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1 Group Actions

Let X be a set (usually finite with |X| = n). The symmetric group is the group
consisting of all permutations on X, and it is denoted by Sx. If |[X| = n then
|Sx| = n!. Let G be a group. An action of G on X is a homomorphism from G
to Sx. ~

If ¢ : G — Sx is an action, then ¢(g) is often denoted by g, and ¢(G) by G.
Note that G < Sy, each g is a bijection (permutation) on X and, since ¢ is a
homomorphism,

g/\h =go h.

If ¢ is injective then we say that the action is faithful.

Examples

1. Let G = {a,a? a*a* = 1} be the cyclic group of order 4. Let X =
{1,2,3,4} be the set of four vertices of a square (numbered in an anticlockwise
sense). Define the following action of G on X: a® roty;/2, where rot,; o denotes
the permutation of the vertices induced by an anticlockwise rotation of the square
through an angle of wi/2. Therefore,

ars (1234) (=)
a®— (13)(24) (= a?)
a® i (1432) (= ad)
l—id (=1).

One should check (it is easy) that this does in fact define an action, that is, ¢ is
a homomorphism, meaning that ¢(a’)¢(a’) = ¢(aa’). Notice how this homomor-
phism is bringing out the similarity between the algebraic significance of “cyclic” in
“cyclic group” and the geometric significance of the “cyclic” rotations carried out
on the square.

2. The group G is as above, but now X = {x,y} where z and y are the
two diagonals of the square. The action is now defined by mapping a’ onto the
permutation induced on the diagonals by a rotation of the square through mi/2.
Therefore in this case, a = (zy), a2 =id, a® = (zy) and at=1=id.

Note that in the first example the action is faithful but in the second it is not.
When the action is faithful, G and G (that is, ¢(G)) are isomorphic. Therefore
G would be isomorphic to a subgroup (@) of Sx. In this case we often do not
distinguish between G and G and we say that G is a subgroup of Sx, and we
denote g by g. Conversely, if G is a subgroup of Sx, that is, G is a group of
permutations of the set X, then trivially there is an action of G on X — just take
¢ : G — Sx to be the identity. In fact, our definition of “action” is meant to
extend precisely this clear case of an action on X, that is when the group consists
of permutations of X.

3. Let G = {1,a,a 1, a®,a=2,...} be the infinite cyclic group, and let X = R,
the real line. For any real number i, let tr; be a shift or translation of R through
i; that is, tr; is a function on R defined by tr;(z) = x + ¢. Clearly, each tr; is a



bijection on R. DefiAne an actign\of G on R by a ~ tr;. Check that this is, in fact,
an action (that is, a’ o a/ = a’a?) and that it is faithful.

4. Let G and X be as in the previous example. Let rf; denote reflection of
R through the origin i times, in other words, rf; is a function on R defined by
rfi(x) = (—1)z. The action is now defined by a’ — rf;. This therefore boils down
to the following: if i is even then a’ is mapped onto the identity transformation on
R, while if 3 is odd then a’ is mapped onto the function on R defined by z — —z.
Again, check that this defines an action. Clearly it is not faithful.

5. Cayley’s Theorem

Let G be any group, and let X = G, that is, we are going to create an action
of G on itself. For any g € G define the function f, : G — G by f,(z) = gz (this
will be called left translation). Then the proof of Cayley's Theorem consists in the
following steps:

(i) Show that f, is a bijection on G, that is, f; € Sg. This shows that the
function ¢ defined by ¢(g) = f, is a function from G to S¢;
(ii) Show that ¢ is a homomorphism, that is, ¢(g)¢(h) = ¢(gh), thatis, fyo fr, =
fgn — therefore (i) and (ii) give that ¢ is an action of G on G;
(iii) Show that ¢ is injective, that is, the action is faithful;
(iv) Conclude that G is isomorphic to ¢(G), that is, to a subgroup of Sg.

Exercise. COMPLETE ALL THE DETAILS OF THE PROOF OF CAYLEY’S
THEOREM.

2 The Orbit-Stabiliser Theorem

Consider an action of the group G on a set X. Let x € X. The orbit of =z,
denoted by G(x) is the set defined by

{y € X : y =g(x) for some g € G}.

Note that this is a subset of X.

Exercise: DEFINE A RELATION ON X BY: x ~ gy IFF THERE IS SOME g € GG
SUCH THAT y = g(x). SHOW THAT ~ IS AN EQUIVALENCE RELATION AND THAT
THE EQUIVALENCE CLASSES ARE PRECISELY THE ORBITS OF THE ACTION OF
G ON X. THEREFORE THE ORBITS FORM A PARTITION OF X, THAT IS, ANY
TWO DISTINCT ORBITS HAVE NO ELEMENT IN COMMON, AND EACH ELEMENT
OF X LIES IN EXACTLY ONE ORBIT.

The stabiliser of x, denoted by G, is defined to be the set

{9€G:g(x) =}

Note that this is a subset of G. Our first lemma in fact says more.
Lemma 1. G, <G. R - o
Proof. Let g,h € G5. Then g(z) = h(x) = z. Since gh = gh, gh(z) =
§(h(z)) = x. Therefore gh € G, (closure).

Also, since g(x) = x then g~ '(x) = 2. But g~!

zg/*\1 since g :— g is a
homomorphism (an action), therefore g=1(z) = x, that is, g~ € G,.



Therefore G, < G, as required. |

Lemma 2. Let y € G(x) and g,h € G such that g(x) = ﬁ(m) = y. Then
the left cosets gG, and hG, are equal.

Proof. Let z € ng,/t}Lat is, z = gk for some k € G; therefore z =
hh=tgk = h(h~lgk). But h—1gk = iz\_l’g\/k\ and E‘l’g\/k\(x) = z, therefore h gk €
G,. Hence, z € hG,, that is, ¢G, C hG,.

Similarly, hG, C gG,. O

Theorem 1. The Orbit-Stabiliser Theorem Let G be a finite group
acting on a finite set X, and let x € X. Then

|Gzl |G ()] = |G-

Proof. We shall prove that |G(z)| = |G|/|Gz| = [G : G|, the index of G, in
G, that is, the number of cosets of G, in G.

Define the function f from G(x) into the set of left cosets of G, as follows:
Let y € G(x) and let y = g(x) for some g € G (such a g must exist since
y € G(x)). Then let f(y) = gG,. All we have to do is to show that f is a
bijection.

Note first the very important point that f is well-defined by virtue of Lemma
2 — that is, any choice of g would give the same coset gG,, provided y = g(x).

Surjectivity follows practically from the definitions. Consider any gG,. Let
y =g(z) € G(z). Then clearly f(y) = gG.

Now for injectivity. Let f(y) = f(2). Therefore gG, = hG,, where g(z) =y
and E(m) = z. Then g € ¢G, = hG,, therefore g = hk,k € G,. Hence g = f/LE,
therefore y = g(z) = hAk(a:) = h(k(z)) = h(z) = 2. O

Example. Find the order of the group G of symmetries of a regular tetrahe-

dron.
Solution. Consider the action of the group on the vertices of the tetrahedron.
Clearly all the four vertices are in the same orbit because, given any two vertices,
there is some symmetry of the tetrahedron which moves one into the other. There-
fore, if  is any vertex, |G(x)|=4. Now consider G, the stabiliser of . Fixing
a vertex allows three symmetries of the tetrahedron (do not forget to count the
identity). Therefore |G| = 3. Hence, |G| = |G(2)|.|G.| = 12.

The next sections will contain deeper applications of the Orbit-Stabiliser Theo-
rem.

Problems.

1. LET G = GL(2,R), THAT IS THE GROUP OF ALL INVERTIBLE 2 X 2 REAL
MATRICES, AND LET G ACT ON THE POINTS OF R? BY MATRIX MULTIPLICA-
TION. CONSIDER THE ACTION OF G ON THE STRAIGHT LINES IN R? THROUGH
THE ORIGIN. IF L IS THE LINE y = 2z, THAT 1S, L = {(z,27) : * € R?}, FIND
G(L) AND Gf,.

Now LET H BE THE SUBGROUP OF (G CONSISTING OF ALL MATRICES OF

THE FORM
a 0
0 b
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AND ALL MATRICES OF THE FORM

(v3)

WHERE a,b EQUAL 1 OR —1. (THEREFORE H CONTAINS 8 MATRICES.) FIND
H(L) AND H,.

*2. LET X = {1,2,...,7} AND LET G BE THE FOLLOWING GROUP OF
PERMUTATIONS OF ELEMENTS OF X:

G = {ID, (1234)(56), (13)(24), (1432)(56)}.

FIRST OF ALL CHECK THAT G IS IN FACT A GROUP (CLOSURE)—IT IS IN
FACT ISOMORPHIC TO THE CYCLIC GROUP OF ORDER 4. THEN FIND G, Gf,
Gr7, G(1), G(5) AND G(7).

*3. LET G BE A GROUP OF ORDER 55 ACTING ON A SET X OF ORDER
18. SHOW THAT THIS ACTION MUST HAVE AT LEAST TWO FIXED POINTS. (A
FIXED POINT OF THE ACTION IS AN ELEMENT OF X WHICH IS LEFT FIXED BY
ANY ¢, IN OTHER WORDS, IT IS AN ELEMENT WHOSE ORBIT CONSISTS ONLY
OF ITSELF.)

*4. SUPPOSE G IS AN ABELIAN SUBGROUP OF Sx, AND SUPPOSE THAT
THE ACTION OF G ON X HAS ONLY ONE ORBIT (THAT IS, ALL OF X). SHOW
THAT |G| = | X]|.

3 Cauchy’s Theorem

In this section we shall see how a simple but powerful use of group actions can
give us a quick proof of a very important and nontrivial result.

Cauchy’s Theorem. Let G be a finite group and let p be a prime number
such that p| |G|. Then G contains an element of order p, that is, G contains an
element a # 1 such that a? = 1.

Proof. Let X be the set of all sequences a1, as, . . ., a, of elements of G (not
necessarily distinct) such that

alag...apzl.

We would like to show that there is such a sequence all of whose terms are
equal (and not equal to 1)—because in this case if all the terms are equal, say,
to a # 1, then we conclude that a? = 1, as required. We shall show the existence
of such a sequence by defining an appropriate group action on X.

But first let us determine | X|. Each of the first p—1 terms of any sequence in
X can be chosen in |G| different ways, that is, any element of G can be chosen.
But then, having determined the first p — 1 terms, the pth term can only be

(arag ... ap,l)_l.

Therefore |X| = |G”~". Hence (and this is the important conclusion for what
follows)
p divides | X|.



We will define an action of Z,, (the group of integers under addition modulo
p, that is, the cyclic group of order p) as follows. Given m € Z,, let m be
defined by the transformation

m:(a1,a2,...,0p) = (Gmt1y e Qpy Q1y ey Qi)

that is, the element m in the cyclic group Z,, is mapped onto the cyclic shift (to
the left) of the sequence through m steps.

It is an easy exercise to check that this is an action, that is, mtn=mon
(remember that addition is modulo p). Now, by the orbit stabiliser theorem,
the size of any orbit must divide the size of the acting group 7Z,, that is, the size
of any orbit must be either 1 or p. Let there be s orbits of size 1 and t orbits of
size p. Note that there surely exists one orbit of size 1, namely that consisting
of the sequence all of whose terms are equal to the identity of G. Let us, for the
moment, call this the trivial orbit.

Since the orbits form a partition of X, we have,

s+pt=|X|.

But we have seen that p divides | X| therefore s must also be a multiple of p. By
the last observation in the previous paragraph, s must be at least 1. Therefore
s must be at least p. Hence, apart from the trivial orbit, there are at least p—1
other orbits of size 1. Now consider such a nontrivial orbit. Its single element
is a sequence (a1, as,...,a,) which remains unchanged under any cyclic shift.
Therefore all the terms of the sequence must be equal, say equal to a. Therefore
a? =1,a # 1, as required. O

Remark. Note that we have in fact proved that there are at least p — 1
elements a satisfying a? = 1,a # 1.

The above proof has introduced us to the very important idea of fixed points
of an action. More precisely, let the group G act on the set X. Then z € X is
said to be a fixed point in this action if, for every g € G, g(x) = z. In other
words, x is a fixed point iff it is the only element in its orbit, that is, its orbit
has size 1. We shall have more to say about fixed points in what follows. (See
also Problem 3 of Section 2.)

Exercise. WITHOUT USING CAUCHY’S THEOREM, PROVE THE FOLLOWING
SPECIAL CASE: IF GG IS A GROUP OF EVEN ORDER, THEN IT CONTAINS AN
ELEMENT a # 1 SUCH THAT a? = 1. [HINT: REMOVING THE IDENTITY FROM
GG LEAVES AN ODD NUMBER OF ELEMENTS. NOW PAIR OFF INVERSES, THAT IS,
PAIR OFF THE ELEMENTS OF G — {1} As {z,z7!'}. SINCE AN ODD NUMBER OF
ELEMENTS ARE BEING PAIRED, SOME ELEMENT MUST BE ITS OWN INVERSE.]

4 Conjugacy

The single most important instance of a group acting on itself is the action of
conjugacy. Let G be a group and let the set X on which G will be acting be



also G. For any g € G let g be the mapping on G defined by

gla) = gug™".
We first have to show that this does define an action. First of all, any g
is injective since, if g(x) = g(y) then grg~! = gyg~! and therefore z = y by

cancellation. Also, § is surjective since, given y € G, the element z = ¢ 'yg
is in G and clearly g(z) = y. Therefore g is a permutation of G. Lastly, we
must show that ¢ : g — g is a homomorphism. But ;71(:13) = (gh)z(gh)™" =
ghzh lg~! = §(ﬁ(ac))7 that is, gﬁ = §ﬁ, and hence ¢ is a homomorphism.

The action we have just defined is called conjugacy. Conjugacy is so impor-
tant that some special terminology has been developed in this case. For example,
g(z) is often denoted by x9. If two elements x,y € G are in the same orbit under
conjugacy, then we say that z and y are conjugate elements—therefore z,y € G
are conjugate iff there is some element g € G such that y = gzg~'. Conju-
gacy is therefore an equivalence relation and the orbits of the action—or, the
equivalence classes of the relation—are called conjugacy classes.

Notice that conjugacy is, in general, not a faithful action (that is, ¢ is not
injective, that is, different elements g, h € G could correspond the same permu-
tation of G, that is g and h could be the same permutation even though g # h).
For example, if G is an abelian group, then g(z) = grg~! = gg~'z = x, and
therefore every g is the identity permutation. This is the extreme situation, and
it tells us that conjugacy is not interesting for abelian groups. In fact the sequel
will show us that conjugacy is, in some sense, a measure of how nonabelian the
group is.

Which are the fixed points of this action? An element x € G is a fixed point
iff, for all g € G, g(x) = x. Hence, grg~! = z, that is, gr = 2g. Therefore z
is a fixed point iff it commutes with all the elements of G. The set of all fixed
points is called the centre of G, and it is denoted by Z(G). That is,

Z(G)={x € G:gx=uxgforall g€ G}.

Keep in mind that the centre consists of all those elements of G which commute
with every other element.

What about the stabiliser of z € G7 An element g € G is in the stabiliser
G, iff g(x) = =, that is, grg~! = =, that is, gr = 2g. The stabiliser of z is
therefore the set of all those elements in G which commute with z. This set
is given a special name, the centraliser of x, and it is denoted by C(x). We
therefore have

C(z) ={g9 € G: gz = zg}.

Exercises.

IN THE FOLLOWING EXERCISES, § ALWAYS DENOTES THE PERMUTATION
G:x— grg L.

1. LET = AND Yy BE CONJUGATES. THEN THE ORDER OF x IS EQUAL TO
THE ORDER OF y.

2. Ir g € Z(G) THEN g IS THE IDENTITY PERMUTATION.



3. For ANY z € G, C(z) < G; C(x) =G 1¥FF x € Z(G).

THE CENTRE Z(G) IS A NORMAL SUBGROUP OF G—IN FACT, IF H IS A SUB-
GROUP OF G CONTAINED IN Z(G) THEN H IS A NORMAL SUBGROUP OF G.
For ANY z € G, C(x) CONTAINS Z(G).

4. LET N < G. THEN N 1S EQUAL TO THE UNION OF CONJUGACY CLASSES
OF G.

5. THE MAPPING @\ IS MORE THAN JUST A PERMUTATION (BIJECTION) OF
G—IT IS ALSO A HOMOMORPHISM, THAT IS, g IS AN automorphism (BIJECTIVE
HOMOMORPHISM) OF G. LATER ON WE SHALL STUDY AUTOMORPHISMS AND
WE SHALL THEN LOOK MORE CLOSELY AT THE ROLE OF § AS AN AUTOMOR-
PHISM OF G.

All we have said above about conjugacy holds for infinite groups — we did
not need, nor did we assume, that G is finite. But now suppose |G| is finite.
Remember that the conjugacy classes partition G. Also, by the Orbit-Stabiliser
Theorem, the size of each conjugacy class divides |G|. This situation is similar to
the case of the cosets of a subgroup of G. But, unlike the situation with cosets,
the sizes of the conjugacy classes are, in general, not all equal. How many classes
have size 17 We have seen above that the answer is |Z(G)|. Suppose that there
are ¢ other conjugacy classes (that is, of size greater than 1), and let their sizes
be ni,na,...,n.. As we have said, each n; divides |G|. Note that we are not
assuming anything regarding whether or not some (or all) of the n; are equal.
Also, if G is abelian, that is, G = Z(G), then there are no conjugacy classes
apart from those of size 1, and therefore all these n; would be zero. Remember,
however, that |Z(G)| > 1 because the centre certainly contains the identity
element.

Now, since the conjugacy classes partition G, adding all their sizes gives |G,
that is,

|G| =Z(G)|+n1+na+--+ne.

This very important equation is called the class equation. This equation can be
written in another way. By the Orbit-Stabiliser Theorem, the size of the orbit
of z € G is equal to |G|/|C(z)|. Therefore, summing the sizes of all the orbits
gives the class equation in the form

ey G
61 =2 oy = PO+ 2 iy

where the first summation runs over one element from each conjugacy class
whereas the second summation runs over one element from each conjugacy class
whose size is > 2.

Applications to p-groups.

Let p be prime. A finite group |G| is said to be a p-group if |G| = p",r > 1.

Exercise. SHOW THAT G IS A p-GROUP IFF THE ORDER OF ANY ELEMENT
OF G IS A POWER OF p.

Theorem 1. Let G be a p-group. Then |Z(G)| > p, and therefore the
centre of G contains at least one other element apart from the identity.



Proof. By the class equation,
" =1Z(G)|+n1+ - +n.

where (unless each n; equals zero) every n; > 1 and each divides |G|. Therefore
p divides each of the n; and so it divides | Z(G)|. But since |Z(G)| # 0, it follows
that |Z(G)| > p. O

Theorem 2. Let |G| = p?, p prime. Then G is abelian.

Proof. We have to prove that Z(G) = G. By Theorem 1, |Z(G)| > 1,
therefore by Lagrange’s Theorem, |Z(G)| must equal p or p?. If |Z(G)| = p?
then we are done.

So suppose that |Z(G)| = p and let z € G, v ¢ Z(G). Consider the
centraliser C(z) of . Now recall that Z(G) < C(x) < G (see Exercise 3
above). Since z is in C(z) but z is not in Z(G), Z(G) # C(x). Therefore
p < |C(x)| < p?, and by Lagrange’s Theorem C(z) must equal G. That is, ev-
ery element of G commutes with z, that is © € Z(G), which is a contradiction.
O

Problems.

*1. LET G BE A GROUP OF ORDER p?, p PRIME. PROVE THAT EITHER G IS
CYCLIC OR ELSE IT IS ISOMORPHIC TO Zj, X Z,,. [Hint: SUPPOSE G CONTAINS
NO ELEMENT OF ORDER p?. LET x € Z(G),x # 1 AND LET y €< x >,y # 1.
SHOW THAT G ~< x> X <y >.]

*2. LET p BE AN ODD PRIME AND LET G BE A GROUP OF ORDER 2p.
PROVE THAT G IS EITHER CYCLIC OR DIHEDRAL. [Hint: LET x € G HAVE
ORDER p, AND LET y € G HAVE ORDER 2. THEN < 2 > AND ITS RIGHT COSET
< x > y FILLS OUT THE WHOLE GROUP; NOTE THAT < x > IS A NORMAL
SUBGROUP OF G (WHY?). SHOW THAT THE ORDER OF zy EQUALS 2 OR 2p
(THAT IS, CANNOT BE p). THEREFORE EITHER G IS CYCLIC OR yz ! = 27 1y.]
DEDUCE THAT A NONABELIAN GROUP OF ORDER 2p MUST BE ISOMORPHIC TO
D,.

*3. PROVE THAT IF G/Z(G) 1S CYCLIC THEN G IS ABELIAN. DEDUCE
THEOREM 2.

*4. FIND THE CONJUGACY CLASSES OF THE DIHEDRAL GROUPS D5 AND

Dg. REPEAT FOR D,, IN GENERAL.

5 A Useful lemma

In the previous section we have seen the importance which fixed points of an
action can have in certain situations. The technique used in Theorem 1 for
showing that there are fixed points will be very useful when we come to proving
Sylow’s Theorems, so we here single it out for attention. (Remember that if
a, b, c are integers then a = b mod ¢ means that a = b + kc for some integer k.

Lemma 1. Let G be a p-group acting on a set X. Let X; be the set of
fixed points of this action. Then

| X1] = | X| mod p.



Proof. Let there be a; orbits of size ¢ > 1 (the number of orbits of size 1 is
|X1]). Of course, the only possible values of i are factors of |G| (for any other
i > 1, a; would be zero), that is, powers of p. Since the orbits form a partition
of X,

X[ = [X1|+ D iai.
Therefore | X1| = | X| mod p, as required. O

Exercises.

1. SUPPOSE A 5-GROUP ACTS ON A SET OF SIZE 14. WHAT ARE THE
POSSIBILITIES FOR THE NUMBER OF FIXED POINTS OF THE ACTION.

2. SUPPOSE THAT THE ORDER OF A GROUP (G ACTING ON A SET X IS pq,
BOTH p AND ¢ PRIME, AND SUPPOSE THAT THERE ARE NO POSITIVE INTEGERS
a,b,c SUCH THAT |X| = ap + bg + ¢pq. SHOW THAT THE ACTION MUST HAVE
AT LEAST ONE FIXED POINT.

LOOK BACK AT PROBLEM 3 FROM THE FIRST SET OF PROBLEMS.

6 Strong form of Cayley’s Theorem

Let G be a group and H a subgroup of G. Let X be the set of all left cosets of
H in G. Then there is a natural action of G on X defined by

g:xH — gxH.

This does indeed define an action. First of all, g is injective since, if g(aH) =
g(yH) then grH = gyH, therefore (gz)~'gy € H, therefore x~'y € H, hence
xH = yH. Also, g is surjective since, if H € X, then g~ 'zH is also in X and
g(g~txH) = zH. Finally, g — g is a homomorphism since g/\h(zH) = ghzH =
G(hzH) =G o h(zH).

The action we have just defined is a generalisation of that used in the proof of
Cayley’s Theorem. In fact, if we let H = {1}, then the cosets would be singleton
sets, and the above action reduces to left translation of the elements of G. The
advantage with this new action is that now, instead of a homomorphism to
S¢, which contains |G|! elements, we have a homomorphism into Sx which has
| X' = (|G|/|H])! elements.

However, this action now need not be faithful. Therefore we can naturally
ask what the kernel of this homomorphism is. (Remember, the homomorphism
is the function ¢ : g — g. Therefore the kernel is the set of elements g of G such
that g is the identity permutation, that is g(aH) = 2H.) Let K be the kernel.
Therefore

K ={g€G:gzH =zH for all z € G}.

Remember that K is a normal subgroup of G. We now claim that K C H. For
suppose g € K. Therefore g(H) = H, that is, gH = H, and so g € H. Also,
K is the largest normal subgroup of G which is contained in H in the sense
that if N < G,N C H, then N C K. For let N be a normal subgroup of G
contained in H. Let n € N. Then, for any z € G, ™ 'nz € N C H, therefore
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v inxH = H, therefore ntH = xH, that is, n(xH) = xH. Therefore 7 is the
identity permutation on the cosets of H, that is n € K, hence N C H.

We have therefore proved the following theorem.

Strong Form of Cayley’s Theorem. Let G be a group, H < G and
X the set of left cosets of H in G. Then there is an action of G on X (left
translation on cosets) such that the kernel of the action is the largest normal
subgroup of G which is contained in H. O

Any group G has trivially two normal subgroups, G itself and {1}. If these
are the only normal subgroups of G then G is called simple. Note that if G is
simple and H is a proper subgroup of GG, then the action in the above theorem
must be faithful (trivial kernel), and therefore G would be isomorphic to a
subgroup of Sx, quite an improvement on Cayley’s Theorem.

Example.

Let G be a group of order 36, and let H be a subgroup of G of order 9. Then H
must contain a nontrivial normal subgroup of G.

Solution. The number of left cosets of H is % = 4, that is, |X| = 4. But
|G| = 36 > 4! = |Sx|. Therefore the above action, since it is a function from G to
Sx, cannot be injective, and so it has a nontrivial kernel which is contained in H.

The technique in the above example can be generalised as follows.

Corollary 1. Let G be a finite group, H < G, H # G, and let m = [G : H].
Suppose |G| does not divide m!. Then H must contain a nontrivial normal
subgroup of G. In particular, G cannot be simple.

Proof. If the action ¢ in the above theorem were faithful, then |¢(G)| = |G|.
But ¢(G) < Sx, and |Sx| = m/!, giving that |G| divides m!. Therefore the action
cannot be injective, and so it has a nontrivial kernel which is a normal subgroup
of G contained in H. O

Problem. * LET G BE A GROUP OF ORDER 28. SHOW THAT IT CONTAINS
A NORMAL SUBGROUP OF ORDER 7. DEDUCE THAT IF G ALSO CONTAINS A
NORMAL SUBGROUP OF ORDER 4 THEN (G MUST BE ABELIAN.

7 Burnside’s Counting Lemma

In this section we shall take some time off from applying the theory of group
actions to group theory itself, and we shall instead concentrate on an application
of groups actions to certain enumeration problems which have a more combina-
torial flavour. The work in this section will be extended in the Combinatorics
Elective Course where we shall be treating Pélya’s Theorem.

Suppose that we are given a wire made out in the form of a square and
that a bead is attached to each corner of the square. Suppose also that each of
the beads can be given any one of two colours, black or white. In home many
different ways can the beads be coloured?

The answer depends, of course, on what we mean by “different”. If, for ex-
ample, the square is fixed to a wall, then, since there are four beads and each can
be given any of two colours, then the total number of colourings possible would
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be equal to 24 = 16. However, if we are free to move the square around (without
distorting its shape), then many of these colourings would be equivalent, that is,
one can be transformed into the other by a movement of the square. In this case,
how many non-equivalent colourings of the square are there, if all movements
which are symmetries of the square are allowed? It is easy to verify that out of
all the sixteen original colourings, only six are non-equivalent. (Check this!)

Clearly, this problem is intimately connected with the group of symmetries
of the square, which is the dihedral group D,. In fact, if we are not allowed to
“flip over” the square, that is, if only a cyclic subgroup of D, were allowed as
the group of symmetries, then the number of non-equivalent colourings would
be different. (How many would there be in this case?)

How can we obtain a general way of solving this type of problem (enumer-
ating configurations which are in some sense non-equivalent under the action of
some group) in a way which will enable us to solve larger or more general prob-
lems than this simple one which can be solved by hand? For example, if we had
¢ colours instead of two, what would have been the number of non-equivalent
colourings of the square? And what would have been the solution if, instead of
a square, we had, say, n beads equally spaced along a circular wire?

To be able to solve these and similar problems we have to translate it into
the language of group actions. The group of symmetries acting on the vertices of
the square induces in a natural way an action on the sixteen possible colourings
of the square. Those colourings which happen to lie in the same orbit under
this action are, in fact, equivalent in the sense described above. They are, so
to speak, indistinguishable from each other. So, in order to exhibit a set of
non-equivalent colourings we need to take ome representative from each orbit.
In other words, the number of non-equivalent colourings of the square is equal
to the number of orbits into which the sixteen colourings are partitioned by the
group action in question. (Verify this, that is, partition the sixteen colourings
of the square into the orbits resulting from the induced action of Dy.)

In other words, the enumeration problem we are discussing here boils down
to this question. Suppose a group G is acting on a finite set X. Into how many
orbits is X partitioned by this action? Note that while the Orbit-Stabiliser
Theorem gives us information about the size of an orbit, the question here asks
how many orbits there are.

Before giving the theorem which answers our question we need one definition
and two very simple lemmas. Suppose G acts on a finite set X, let ¢ € G and
let g be the corresponding permutation of X. The F(g) denotes the set of fixed
points of g, that is, F'(g) = {z € X : g(x) = x}.

Lemma 1. Let G act on a finite set X and suppose x,y € X are in the
same orbit. Then |G| = |G,].

Proof. This is obvious by the Orbit-Stabiliser Theorem, since |G| =
IG|/|G(2)] = |G]/G(y) = |Gyl O

Lemma 2. Let G act on a finite set X, and let x,y € X. Then

> Gy =1Gl.

yeG(y)
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Proof. Let G(x) = {y1,92,...,¥yr}. The the summation equals

Gy |+ Gy, |

= |Gzl + ...+ |Gy
= [G(@)]- |G|
= |G|
by the Orbit-Stabiliser Theorem. O

Burnside’s Counting Lemma.! Let the finite group G act on the finite
set X. The the number of orbits in which X is partitioned by this action is

given by
1
— F(g)|.
a1 2 F )
geG

Proof. We shall use a very powerful and frequent combinatorial trick. We
shall define a set of ordered pairs, and we shall count the number of elements
of the set in two ways. Thus, let £ = {(g,2) : g € G,z € X, g(x) = x}. For a
given g € G, the number of elements (g, z) in E is equal to |F(g)|. Therefore

the size of E is given by
Bl =" |F(9)|-

geG

Now, for a given x € X, the total number of elements (g, z) in E is equal to

|G.|. Therefore
Bl =) |Gal-

zeX
But let ¢ be the number of orbits into which X is partitioned, and let they be
G(x1),...,G(x¢). Counting the contribution given to the above summation by

the elements x of G(z1) gives, by Lemma 2, |G|. This is the same for all the
other orbits, therefore the above summation is equal to ¢ - |G|. Equating the the
values of |E| gives that

t-1Gl=)_IF(9)l,

geG

which is the required result. O

Exercises.

1. NECKLACES ARE MANUFACTURED BY ARRANGING THIRTEEN WHITE
BEADS AND THREE BLACK BEADS ON A LOOP OF STRING. HOW MANY NECK-
LACES CAN BE PRODUCED THIS WAY?

*2. FIND THE NUMBER OF DISTINCT BRACELETS OF FIVE BEADS MADE
UP OF GREEN, BLUE AND RED BEADS, ASSUMING THAT (I) THE BRACELET
CANNOT BE FLIPPED OVER; (II) IT CAN BE FLIPPED OVER.

1t is now well-known that this result is due to Cauchy and Frobenius, but it is still often
quoted as Burnside’s Theorem.
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*3. FIND THE NUMBER OF DISTINCT NECKLACES WHICH CAN BE MADE
FROM SIX BEADS USING ANY OF THE THREE COLOURS RED, GREEN OR BLUE
IF (I) FLIPPING OVER OF THE NECLACE IS ALLOWED; (II) FLIPPING OVER IS
NOT ALLOWED.

*4., IT IS STRAIGHTFORWARD TO CALCULATE DIRECTLY THE NUMBER OF
DISTINCT STRINGS OF LENGTH 3 MADE UP OF BLUE AND RED BEADS. VERIFY
BURNSIDE’S LEMMA IN THIS CASE.

*5. Fermat’s Little Theorem. A NECKLACE IS TO BE MADE FROM p BEADS,
WITH p PRIME, AND WHERE EACH BEAD CAN BE GIVEN ANY ONE OF m DIF-
FERENT COLOURS. HOW MANY DISTINCT NECKLACES ARE THERE IF FLIPPING
OVER IS NOT ALLOWED? DEDUCE THAT

mP=m mod p
AND HENCE THAT, IF p DOES NOT DIVIDE m, THEN
mP~ =1 mod p.

6. SHOW THAT WHEN m7 + no IS AN ODD PRIME THE NUMBER OF NECK-
LACES WHICH CAN BE MADE WITH 711 BLACK AND 1o WHITE BEADS IS

2(ny 1+ n2) (nlvjlw) + % (%(mé:fj R U)'

*7. IDENTITY CARDS ARE TO BE MADE AS FOLLOWS. AN n X n GRID
OF EQUALLY SPACED LINES IS DRAWN ON BOTH SIDES OF A PLASTIC SQUARE.
THEN, TWO CIRCULAR HOLES ARE PUNCHED INTO THE SQUARE, ONE HOLE IN
EACH OF TWO OF THE n? CELLS OF THE GRID. HOW MANY DISTINCT CARDS
CAN BE MADE THIS WAY? WHAT WOULD THE ANSWER BE IF, INSTEAD OF
PUNCHING HOLES, TWO CELLS ARE “BLACKED OUT” ON ONE SIDE ONLY OF
THE SQUARE?

*8. BY CONSIDERING THE SYMMETRIES OF THE CUBE, SHOW THAT THERE
ARE 30 POSSIBLE DIFFERENT DICE.

8 Sylow’s Theorems

We now return to proving the main theorems of this course. These theorems,
partial converses of Lagrange’s Theorem, are the central theorems in group
theory and they are landmarks of mathematical beauty. The proofs presented
here, using the machinery of group actions, are due to Wielandt.

We first require a number-theoretic/combinatorial lemma. Recall the basic
fact that if a prime p divides a product abc... then it must divide at least one
of a,b,c,... and, in fact, any factor p of the product must arise from factors of
the respective terms; that is, if p¥ divides abe. .., and if p divides a e, times, it
divides b e; times, etc, then e, + e, + ... must be at least k.

Lemma 1. Let p,m be positive integers, p prime, such that p does not

divide m. Then p does not divide ( ppl:n
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Proof. Note first that

(pkm> B m(pkm_1)__.(pkm—i)...(pkm—pk-i-l)
o) 1-2coeioeeee(pF—1) '

By the previous comments, any factor p of the numerator arises from a factor
of mpF — i and similarly any factor p of the denominator arises from a factor of
1. We shall now show that these factors cancel out.

Consider the rational number (p*m —i)/i,1 <14 < p*. Suppose first that p/
divides 7. Then j < k and therefore p’ divides p*m — i. Now suppose that p
divides p*m —1, that is, p*m —i = qp’ for some integer q. Note first that j < k,
otherwise i = pFm — qp? = pk(m - qu_k) which is impossible since i < p*.
Therefore i = p/ (pF¥~7m — q), that is, p? divides j.

Therefore, pairing off all terms p*m —i from the numerator with correspond-
ing terms 4 from the denominator for 1 < i < p*, all powers of p cancel out.
The remaining term m is not a multiple of p, therefore p does not divide the
binomial coefficient. O

Sylow Theorem 1. Let G be a group of order p*m, with p prime and such
that p does not divide m. Then G contains a subgroup of order p*.
Proof. Let X be the set of all p*-subsets of G (that is, subsets of size p*).

Therefore | X| = (p;;Z”), and so p does not divide |X|. Define an action of G on
X by left translation, that is, for any g € G, B € X, g(B) = gB = {gb: b € B}.
(One can easily check that this is, in fact an action, that is, g is a bijection on
X and gh = gh.)

Since p does not divide | X| there is some orbit whose size is not a multiple
of p. Let the set B be in this orbit, that is, p does not divide |G(B)|. Consider
the stabiliser Gp of B (that is, the set of all those elements g € G such that,
for any b € B, gb € B); remember that Gg < G.

Now, |G| = |G|/|G(B)| = p*m/|G(B)|. But p does not divide |G(B)|
therefore |G| = p*m’ with m’ a factor of m. Therefore |G| > p*.

Now let b be some element of B and consider the coset Ggb. Since Gpg is
the stabiliser of B, Ggb C B. Therefore |Ggb| = |G| < |B| = p*. Hence
|G| = p*, and this is therefore a subgroup of G of order p*. O

Exercises.

1. SHOW THAT THE ?]\ IN THE ABOVE PROOF DO DEFINE AN ACTION ON
X.

2. USING THEOREM 1 OF APPENDIX 4 PROVE THE FOLLOWING IMMEDIATE
COROLLARY OF SYLOW’S FIRST THEOREM: IF p* DIVIDES |G|, p PRIME, THEN,
FOR ANY 0 < i < k, G CONTAINS A SUBGROUP OF ORDER p'.

We now proceed with the presentation of Sylow’s theorems. The first theo-
rem suggests the following definition. If G is a finite group and k is the highest
power of the prime p which divides |G| then any subgroup of G of order p* is
called a Sylow p-subgroup of G. The number of Sylow p-subgroups of G will be
denoted by n,.
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We recall the following elementary facts about normal subgroups. You
should be able to prove them without any difficulty and we collect them here in
one place because they will be used very often.

1. Let H < G and g € G. Then gHg™! = {ghg~! :Vh € H} < G and, if H
is finite, then |H| = [gHg™!|.

2. If H < G, |H| = m and H is the only subgroup of G of order m then
H < G. If H has index 2 in G then H < G.

3. If HLK <G and H = gKg~! for some g € G then H and K are said to
be conjugates. Conjugacy is an equivalence relation on the subgroups of G.

4. A subgroup H of G is normal in G iff it is its only conjugate.

Sylow Theorem 2. Let G be as in Sylow Theorem 1. Any two Sylow
p-subgroups of G are conjugate.

Proof. Let H, K be two Sylow p-subgroups of G. Let X be the set of left
cosets of H in G, and let K act on X by left translation, that is, for k € K,
k:xH +— kxH. Since |X| = p*m/pF = m is relatively prime to p and since
K is a p-group, by our Useful Lemma there is some zgH in X which is fixed
by the action, that is, kxoH = zoH for all k € K. Therefore o 'kxg € H for
all k € K [we are using the fact that if aH = bH then b~'a € H]. Therefore
ro ' Kxg C H. But |20 ' Kxg| = |K| = |H|, therefore 7o~ 'Kz = H, that is,
H and K are conjugates. O

Exercise. A SYLOW p-SUBGROUP OF (G IS NORMAL IN G IFF IT IS THE
ONLY SYLOW p-SUBGROUP OF G.

Sylow Theorem 3. Let G be as in Sylow Theorem 1. The number n, of
Sylow p-subgroups of G is congruent to 1 mod p and is a factor of m.

Proof. Let ¢t = n, and let X = {H;,...,H,} be the set of all distinct
Sylow p-subgroups of G. Let Hy act on X by conjugation, that is, for h € H,
h: H; — hHh™'. [Exercise: How do we know that hHh~! is still in X?] We
claim that H; is the only fixed point under this action.

First of all, note that H; is fixed under the action is clear. Suppose then
that, for some i, hH;h~' = H; for all h € H, that is H; is a fixed point of the
action. Therefore for h € Hy and h; € H; there is some h;, € H; such that
hh; = hih. Therefore the sets H1H; (= {hh; : h € H,h; € H;}) and H;H;
(={hih : h € H,h; € H;}) are equal. Let this set be S. Now, it is easy to check
that S < G (checking closure is easy). Also, both Hy and H; are subgroups
of S and, in fact, H; is a normal subgroup of S. But H; and H; are Sylow
p-subgroups of S and so conjugate in .S, and therefore, since H; < S, H; = H;.

It now follows from the Useful Lemma that | X| = 1 mod p, thatis, n, =t =1
mod p, as required.

Now let G act on X by conjugation. Since all the Sylow subgroups are
conjugate in G, X forms one whole orbit under this action. Therefore |X|
divides |G| by the Orbit-Stabiliser Theorem, that is ¢ divides p*m. But p does
not divide ¢, therefore ¢ divides m, as required. O

Sylow’s Theorems can have powerful applications in the study of the struc-
ture of finite groups. We give here a few examples.
Examples.
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1. A group G of order 42 cannot be simple.

Solution. The number n; of Sylow 7-subgroups of G equals 1 mod 7, that is,
ny = 1+ Tk. Since 42 = 7 - 6, ny must divide 6. Therefore n; = 1, that is the
group has a unique Sylow 7-subgroup, which is therefore normal in G. Hence G is
not simple.

2. Classify all groups of order pq, both p and ¢ prime such that p < ¢ and
q# 1 mod p.

Solution. Since n, divides p, n, can be either 1 or p, in any case, n, < p.
But ng = 14 kg, and q¢ > p, therefore k = 0, that is, n, = 1. Hence G contains
a unique Sylow ¢-subgroup H which is therefore a normal subgroup of G. (H is a
cyclic group of order ¢.)

Also, n, divides g (therefore n, equals 1 or ¢) and n, = 1+ hp. If n, = ¢ then
g =1 mod p which is impossible. Therefore again n,, = 1, that is G has a normal
Sylow p-subgroup K. (K is a cyclic group of order p.)

Since HN K = {1} (Why?), G = HK (Why?). Therefore G ~ H x K
(Exercise 4 in Appendix 2). Therefore G is isomorphic to the cyclic group of order
pq (Exercise 2 in Appendix 2).

Problems.

*1. LET G BE THE FOLLOWING GROUP OF PERMUTATIONS OF THE SET
{1,2,3,4}:

{ 1, (123),(132), (124), (142), (134), (143), (234),
(242), (12)(34), (13)(24), (14)(23)}.

(VERIFY THAT G IS A GROUP. IT IS, IN FACT, THE ALTERNATING GROUP A4
(SEE APPENDIX 6).) SHOW THAT G DOES NOT CONTAIN ANY SUBGROUP OF
ORDER 6, AND THEREFORE THAT THE CONVERSE OF LAGRANGE’S THEOREM
IS FALSE.

*2. SHOW THAT A GROUP OF ORDER 56 CANNOT BE SIMPLE.

*3. LET G BE A GROUP OF ORDER p?q, WHERE p AND ¢ ARE PRIMES SUCH
THAT ¢ < p AND ¢ DOES NOT DIVIDE p? — 1. PROVE THAT G IS ISOMORPHIC
EITHER TO Zp> X Zgq OR TO Zy X Zp X ZLg.

*4. CLASSIFY ALL GROUPS OF ORDER 20, 449.

5. LET P BE A p-SUBGROUP OF THE FINITE GROUP (. THEN P IS
CONTAINED IN SOME SYLOW p-SUBGROUP OF G.

6. The Frattini Argument. LET K BE A FINITE NORMAL SUBGROUP OF G
AND LET P BE A SYLOW p-SUBGROUP SUBGROUP OF K. THEN G = Ng(P).K.
[RECALL THAT G = X.Y, FOR TWO SUBGROUPS X,Y OF GG, MEANS THAT ANY
ELEMENT g € G CAN BE WRITTEN AS g = 2y FOR SOME z € X AND y € Y]

9 Classification of groups of small order (< 15)
We now have developed enough group theoretic machinery to classify all groups
of order at most 15. By classifying all groups of some particular order n we mean

obtaining a list of groups such that any group of order n must be isomorphic
to one of the groups in the list. Carrying out this classification for n < 15 is
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not in itself such a big deal after all. But the exercise is worth doing because it
brings into play most of the results we have encountered up to now, including
the important types of group which were introduced in the problems in Section
4, and it gives a slight inkling of how difficult the general problem of classifying
all finite groups is (in fact, there is no complete solution to the general problem)
and an idea of the types of technique required.

Exercise. ONE MIGHT WELL ASK WHETHER OR NOT THE NUMBER OF
GROUPS OF ORDER n IS FINITE. IN FACT, THIS IS EASILY PROVED: PROVE
THAT THE NUMBER OF GROUPS OF ORDER 7 IS AT MOST n™ .

We can immediately dispose of all groups of prime order: by Lagrange’s
Theorem these can have no nontrivial subgroups and are therefore cyclic (a
first-year result). This takes care of orders 2, 3, 5, 7, 11, 13.

Problem 1 of Section 4 takes care of the groups of order p?, p prime. Such a
group is either isomorphic to Zy,> or Z, x Z,. This takes care of orders 4 and 9.
[The result for order 4 should already have been obtained by very elementary
first-year techniques. The group Zo X Zs is known as the Klein 4-group.|

Problem 2 of Section 4 classifies all groups of order 2p, p prime. Such a
group is either isomorphic to the cyclic group Zs, or the dihedral group D,,.
This disposes of orders 6, 10, 14.

Groups of order 15 are taken care of by Example 2 of the previous section,
since 15 = 3.5 and 5 # 1 mod 3. Therefore a group of order 15 must be
isomorphic to the cyclic subgroup Z;s.

This leaves groups of orders 8 and 12. It turns out that we cannot deal
with these two orders with a single blow as above. A more detailed case-by-case
analysis is required. This is, in fact, the rule rather than the exception when
trying to classify groups of some particular order. We shall consider the two
cases separately.

Notation. The order of an element g will be denoted by |g|.

Groups of order 8

It turns out that we can carry out the classification without the need for
Sylow’s Theorems. Let m be the maximal order of any element of G. Then m
can only be equal to 8, 4 or 2 (by Lagrange’s Theorem and since m cannot be
equal to 1, otherwise G would only contain the identity element.)

Case 1: m =8
Clearly G is isomorphic to the cyclic group Zs.

Case 2: m =14
Let € G, |x|] = 4. Let H =<z > and let y € G— < & >, y # 1. Therefore
ly| = 2 or 4. The index of H in G equals 2. Therefore H < G and the cosets H
and Hy give a partition of G, that is

G = {15 Z‘,J)Q,J)S, y,$y7$29al‘3y}

and so x and y generate G. Now, yry~! € H. Since |yxy~!| = |z| (Easy
exercise!) yxy~! can only be x or 2®.
Now we consider the two cases |y| = 2 and |y| = 4.
Case 2.1: |y| =2

Therefore y? = 1. Consider separately yzy~

1 1 3

=z and yzy~ = z°.
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Case 2.1.1: yzy~l =2

Therefore yr = xy, G is abelian, and it can be described as

G =< x,y|x4 =y’ =12y =yx > .

It is easy to check that G ~ Z4 X Zsg, the isomorphism mapping z to (1,0) and
y to (0,1).

Case 2.1.2: yxy~ ' = a3
Therefore yzy~' = x7!, so that G can be described as

T—p—1>

G =<z ylz* =y*>=1,yzy”

and this is just the dihedral group Dy.

Case 2.2: |y =14
Note first that y? ¢ Hy, otherwise y would be in H. Therefore y> € H. Also,
y? cannot be x or 2% or 1, since |y?| = 2. Therefore y? = 22. Again we consider
the two subcases yzy ' = 2 and yaxy ' = 25.

Case 2.2.1: yay~' ==
Therefore yz = xy, hence G is abelian. Since 22 = y?2, (J:y_l)2 = 1, that
is |[ry~!| = 2. The group G is generated by z and z = zy~!, and G can be
described as

G=<umzzzt=22=1,02=22>

and again it is isomorphic to Z4 X Zsy, the isomorphism mapping z to (1,0) and
z to (0,1).

Case 2.2.2: yay~' ==
The group G can therefore be described as

3

G=<umzylzt=y*=1yey t=z"1>

and a little checking shows that G ~ @, the group of quaternions (Problem III
in Section 4), the isomorphism mapping z to i and y to j.

Case 3: m =2
Therefore every nonidentity element of G has order 2 and hence G is abelian
(easy exercise). Choose z,y,z € G — {1} such that zy # z (easy to see that
such elements can be found). Let H = {l,z,y,xy} ~ Za X Zs, that is, H is
isomorphic to the Klein 4-group. Let K = {1,z} ~ Zs. Then G = HK and
HnN K = {1}, therefore G ~ H x K ~ 7y X Zg X Zs.

Conclusion: A group of order eight is isomorphic to one of the following
groups

Zg,Z4 X ZQ,ZQ X ZQ X ZQ,D4,Q.

Groups of order 12

This is the case which requires most work. Let G be a group of order 12
and let ng and nyg denote respectively the number of Sylow 3-subgroups and
4-subgroups of G. Then ng = 1+ 3k and ng|4. Therefore n3 = 1 or 4. Similarly,
ng = 1 or 3.
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Case 1: ng =1
Let H be the Sylow 3-subgroup of G. Then H < G. Let H =< x >. Let K be
a Sylow 2-subgroup of G (therefore |K| = 4).

Case 1.1: K is cyclic
Let K =<y >. Since HN K = {1}, y ¢ H, and so the cosets H, Hy, Hy?, Hy?
are distinct. These give a partition of G, therefore G = HK. Since H is normal,
yry~! € H. The only possibilities are yzy ! 1 2

=z and yxy " = x”°.
If yzy~! = x, then G is abelian, and so G ~ H x K ~ Zg X Zy ~ Zqs.
If yzy~! = 22, that is, yx = 22y, then G is the group

{Lz, 2%y, zy, xy® v°, 2y, 2°y°, y° 2”2y}
with product defined by
(mayb)(xcyd) _ sL,a+2bcyb+d

where the power of x is computed modulo 3 and that of ¥ modulo 4. Another
way of describing G is as

G=<uzylz®=y* =1y =2%%>.

This is an example of the class of groups called the dicyclic groups.
Case 1.2: K is not cyclic
Therefor K ~ Zy X Zs, the Klein 4-group. Let K = {1,u,v,w} with all non-
identity elements having order 2 and w = uv (remember also that K is abelian).
Now H <1 G, therefore uzu~! = 2% and vrv~! = z°, where a,b = £1. Note
that wrw™! = ab.
Ifa =b=ab=1then Gis abelian and G ~ H X K ~ 73X Zg X Lo =~ Tig X L.
So suppose that two of a, b, ab equal —1 and the other equals 1. We can as-
sume, without loss of generality, that uru=! = z, vev™! = 27! = 22 (therefore
vr = 2%v) and wrw™! = 7! = 22. Let 2 = ux = 2u. Then |z| = 6, z and v
generate G, and G can be described as

G=<v,z! =vP=1vz=2"1v>

2y = z71v). But this means

(the last relation arises since vz = vur = vz = ux
that G is ismorphic to the dihedral group Ds.
Case 2: nyg =14
Any two of these four Sylow 3-subgroups intersect only in the identity (why?)
therefore between them they account for eight elements from G —{1}. Therefore
ther can be only one subgroup K of order 4, and so K <1 G. (Note also that G
cannot be abelian since it contains distinct subgroups which are conjugate.)
We note first that K cannot be cyclic — because let K =< y > and let
z € G— K. Then zyz~! € K. But if zyz~! = y, G would be abelian, which
is impossible; zyz~! cannot be equal to y? since |y| # |y?|; and if zyz~! = ¢3
then y = z3yz 3 = y?7 = 3, which is also impossible.
Therefore let K = {1,u,v,w} >~ Zg X Zy, with u,v,w as above. Let x € G,
|#| = 3. Then K, Kz, Kz? make up a partition of G. Therefore G is generated
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by u,v,x. Now, since K < GG, conjugation by x permutes the elements u, v, w
between them. This permutation cannot be the identity on w,v,w, otherwise
G would be abelian. Also, since |z| = 3, the order of the permutation is 3,
that is, it is a 3-cycle (that is, it permutes u, v, w cyclically). Suppose, without
loss of generality, that zuzr~! = v, zve™! = w,zwz™' = u. Then G is isomor-
phic to the alternating group A4, the isomorphism mapping u into the element
(1,2)(3,4) of Ag, v into (1,3)(2,4) and x into (2, 3,4).

(The alternating groups are discussed in more detail in Appendix 6. At this
stage just note that the alternating group Ay is the group of permutations of
the set {1,2,3,4} given in Problem 1 of Section 8. This group also arises as the
group of permutations on the vertices 1,2, 3,4 of a regular tetrahedron induced
by the symmetries of the tetrahedron.)

Conclusion: A group of order twelve is isomorphic to one of the following
groups

Zlg, ZG X ZQ, D67A47 diCyC]iC order 12 .

10 Finite abelian groups

Although it is not possible to give the classification of all groups of any finite
order, this classification is possible for finite abelian groups. Although we shall
not give the proof of the result, the student should stiil be familiar with what
it says.

Basically, any finite abelian group is isomorphic to the direct product of
cyclic groups. This decomposition as a direct product arises as follows. Let
G be an abelian group and let |G| = p{'p5? ... p¢r, where the p; are distinct
primes. Then G ~ G; X G2 X - - X G,., where each |G;| = pj*. Now, we have to
describe the structure of a typical G;, that is, of an abelian p-group. So let H
be an abelian group of order p”. Then H is isomorphic to some direct product
K1 xKyx---xK; where each K is a cyclic group of order p™, ny > ng > -+- > ny
and of course ny + ny + - - - + ny = n. Moreover, this decomposition is unique.

Notation: Let n,nq,...,n; be natural numbers such that n = nqy + ny +
-++4+ng. Then nqi,ns,...,n; are said to give a partition of n. The number of
partitions of n is denoted by p(n). Note that, when counting partitions of n, two
partitions which differ only in the order of terms are considered to be the same
partition. Therefore we can consider any partition to be given in the standard
order nq > ng > -+ > ny. In general, finding p(n) is not an easy task, and no
simple formula is known. However, for small values of n, p(n) can be found by
listing all posiibilities.

Example. Classify all abelian groups of order 23.52.76.

Solution. Let G be an abelian group of order 23.52.75. Then G ~ G xGy xG3
where |G| = 23, |Ga| = 52 and |G3| = 76.

Therefore G is isomorphic to Zgs or Zg X Zig2 or Zo X Zig X Zo; G4 is isomorphic
to Zs2 or Zs X Zs; and G5 is isomorphic to Zqs or Zq X Zgs or Zg X Ly X Zra, €tc.
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(There are eleven possibilities for G5, corresponding to the fact that p(6) = 11; you
are invited to list them all.)

All these decompositions give nonisomorphic groups (by the uniqueness in the
above result). Therefore the number of abelian groups of order 23.52.76 equals
p(3) x p(2) x p(6) =3 x 2 x 11 = 66.

11 Automorphisms

We have seen various examples of bijections on a group G, for example, left
translation or conjugacy. We now focus our attention on those bijections which
preserve the algebraic structure of G, that is, which are homomorphisms. A
bijective homomorphism 6 : G — G is said to be an automorphism of G. The
set of all automorphisms of G is denoted by AutG. As can be expected, AutG
is a group under composition of functions (Easy exercise!), that is AutG < Sg.
It is called the automorphism group of G.

Recall the following elementary facts: (i) 6(a=") = 0(a)~"; (ii) 0(1) = 1; (iii)
|6(a)| = |a|; and, (iv) O(a) is a generator of G iff a is a generator of G.

Examples

1. The function @ defined by 6(a) = a~! is an automorphism of G iff G is
abelian.
Proof. If G is abelian then clearly 8 is a homomorphism. For the converse, suppose
0 as given is an automorphism. Then

0(ab) = (ab)~' = 0(a)d(b) = a~ b~

therefore ab = ba.

2. The automorphism group of the infinite cyclic group
We shall determine AutZ. Note that, for any automorphism 6 of Z, (1) = =+1,
since a generator must be mapped into a generator.

Butif §(1) =1then (n) =0(1+1+4+---+1)=0(1)+60(1)+---+6(1) =n.
Therefore 6 is just the identity. If (1) = —1 then, proceeding as above, (n) = —n.
Therefore there are only two possible automorphisms, that is, AutZ ~ Z,.

3. The automorphism group of the cyclic group of order n
We shall determine AutZ, . First of all we need to define a group under multipli-
cation modulo n. This is defined as the set U,, of all nonzero positive integers less
than n and relatively prime to n. That U, is in fact a group under multiplication
modulo n is given as an exercise below.

As examples, note that, if n is prime, U, = {1,2,...,n — 1}. Also, U5 =
{1,2,4,7,8,11,13,14}. In general, |U,| is denoted by ¢(n) (Euler's ¢-function).
We have just seen that, if n is prime, ¢(n) =n —1 and ¢(15) = 8. A formula for
@(n) has been derived in the discrete mathematics course.

Now back to AutZ,,. We use the fact that if 6 is an automorphism then 6(1)
must be a generator of Z,, and, conversely, if » = 6(1) is a generator of Z,, then 6
can be extended to an automorphism of Z,, by defining 6(s) = sr. But an element
a of Z, is a generator of Z, iff it is relatively prime to n (Exercise!), that is, iff
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a € U,. Hence, the elements of AutZ,, are in one-one correspondence with those
of U,.

In fact, AutZ,, ~ U, For let 0; € AutZ,, 6;,(1) =i € U,,. Define f : AutZ, —
U, by f(0;) =i. Then

0;00;(1) = 0;(j) = ij = 0;5(1)

where the product ij is computed modulo n. Therefore 8; o §; = 0;; and so
F(6:06;) = ij( mod Yn= F(6,)£(6,).

Exercise. PROVE THAT U,, IS A GROUP UNDER MULTIPLICATION MODULO
n.

Conjugation

Let g € G, and let 6, denote the permutation 6,(z) = grg™!, that is,
conjugation by g. We already know that 6, is a permutation of G (we have
previously denoted 8, by g. In fact this mapping is an automorphism because

Oy(xy) = gryg ™" = grg gyg ™ = 04(2)8y(y).
This automrphism is called an inner automorphism and the set of all inner
automorphisms is denoted by InnG.
In fact, InnG is a group, that is, InnG < AutG, because let 64,0, € InnG.
Then
0y 0 0n(x) = ghah g~ " = ghz(gh) ™" = Ogu ()

that is, 0,4 0 0, = 045, € InnG, giving closure.
Also,
Og00,-1(x) = g9 tzxggTl =z

that is, 65 0 0,1 =id. Hence 9971 =041 € InnG.

If G is abelian, InnG is trivial (just the identity). The next theorem says
more.

Theorem 1. InnG ~ %

Proof. Define f : G — InnG by f(g) = 6,. Note that f is a homomorphism
since f(gh) = Ogn = 0400, = f(g) o f(h). Also, f is surjective since, given
0, € InnG there clearly exists g € G such that f(g) = 0,.

Now,
Ker f = {geG:6,=1id}
= {geG:gzg' =2 V2zeG}
= {9eG:gx=129 VxeG}
= Z(G).
Therefore, by the First Isomorphism Theroem, % ~ InnG. O
Problems

*1. LET 6 BE AN AUTOMORPHISM OF A FINITE GROUP G WHICH LEAVES
ONLY THE IDENTITY OF G FIXED, AND LET S = {z.6(z~!) : 2 € G}. PROVE
THAT S = G. [HINT: SHOW THAT |S| = |G|.]
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NOW LET o BE AN AUTOMORPHISM OF A FINITE GROUP (G WHICH LEAVES
ONLY THE IDENTITY OF G FIXED, AND LET o =ID. PROVE THAT G IS
ABELIAN.

*2. PROVE THAT IF |G| > 2 THEN AUTG IS NOT TRIVIAL.

3. PRrROVE THAT IF H < @, |G| > 4, THEN THERE IS A NONTRIVIAL
AUTOMORPHISM 0 OF G SUCH THAT 0(H) = H.

Semi-direct products: A very brief note

Let H <4 G, and let g € G. Then 6, is an automorphism of G' which fixes
H setwise, that is, §,(H) = H. Restricted to H, 8, is an automorphism of
H. With this is mind, let us look back at some of our earlier work on the
classification of small groups.

Recall that an important construction for describing a group in terms of
smaller groups was the direct product. We used the fact that, if H, K < G, HN
K = {1} and G = HK, then G was isomorphic to the direct product H x K.
The normality of H and K is needed so that that elements of H commute with
those of K, and therefore, if g1, g2 € G, g1 = h1k1, g2 = hoko, then

9192 = hiki1hoks = hihokiks.

Hence multiplication in G is imitating multiplication in H x K.

Often however, we are not so fortunate as to have both H and K normal in G,
and this leads to groups which cannot be described in terms of direct products
of subgroups. Suppose only H is normal. Then every k € K determines an
automorphism 6 of H defined by 0y(h) = khk=!'. That is, kh = 0x(h)k.
Therefore, although h and k& might not commute, kh can be replaced by h'k
where h/ = 0 (h) is at least in H even if it might not be equal to h. Therefore,
with g1, g2 as above,

9192 = hikihoks = h1O, (ho)kiko
= hlh;klkg e HK

and this leads to what is called a semi-direct product of H and K.

We shall not go into any more details of what a semi-direct product is. We
shall limit ourselves to two examples from earlier work reviewed in the light
of the above discussion, and one other example which completes what we had
started about groups of order pq.

Examples

1. The dihedral groups
Let G =< r,sjr™ = s = 1,srst =7t =71 > Llet H =<1 > and
K =< s >. Clearly, H <« G. The last relation above gives the result of conjugation
by s on H and it can be written as s = r~!s. If it had been sr = rs instead, then
G would have been isomorphic to the direct product of H and K. As it is, we only
have a semi-direct product of H and K, because only one of H, K is normal in G.

2. The dicyclic group of order 12
Let G =< z,yl2® = y* = Lyzy ' =22 > Let H =<2 > and K =< y >.
Again, the last relation above describes conjugation on H by y, and it can be written
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as yx = x?y — if it had been yx = xy, G would have been the direct product
of H and K. As itis, G is a semi-direct product. Note that G is made up of all
products z'y? (i mod 3 and j mod 4), making up twelve terms in all. Multiplication
is computed using the relation yz = 22y, for example,

eyiey? = wylelyey? = aytaty® = wyley’

= ..=g%.
All this works well because the mapping = — z? resulting from conjugation by y is
an automorphism of GG. Note that if G had been the direct product of H and K
then zy322y? would simply have been equal to z3y® = y.

3. Groups of order pq,p < q,¢q =1 mod p
(This completes the discussion started in Example 2 of Section 8.) Again we have
that, since n, divides p, ng = 1+ kp, and g > p, then ny = 1, and therefore G' has
a unique (hence normal) subgroup H of order g.

But now consider n,. We have that n, divides ¢, therefore n, = 1 or ¢q. If
n, = 1, then G has a normal subgroup K of order p and G would then be the
direct product of H and K, giving G =~ Z,, as in Example 2 which we have just
cited.

But the case under consideration, the possibility n, = ¢ is not excluded by
Sylow’s Theorems, because since ¢ = 1 mod p, the condition n, = 1 mod ¢
would be satisfied. Let us then consider this case in more detail: G would have
a Sylow p-subgroup K which would, however, not be normal in G. Therefore G
would not be the direct product of H and K. But H is a normal subgroup of
G. Therefore let K € K,k # 1 (k generates K since |K| = p). The mapping
O : h — khk=! (h any generator of H) defines an automorphism on H, by the
normality of H. We must have that khk~! = h", for some r. What values can r
take? If r = 1 we get kh = hk and we are back to the direct product of H and
K (because elements of H would commute with those of K). Therefore suppose
r # 1 mod gq. Now, since 04 (h) = h" then 6(h) = h"" (use induction and the
fact that 6 is a homomorphism). In particular, if j = p then 67(h) = h"". But
0 (h) = kPhk™ = h. Therefore r? must equal 1 mod ¢. Therefore G can be
described as the group

<h kR =kP =1,kh = h"k >

with the condition that ¥ = 1 mod ¢. Note that, as in the previous two examples,
this description of G allows us to write any element of G in the form hik/ € HK,
even when r # 1 mod ¢ (that is, kh # hk). Note also that a number r # 1 mod ¢
satisfying 7 = 1 mod ¢ can only be found because ¢ = 1 mod p.

Finally, one might ask how many such groups are there? The answer would
seem to depend on how many different r we can find satisfying the above condition.
Certainly, if we take two values r1 = 1 and some r2 # 1 mod ¢ (but satisfying the
condition), then we would obtain nonisomorphic groups because r = r; would give
Zpq and 7 = 73 would give a nonabelian group. However, with a little more work
it can be shown that any other appropriate value of r not equal to 1 mod ¢ would
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give a group isomorphic to the one we would obtain with r5. Therefore there are
two groups of order pq (p < ¢ prime, ¢ = 1 mod p) and these are as described
above with r = 1 (the cyclic case) and any other value of r not equal to 1 mod ¢,
provided r» =1 mod gq.

Problem.

CONSIDER GROUPS OF ORDER 21 = 3.7. FIND TWO VALUES OF 7 SUCH
THAT 7 # 1 MOD 7 AND 73 =1 MOD 7, AND SHOW THAT THESE VALUES OF
r GIVE ISOMORPHIC GROUPS OF ORDER 21.

Appendix 1. Checklist of topics from first year

1. Axioms, elementary results, examples.
Cyclic groups, infinite and finite.
Order of an element.
Groups of order < 5.
Permutations (bijections on a set) under the operation of composition of func-
tions; the group S3.
Exercise. INVESTIGATE THE MULTIPLICATION TABLE OF THE GROUP OF
SYMMETRIES OF EACH OF THE FOLLOWING THREE SOLIDS:

Regular pyramid with 12-sided base Hexagonal (regular) plate Regular tetrahedron

Figure 1: Three solid figures with the same number of symmetries

2. Subgroups, cosets, Lagrange’s Theorem, applications.

3. Normal subgroups, quotient groups.

4. Homomorphisms, kernels, isomorphisms, isomorphic groups, automor-
phisms.

Theorem. Let ¢ : G — H be a homomorphism with kernel K. Then K is
a normal subgroup of G.

Theorem. Let G be a group and let N < G. Then ¢ : G — G/N defined
by (¢9) = Ng is a homomorphism with kernel N.

5. The First Isomorphism Theorem. Let ¢ : G — H be a surjective
(onto) homomorphism with kernel K. Then G/K ~ H.
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Exercise. LET |G| = 12 AND |H| = 49. PROVE THAT THE ONLY HO-
MOMORPHISM ¢ : G — H IS THE TRIVIAL HOMOMORPHISM, THAT IS, ¢(g) =
1,¥g € G, (WHERE 1 IS THE IDENTITY ELEMENT IN H).

6. Permutations, cycle notation.

Theorem. Any permutation can be written as a product of disjoint cycles.

7. Cayley’s Theorem. Let G be a group. Then G is isomorphic to a
subgroup of Sg.

Sketch of proof. For g € G, define f, : G — G by f,(x) = gz. The set
G' = {f, : g € G} is a subgroup of Sg. The function ¢ : G — G’ defined by
o(g) = fq is a bijective homomorphism, that is, G ~ G'.

Appendix 2. Direct products

Let G, H be two groups. Then G x H (the set of all ordered pairs (g,h),g €
G,h € H) can be turned into a group by defining a product as follows:

(91, h1)-(g2, h2) = (9192, h1h2).

It is an easy exercise to show that, with the above operation, G x H is indeed
a group. This group is called the direct product or the external direct product
of G and H. Note that G x H contains two subgroups, the set of all pairs (g, 1)
and the set of all pairs (1,h), the first being isomorphic to G and the second
isomorphic to H. Note also that if G and H are abelian, then so is G x H.

Exercises.

*1. LIST THE ELEMENTS OF Zg X Z3 AND Zg X Z4. SHOW THAT THE FIRST
IS ISOMORPHIC TO Zg BUT THE SECOND IS NOT ISOMORPHIC TO Zg.

*2. SHOW THAT Zy, X Ziy =~ Ly IFF m AND n ARE RELATIVELY PRIME.

*3. LET H, K < G. SUPPOSE THAT
(1) HNK = {1};
(11) EVERY ELEMENT OF H COMMUTES WITH EVERY ELEMENT OF K; AND
(m1) G = HK (THAT IS, EVERY ELEMENT g € G CAN BE WRITTEN AS A
PRODUCT hk,h € H, k € K.

PROVE THAT G 1S ISOMORPHIC TO H x K. IN THIS CASE WE SAY THAT
GG 1S THE internal direct product OF H AND K, OR, IN VIEW OF THE ABOVE
ISOMORPHISM, SIMPLY THE DIRECT PRODUCT OF H AND K.

*4, LET H,K < G. SUPPOSE THAT
(1) HNK = {1}
(1) H,K <4 G; AND
(1) G=HK.

PROVE THAT G 1S ISOMORPHIC TO H x K.

*5. THE FOLLOWING RESULT IS OFTEN HELPFUL IN PROVING THAT G =
HEK IN CONJUNCTION WITH HN K = {1}.

LET H, K BE TWO SUBGROUPS OF A FINITE GROUP (G. THEN

|H| | K|

HK|=—"1.
| | |HN K|
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6. LET G = S3. LET H BE ANY SUBGROUP OF (G OF ORDER 3; H
IS NORMAL IN (G. LET K BE ANY SUBGROUP OF (G OF ORDER 2. THEN
HNK={1}, G=HK BUT G# H x K, SINCE H x K ~ Zg.

Appendix 3. Dihedral and quaternion groups

Consider a flat plate in the form of a regular hexagon. Let r denote a rotation
of the plate clockwise through 7/3 about the axis of symmetry perpendicular
to the plate, and let s denote rotation through 7 about an axis of symmetry
which lies in the plane of the plate.

Exercises.

*1. VERIFY THAT THE GROUP OF SYMMETRIES OF THE PLATE IS THE SET

{1,r,7%,...,75 s,rs,1%s,..., 755}

VERIFY ALSO THAT 78 = 1 = 52 AND sr = 1%s = v~ s, THAT IS, srs~! = srs =
r~1. THIS GROUP IS CALLED THE DIHEDRAL GROUP OF ORDER 12, DENOTED
BY Dg (SOME BOOKS DENOTE IT BY Djs.)

*2. LET G BE A GROUP GENERATED BY TWO ELEMENTS 7,5, THAT IS,
G CONSISTS OF ALL POSSIBLE PRODUCTS OF r AND s, FOR EXAMPLE, 12,
s3r%sr~7, ETC. NOW SUPPOSE 7 AND § SATISFY THE FOLLOWING RELATIONS:
r™ =1 =52 AND sr = r~'s = ™ !5, n A POSITIVE INTEGER. ALL THIS IS

WRITTEN, IN SHORT, AS

G=<rsrm=s>=1,sr=r"ts>.
SHOW THAT |G| = 2n AND THAT, IN FACT,
G={1L,rr% . .., r" s rsris,. .., " sh

THIS GROUP IS CALLED THE DIHEDRAL GROUP OF ORDER 2n, DENOTED BY
D,, (IN SOME TEXTS Da,). THIS GROUP IS ISOMORPHIC TO THE GROUP OF
SYMMETRIES OF A REGULAR n-GON IN VIEW OF THE FAITHFUL ACTION:

7' ROT. ABOUT PERP. AXIS THROUGH 2mi/n

S+ ROT. ABOUT PARALLEL AXIS THROUGH .

3. TAKE n = 11 IN THE PREVIOUS EXERCISE. OBTAIN 73sr%s IN THE FORM
ris,O <17 <10.
4. LET
G=<tsls?=1sr=r"ts>.

SHOW THAT

G={1,t,t7 2 t72 ... s ts,t ts, t2s,t7 s, .. )
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THIS IS CALLED THE infinite dihedral group, DENOTED BY D.,. IT HAS THE
FOLLOWING FAITHFUL ACTION ON THE REAL LINE:

t! > THE TRANSLATION MAPPING z INTO x -+ 4
s — THE REFLECTION MAPPING z INTO — &

The quaternion group
Consider the eight symbols 4, j, k multiplied according to the rules i? = j2 =

k> = —1,ij = —ji = k. Then Q, the quaternion group, is the set of eight
symbols {£1, 44, +j, £k}.
Exercises.

*5. DRAW UP THE MULTIPLICATION TABLE OF (). NOTE THAT () IS NOT
ABELIAN, AND THEREFORE IT IS NOT ISOMORPHIC TO ANY OF Zg, Z4 X Zig, 7o X
Zo X Zs. ALSO, SINCE ONLY —1 HAS ORDER 2, () CANNOT BE ISMORPHIC TO
D, WHICH HAS FIVE ELEMENTS OF ORDER 2.

6. A CONCRETE EXAMPLE OF () IS GIVEN BY THE FOLLOWING:- LET H
BE THE GROUP (UNDER MATRIX MULTIPLICATION) GENERATED BY THE TWO

MATRICES
0 0 1
A_<i 0)’ B_<—1 0)

WHERE i = v/—1 IS THE USUAL COMPLEX NUMBER. THEN H =~ (), UNDER
. . -1 0
THE ISOMORPHISM MAPPING A INTO i, B INTO j AND THE MATRIX 0 i

INTO k.

Appendix 4. The Correspondence Lemma

We present here a result about normal subgroups. This lemma can be seen as
belonging to the same family of results as the First Isomorphism Theorem.

The Correspondence Lemma. Let K < G, and let G* = G/K. Let
S* < G*. Then,
(i) There is a subgroup S, K < S < G, such that S* = S/K;
(ii) If S* 4 G* then S 4 G;
(iii) If G is finite then [G* : S*] =[G : S].

Proof. Let

S={reG:zK e S*}.

(i) Let s1,82 € S. Therefore s1 K, 90K € S*, therefore s1s9K € S* (closure in
S*), and so s1s2 € S. Similarly, s~ € S, therefore S < G. Also, K C S since
if k € K then kK = K € S* (the identity in S*), therefore k € S.

Now, let aK € S/K. Then a € S, therefore aK € S*, therefore S/K C S*.
Let aK € S*. Then a € S, therefore aK € S/K, therefore S* C S/K. Therefore
S*=S/K.

(ii) If g € G and s € S (that is, sK € S*), then gsg 'K = gKsKg 'K € S*
(by the normality of S* in G*), therefore gsg=! € S, that is, S < G.
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G*=G/K

\

S*=S/K

Figure 2: Illustrating the Correspondence Lemma

(i)

G el K] el
=-—— - =" =[G:9].

57 TR T8 s @S

[G*: 8" =

O

The Correspondence Lemma together with the fact that a p-group has a
nontrivial centre will now be used to show that the converse of Lagrange’s
Theorem holds for p-groups. Notice the simple but powerful use of normal
subgroups in order to obtain a group (the quotient group) of order less than |G|
so that induction can be applied.

Theorem 1. Let G be a group of order p™, p prime. Then for every
0 < k <n G contains a subgroup of order p*.

Proof. By induction on n, the result being clearly true for n = 1. Therefore
let n > 1. Since |Z(G)| > 1, |Z(G)| = p" for some r > 1. Therefore, by Cauchy’s
Theorem, there is some element g € Z(G) whose order is p.

Let K =< g >, the cyclic group generated by g. Since K C Z(G), it
follows that K < G. Let G* = G/K; |G*| = p"~!, therefore by the induction
hypothesis, G* contains a subgroup S* of order p”~2. Therefore there exists .S,
K < S <@, such that S* = S/K, and |S| = |S*|.|K| = p" L.

Therefore G certainly contains a subgroup S of order p”~!. Applying the
induction hypothesis again, this time on S, gives that S, and hence G, contains
subgroups of order p* for all 0 < k < n — 1. O

Problem. PROVE THE CONVERSE OF LAGRANGE’S THEOREM FOR. abelian
GROUPS, THAT IS, PROVE THAT IF G IS AN ABELIAN GROUP AND k DIVIDES
|G|, THEN G HAS A SUBCGROUP OF ORDER k. [HINT: LET m = |G|/k AND
LET p BE A PRIME WHICH DIVIDES m. LET K BE A SUBGROUP GENERATED
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BY AN ELEMENT OF ORDER p AND APPLY THE INDUCTION HYPOTHESIS ON
G* = G/K. THEN USE THE CORRESPONDENCE LEMMA.]

Appendix 5. Normalisers and centralisers

In the proof of Sylow Theorem 1 we saw an instance of an action defined not
on the elements of G but on all subsets of G of a certain size; that is, we
concentrated on how the subsets were permuted amongst each other rather
than on how the individual elements were permuted. In the above context, the
stabilser of a set B consisted of all those g such that g(B) = B, and this does
not mean that, for b € B, g(b) = b, but it means that g(b) € B. We sometimes
say that this is the setwise stabiliser of B. The set of all those g such that, for
all b € B, g(b) = b would be called the pointwise stabilser of B.

These notions about pointwise and setwise stabilisers are particularly im-
portant when the action is conjugacy. Under conjugacy, a set B is mapped onto
the set g(B) = gBg~!, and if B is finite, then |B| = |gBg~!| (prove this—it
is easy). Therefore under conjugacy we again have that certain sets of a fixed
size are permuted amongst each other. In this case, the setwise stabilser of B
is called the normaliser of B and it is denoted by Ng(B) (or simply N(B)).
Therefore

Ng(B)={g€G:gbg~' € B,Ybc B}.

The pointwise stabiliser of B is called the centraliser of B and it is denoted by
C¢(B) (or simply C(B)). Therefore

Ca(B)={g€G:gbg~! =b,Vbec B}.

That is, the centraliser is the set of all those elements of G which commute with
each element in B. Note that if B contains only one element, then its centraliser
equals its normaliser and these definitions coincide with the definition of the
centraliser of an element given above in the section on conjugacy.

Exercise.

PROVE THE FOLLOWING ELEMENTARY FACTS MOST OF WHICH FOLLOW
IMMEDIATELY FROM THE DEFINITIONS
(1) Ca(B) < No(B);
(1) 1IF B < G THEN B < Ng(B) AND B < G IFF Ng(B) = G;
(1II) BY ANALOGY WITH CONJUGATE ELEMENTS, IF H, K < G AND THERE IS
AN ELEMENT ¢ € G SUCH THAT K = gHg™!, THEN H AND K ARE SAID TO BE
CONJUGATES. SHOW THAT H < GG IFF EVERY CONJUGATE OF H 1S EQUAL TO
H. SHOW ALSO THAT IF |H| IS FINITE THEN THE ORDER OF ANY CONJUGATE
OF H 1S EQUAL TO |H|.

Appendix 6. Groups of permutation

The idea of an action has been central to our discussion, and an action essentially
means the representation of a group as a group of permutations on some set.
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It is therefore opportune to look in some more detail at groups whose elements
are permutations.

Let X = {1,2,...,n}. The group of all permutations (bijections) on X is
denoted by Sx. We know that |Sx| = n!. This group is called the symmetric
group of degree n and it is often denoted by S;,, because it is the number of
elements of X which gives S;, its properties and not the names we give these
elements.

One way to represent a permutation is by writing the elements of X in a row
and, underneath each one, its image under the given permutation, for example,

123456
532146 )

But another very important way to write a permutation is in terms of cycles.
For example, the above permutation can be written as

(154)(23)(6).

A cycle of length n is called an n-cycle. Often we omit cycles of length 1, so that
the above permutation can be written as (154)(23). It is easy to show that any
permutation can be written as a product of disjoint cycles. This representation
is essentially unique, that is, it is unique up to choice of initial element and
consequent cyclic shift within each cycle and up to order of cycles.

Example. If a = (127)(34)(5)(6) and 8 = (352)(7)(164), then af =
(16357)(24).

Exercise.

1. LET THE PERMUTATION o CONSIST OF ONLY ONE CYCLE, OF LENGTH
{. SHOW THAT THE ORDER OF « IS [, THAT IS, [ IS THE LEAST NUMBER
SUCH THAT Ozl =ID. NOW SUPPOSE THAT « CONSISTS OF CYCLES OF LENGTH
l1,l2,...,l., AND LET | BE THE LEAST COMMON MULTIPLE OF ly,lo,...,1,.
SHOW THAT THE ORDER OF « IS [.

A 2-cycle is called a transposition. Any n-cycle can be written out as a
product of n — 1 transpositions (not disjoint):

(ar1as...an) = (arap)(a1ap—1) . - . (a1a2).

Since every permutation can be written as a product of disjoint cycles it follows
that every permutation can be written as a product of transpositions. Note
however that this decomposition is not unique. In fact even the number of
transpositions is not unique.

Example. The permutation (136)(2457) is equal to (15)(35)(36)(57)(14)(27)(12)
and also to (16)(13)(27)(25)(24).

What is however unique in this decomposition of a permutation is whether
or not the number of transpositions is odd or even.

Theorem 1. Suppose the permutation « in S, can be written as the product
of r transpositions and suppose that it can also be written as the product of r’
transpositions. Then r and v’ are either both odd or both even.
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Proof. Let c¢(a) denote the number of cycles of a when it is written as a
product of disjoint cycles (¢(«) is invariant). Let § be any transposition. We
shall first determine ¢(f«) in terms of ¢(«).

Let 8 = (ab). Now, either (i) a,b are in the same cycle in « or (ii) they are
not.

(i) Suppose first that a, b are in the same cycle. Then a = (az...yb...2) ...,
fa=(ax...y)(b...2)..., and therefore

c(Ba) = c(a) + 1.

(ii) Suppose now that a, b are not in the same cycle of a. Let « = (ax...y)(b...2)....

Therefore fa = (ax...yb...z).... Hence
c(fa) = c(a) — 1.

Now let a = 3,.8,-_1...01, where the [§; are transpositions. Since (3; has one
2-cycle and n — 2 1-cycles, ¢(51) =1+ n — 2 =n — 1. When multiplying 3 by
B2, 03, ..., the number of cycles changes each time by +1. Suppose it increases
by 1 g times and it decreases by 1 h times. Then

cla)y=n—-1+g—h.

But
g+h=r—1
therefore
r = g+h+1
l+g+(n—14g—c(a))
= n—cla)+2g.

Similarly, if @« = ¥y —1...71, then ' = n — ¢(a) + 2¢’. Therefore r — r' =
2(g — ¢’), which is even. Hence, r and r’ are either both odd or both even. O

a X a z -
(N \\
\ , )
Z o v ;3 [30( ' Y
\ I \ /

k y N\
N / = 4
- b 5 y
Illustrating Case (i)

Figure 3: Illustrating part of the proof of Theorem 1
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This result therefore makes it legitimate to define an even (odd) permutation
as one which can be written as a product of an even (odd) number of transpo-
sitions. The sign of a permutation «, denoted by sgn(a), is defined to be +1 if
a is even or —1 if a is odd. That is, sgn(a) = (—1)" where r is the number of
transpositions of a.

This notion of even and odd permutations leads to a very important sub-
group of S,,. Note first that if two permutations are both even then so is their
product. Therefore, if we define A,, to be the set of all even permutations in
Sn, we have closure in A,,. Therefore A, < S,. This subgroup is called the
alternating group of degree n.

What is the order of A,,7 Let H be the group {1, —1} under multiplication.
Define a function ¢ : S,, — H by ¢(a) = sgn(a); ¢ is a homomorphism (this
is equivalent to saying that the product of two even permutations is an even
permutation and the product of an odd permutation with an even permutation
is an odd permutation). The kernel of ¢ consists of all those permutation in S,
whose sign is 1; that is, the kernel is A,,. Therefore A,, < S,, and, by the First
Isomorphism Theorem, S, /A, ~ H, that is, |4, = 3|S,| = inl.

Exercises.

*2. LOOK BACK AT THE LAST PART OF THE CLASSIFICATION OF GROUPS
OF ORDER 12 AND VERIFY THAT A, IS, IN FACT, AS GIVEN THERE. VERIFY
ALSO THAT A4 IS THE GROUP OF PERMUTATIONS ON THE FOUR VERTICES OF
A REGULAR TETRAHEDRON INDUCED BY THE GROUP OF SYMMETRIES OF THE
TETRAHEDRON.

*3. SHOW THAT A4 HAS NO SUBGROUP OF ORDER 6.

*4. LET G BE THE GROUP Zy XZy. BY CAYLEY’S THEOREM, G IS ISOMOR-
PHIC TO THE GROUP OF PERMUTATIONS ON (G INDUCED BY LEFT TRANSLA-
TIONS (THAT IS, EVERY ELEMENT g € (G CORRESPONDS TO THE PERMUTATION
g € S¢ WHERE § : « — gz). OBTAIN A REPRESENTATION OF G AS A GROUP
OF PERMUTATIONS. [REPRESENT THE ELEMENTS OF G BY 1,2,3,4 AND WRITE
DOWN IN CYCLE NOTATION WHAT § IS FOR EVERY g € G.]

Do THE SAME FOR THE DIHEDRAL GROUP D,,.

5. IF A PERMUTATION « € S, HAS t; CYCLES OF LENGTH i, 1 < i <
n, THEN WE SAY THAT « IS OF type [1©12%2...n!]. FOR EXAMPLE, IF
n = 8, THE PERMUTATION (12734658) HAS TYPE [8!] AND THE PERMUTA-
TION (12)(375)(4)(6)(8) HAS TYPE [132!3!]. THE TYPE OF A PERMUTATION IS
ALSO CALLED ITS cycle structure.

PROVE (OR LOOK IT UP IN ANY TEXT BOOK) THAT TWO PERMUTATIONS
o, € S, ARE OF THE SAME TYPE IFF THERE IS A v € S, SUCH THAT « =
~By~L, THAT IS, IFF o AND (3 ARE CONJUGATES IN S,,. THEREFORE THE
CONJUGACY CLASSES IN S, CONSIST PRECISELY OF THOSE PERMUTATIONS
WHICH HAVE THE SAME TYPE OR CYCLE STRUCTURE.

*6. FIND THE CONJUGACY CLASSES OF S; AND S3. FIND THE CONJUGACY
CLASSES OF A4. (NOTE THAT TWO PERMUTATIONS FROM A4 MIGHT BE CON-
JUGATE IN S4 BUT NOT IN A4) GIVE A GEOMETRIC INTERPRETATION OF THE
CONJUGACY CLASSES OF A4 CONSIDERED AS THE GROUP OF PERMUTATIONS
OF THE VERTICES OF A REGULAR TETRAHEDRON.
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6. Supplementary and Further Reading

The book Introduction to Group Theory, 2nd Ed by Lederman and Weir is an
excellent companion to this course and it treats the subject, in terms of actions,
in much the same way as we do in these notes.

The book Groups and Symmetry by M.A. Armstrong is also very good, and
also takes the point of view of actions. However, it is more expensive. Suggested
chapters from this book and the main things to pick out from them would be:
1) Symmetries of tetrahedron, 2) Axioms, 4) Dihedral group, 5) Subgroups and
generators, 10) Product, 11) Lagrange’s Theorem, 12) Partitions of a set, 17)
Actions, 13) Cauchy’s Theorem, 14) Conjugacy, 8) Cayley’s Theorem.

The chapters on permutations, groups and group actions in Bigg’s Discrete
Mathematics should all be consulted, especially by those students who will be
taking the Combinatorics elective when we shall work more on the applications
of group actions to enumeration (Burnside’s and Pélya’s Theorems).
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