å j �q$� å á!á¦à.$Fjbøhjqj |�à� $�� ý àuÎ�à Ñ à��Ù�è�Õ;ÛpÝ å ý Ý³Ù�Ý/Õ;Ò%×�Ô�Ò%ùbÕ;Ù�ÛpÝ²Õ;Ú!Ò%Ûp×�Ò%Ü ßtÛp×�Öhù%Ûpè�è�Ò%ùbÕ;Ù�ÛpÝ�Ûkß�ß]ÖkÜ�Ù�è�Ù�Ò%ÔxÛkß�Ô�÷!æ!Ô�ÒbÕ;ÔYÛkß�Öc�Ý!Ù�Õ;Ò
Ô�ÒbÕ å Î�à.z�ÛpÝ!Þ!ÛpÝÓ��ÖCÕ;Ú¦à.w2Û2ùkà®�Ìbq�j/����j ��q�q� å �q�q�'ø���\��à� ��� ý àuÎ�à Ñ à���Ù�è�Õ;ÛpÝ4ÖkÝ!Þ��Tàu�§à.��Ù�è�Ý!Ò%× å w2ÛpÜ�Ò§Ù�Ý/Õ;Ò%×�Ô�Ò%ùbÕ;Ù�ÛpÝ4Õ;Ú!Ò%Ûp×�Ò%Ü�ÔßtÛp×Ô^ç2Ô^Õ;Ò%Ü�Ô�ÛkßÇc�Ý!Ù�Õ;ÒhÔ�ÒbÕ;Ô å
Ð ÷�Ök×^Õ�à.Î�à@��ÖCÕ;Ú¦à ² �2ßtÛp×�ÞJ�Ìbq�j $���j �q��q� å �q�q�'ø��q$\�!à�kj |��(�)à z�àxz�Ù�â2Ù�Ý!ãpÔ^Õ;ÛpÝ å ý Ý Ûp×�Þ!Ò%×�Ò%Þ âpÒ%×�Ô�Ù�ÛpÝ Ûkß§Õ;Ú!Ò;��×�Þ��pÔ[ø���ÛCø���ÖkÞ!Û)éTÚ!Ò%Ûp×�Ò%Ü å Î�à��ÛpÜ²æ!Ù�Ý¦à
éTÚ!Ò%Ûp×^ç;w2Ò%×%à ý b\����j ��\�� å j �b0øhj ��2à
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